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PREFACE vii

Preface

The Panel on Statistical Methods for Testing and Evaluating Defense Systems had a broad mandate—to
examine the use of statistics in conjunction with defense testing. This involved examining methods for software
testing, reliability test planning and estimation, validation of modeling and simulation, and use of modem
techniques for experimental design. Given the breadth of these areas, including the great variety of applications
and special issues that arise, making a contribution in each of these areas required that the Panel's work and
recommendations be at a relatively general level. However, a variety of more specific research issues were either
brought to the Panel's attention by members of the test and acquisition community, e.g., what was referred to as
Dubin's challenge (addressed in the Panel's interim report), or were identified by members of the panel. In many
of these cases the panel thought that a more in-depth analysis or a more detailed application of suggestions or
recommendations made by the Panel would either be useful as input to its deliberations or could be used to help
communicate more individual views of members of the Panel to the defense test community. This resulted in
several research efforts. Given various criteria, especially immediate relevance to the test and acquisition
community, the Panel has decided to make available three technical or background papers, each authored by a
Panel member jointly with a colleague. These papers are individual contributions and are not a consensus
product of the Panel; however, the Panel has drawn from these papers in preparation of its final report: Statistics,
Testing, and Defense Acquisition. The Panel has found each of these papers to be extremely useful and they are
strongly recommended to readers of the Panel's final report.

The remainder of this preface provides the reason for including each paper and a short introduction.

Copyright © National Academy of Sciences. All rights reserved.
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PREFACE viii

"Strategic Information Generation and Transmission: The Evolution of Institutions in DoD
Operational Testing" by Eric Gaier and Robert Marshall

This paper examines the historical evolution of operational testing in the Department of Defense (DoD)
through use of the theory of principal agent games. In this model of defense test and acquisition, test information
is both strategically generated and strategically conveyed. This game theoretical model is used to better
understand various incentives and hence the behavior of key participants in defense acquisition, especially the
program manager for a defense system in development, DOT&E, and Congress. While the model is an
oversimplification of many aspects of defense test and acquisition, it may be profitably used to indicate possible
detrimental impacts of the incongruent incentives of the various participants in defense acquisition and to
suggest methods for their avoidance.

"On the Performance of Weibull Life Tests Based on Exponential Life Testing Designs'" by Frank
Samaniego and Yun Sam Chong

This paper examines the consequences of using the model of exponential times to first failure during the
design of a test, when the times to first failure instead follow the two-parameter Weibull distribution. When this
assumption obtains, improvements to the hypothesis tests that continue to use the assumption of exponential
times to first failure from use of a Weibull assumption are demonstrated. In addition, the benefits, especially the
possible reduction of time on test, from making use of the Weibull assumption at the test planning stage are
explored. There are two reasons to consider this paper. First, in situations when Weibull model's have been
identified in the past, there are major advantages to use of the methods and tables for test design and evaluation.
Further, since the Weibull model is one of several alternatives to the exponential model in a variety of reliability
contexts, e.g., for testing repairable systems and systems with dependent failure rates, the gains from use of a
more appropriate model can be

Copyright © National Academy of Sciences. All rights reserved.
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PREFACE ix

generalized to several other possibilities that need to be explored when the exponential model is deficient.

"Application of Statistical Science to Testing and Evaluating Software Intensive Systems" by Jesse
Poore and Carmen Trammell

This paper examines a method for statistical testing of software. Statistical approaches to testing enable the
efficient collection of empirical data that limit and measure uncertainty about the behavior of the software
intensive system, and support decisions regarding the benefits of further testing, deployment, maintenance, and
evolution of the software. In statistical software testing, the population is the set of all scenarios of use that are
organized through an operational use model. The states of use of the system and the allowable transitions among
those states are identified, represented in the form of one or more Markov chains. The methods have the
advantages of being based on software architecture and are readily validated. Usage models can be represented
as the solution to a linear program. Experimental design, e.g., combinatorial designs and partition testing, can be
used in conjunction with this approach to achieve efficient coverage of all states. The method also provides an
economic stopping criterion. This novel approach to testing software intensive systems therefore has a number of
advantages over current methods used by DoD and should be considered as an alternative.

JOHN E. ROLPH, CHAIR
PANEL ON STATISTICAL METHODS FOR TESTING AND EVALUATING DEFENSE SYSTEMS

Copyright © National Academy of Sciences. All rights reserved.
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STRATEGIC INFORMATION GENERATION AND TRANSMISSION: THE EVOLUTION OF INSTITUTIONS IN DOD 1
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Strategic Information Generation and Transmission: the
Evolution of Institutions in DoD Operational Testing

Eric M. Gaier, Logistics Management Institute; and Robert C. Marshall, Pennsylvania State University

1. INTRODUCTION

Several important papers in the field of information and uncertainty have focused on strategic information
transmission (see, for example, Milgrom, 1981; Crawford and Sobel, 1982; or Green and Stokey, 1980). The
majority of this research has taken the form of principal agent games. In general, an agent observes some
realization of a random variable which affects the payoff for each player. The agent then strategically signals the
principal regarding the underlying realization. In the final stage, the principal takes some action which, in
conjunction with the realization of the random variable, determines the payoff for each player. In equilibrium,
the principal must take account of any bias in the agent's reporting strategy when determining the optimal action.

We present a model which extends the information transmission literature by allowing for a continuous
choice of information quality. This is accomplished by letting the agent determine the probability with which he
is able to distinguish one state from its complement. We call this stage of the game test design. In equilibrium,
the principal must now account for the agent's selectivity in both the information generation and reporting stages.
Thus, we present a model in which information is both strategically generated and strategically conveyed.

Since the preferences of the principal and the agent do not necessarily coincide, the test design and
reporting process may be significantly biased in favor of the agent. The principal might choose to exercise some
oversight authority in the process. The principal could do this in several ways. He might choose to extend
oversight authority during the test design stage.

Copyright © National Academy of Sciences. All rights reserved.


http://www.nap.edu/catalog/9655.html

About this PDF file: This new digital representation of the original work has been recomposed from XML files created from the original paper book, not from the original typesetting files. Page breaks are true

to the original; line lengths, word breaks, heading styles, and other typesetting-specific formatting, however, cannot be retained, and some typographic errors may have been accidentally inserted. Please

use the print version of this publication as the authoritative version for attribution.

Jujsition: Background Papers

STRATEGIC INFORMATION GENERATION AND TRANSMISSION: THE EVOLUTION OF INSTITUTIONS IN DOD 2
OPERATIONAL TESTING

Alternatively, the principal might choose to extend oversight authority during the reporting stage. Our
model considers each of these cases. As the main result of the paper, we show that oversight of the test design
stage always improves the welfare of the principal while oversight of the test reporting stage may not. In
addition, we consider the case in which the principal can extend oversight authority over both test design and test
reporting.

We believe that the model describes a wide variety of interesting situations—The promotion of assistant
professors in disciplines with exceptionally thin job markets, for example. Individual departments make
assessments of candidates and report to the tenure committee. Although the tenure committee makes the final
decision, the departments have the necessary expertise to gather the relevant data. Typically the tenure
committee establishes the criteria by which individual departments judge the candidates. In the context of our
model this is interpreted as oversight of the test design phase. Another interesting application is found in the
operational test and evaluation procedures used by the Department of Defense. It is in this context that we
develop the model.

The Department of Defense engages in two types of testing throughout the acquisition cycle. The emphasis
in developmental testing is on isolating and measuring performance characteristics of individual components of a
system. Developmental testing is conducted in a carefully controlled environment by highly trained technical
personnel. The emphasis in operational testing, however, is on evaluating the overall capabilities and limitations
of the complete system in a realistic operating environment. Operational testing is therefore conducted in a less
controlled environment by trained users of the system. It is the role of this type of testing in the acquisition cycle
that we investigate below.

The acquisition cycle follows a series of event based decisions called milestones.! At each milestone a set
of criteria must be met in order to proceed with the next phase of acquisition. Operational testing is one of the
last stages in this cycle.

When a system is ready for operational testing, the exact details of the test are prepared by the independent
test agencies within each Service. Tests must be prepared in accordance with

I The interested reader is urged to see the interim report from the Panel on Statistical Methods for Defense Testing
(National Research Council, 1995) for a complete description of the current acquisition cycle.
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he Test and Evaluation Master Plan (TEMP). which spells out the critical operational issues to be addressed. The
TEMP is prepared fairly early in the acquisition cycle but is continuously updated and modified. For major
systems, both the TEMP and the operational test plan must receive approval from the Office of Director of
Operational Test and Evaluation (DOT&E). This Congressional oversight agency was created in 1983 mainly to
oversee the test design process. In this way, Congress is able to extend oversight authority into the test design
portion of operational testing. Fairly regularly, resource constraints prevent the testing agencies from addressing
all of the critical operational issues. In such cases, testers must determine which issues to address and which to
ignore.

The independent test agencies conduct the operational tests and evaluate the results. These evaluations are
conveyed directly to the Service Chief who reports the results to the relevant milestone decision authority. In the
case of major systems, decision authority rests with the Undersecretary of Defense for Acquisition and
Technology who is advised by the Defense Acquisition Board. If the Undersecretary approves the acquisition, a
procurement request is included in the Department of Defense budget request submitted to Congress. In addition,
independent evaluations of test data are conducted by DOT&E who reports directly to the Secretary of Defense
and Congress. In so doing, DOT&E also exercises oversight authority in the reporting process.

The role of operational testing in the acquisition cycle has not always been characterized by the description
given above. In fact, the entire procurement process has slowly evolved through a series of reform initiatives.
Section 2 provides a brief description of the history of the role of operational testing in the acquisition cycle. We
then introduce the model in order to gain insight into this process.

Section 3 provides an overview of the related literature. Section 4 develops the modeling framework and
lists the assumptions of our model. In section 5 we introduce several games which are designed to capture the
role of operational testing at various points in time. Our results are presented in sections 6 and 7. We conclude
with section 8.
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2. HISTORICAL EVOLUTION OF OT&E

The Air Force is generally considered to have been the early pioneer in operational testing. As early as May
1941, the Air Force Air Proving Ground Command was involved in the testing of new aircraft designs for
possible procurement. Although operational testing in the other Services was soon initiated, the absence of
strong oversight from the Department of Defense allowed each Service to develop unique regulations and
procedures. Prior to 1970, for example, the Navy relied heavily on the subjective opinions of a few well-
qualified officers. Little emphasis was given to the generation of verifiable data. Over the same time period,
however, the Air Force had gone to great lengths to define a set of formal procedures and guidelines for the
conduct of OT&E. As a result, Air Force testing generally produced objective data but lacked the flexibility to
adjust to the specific requirements of individual systems.

Prior to 1971, the organization of OT&E also varied substantially across the Services. Although the Navy's
test agency reported directly to the Chief of Naval Operations, the Air Force and Army test agencies were
subordinate to lower levels of command. The Air Force and the Army were repeatedly criticized for allowing
their testing agencies to report to organizations which were responsible for the development of new systems.
Partially in response to these concerns, the Deputy Secretary of Defense directed the military services in
February 1971 to designate OT&E field commands independent of the system developers and the eventual users.
These agencies were instructed to report directly to the relevant Chief of Staff. Navy testing responsibility
continued to reside with the Operational Testing and Evaluation Force (OPTEVFOR), while testing
responsibility was assigned to the Air Force Test and Evaluation Command (AFTEC)? and the Army Operational
Test and Evaluation Agency (OTEA).

Prior to 1971 the Department of Defense was not required to convey the results of operational testing to the
Congress. In the absence of testing data, Congress generally deferred to DoD expertise on program funding
allocations. In addition, Congress was not involved in the

2 AFTEC has now become the Air Force Operational Test and Evaluation Command (AFOTEC).
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design or implementation of operational testing. Over this time period, therefore, the Department of Defense was
able to exert considerable influence over the status of individual programs.

As part of its continued effort to become more involved in the procurement process, Congress enacted
Public Law 92-156 in 1971. This law requires the Department of Defense to report OT&E results to the
Congress annually. Armed with these testing results, Congress began to take a more active role in determining
which programs to fund and which to terminate. However, the design and conduct of operational testing
continued to be the responsibility of the Department of Defense. Although Public Law 92-156 certainly reduced
DoD's explicit influence over funding decisions, DoD continued to exert considerable influence over the
acquisition process through its choice of operational tests. The model will show how DoD might have altered its
testing strategy in light of Congressional involvement.

Over the period 1971 through 1983, Department of Defense testing procedures received strong criticism
from Congress and the General Accounting Office (GAQO). Many of these complaints focused on a perceived
inadequacy in DoD testing. In 1983, for example, GAO determined that reliability and maintainability testing on
the Army's Sergeant York Air Defense Gun had been inadequate to support the production decision (U.S.
General Accounting Office, 1983). Similarly, the President's 1970 Blue Ribbon Defense Panel concluded that
both developmental and operational testing of the Army M-16 rifle had been inadequate (Blue Ribbon Defense
Panel, 1970). In 1979, GAO concluded that developmental testing was also inadequate in the case of the joint
Air Force/Navy NAVSTAR Global Positioning Systems (GPS) (U.S. General Accounting Office, 1979a).
Although such criticisms are certainly not limited to the time frame described above, the model will show in
what sense testing might have been perceived as inadequate.’

As a result of allegations such as these, Congress became increasingly more concerned with the planning
and conduct of DoD testing in the Department of Defense. The President's Blue Ribbon Panel also recommended
the creation of a higher than Service level organization to help give direction to the operational test agencies. In
1983, Congress instructed DoD to create

3 The Army's Aquila Remotely Piloted Vehicle (U.S. General Accounting Office, 1988a) is an example of a program
which was criticized for inadequate testing outside the time period described.
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the Office of Director of Operational Test and Evaluation to fill this oversight role. DOT&E is headed by a
civilian who is appointed by the President and confirmed by the Congress. DOT&E is charged with two primary
roles. First, DOT&E is directed to be the principle advisor to the Secretary of Defense regarding OT&E matters.
Second, DOT&E is directed to report to Congress on the adequacy of operational testing and the desirability of
allowing systems beyond low rate initial production.

In fulfilling these primary roles, DOT&E has assumed several responsibilities. First, DOT&E is responsible
for the proscription of policies and procedures for the conduct of OT&E. Second, DOT&E provides advice to the
Secretary of Defense and makes recommendations to military departments regarding OT&E in general and on
specific aspects of operational testing for major systems. In this regard, operational test plans for major
acquisitions require DOT&E approval. Third, DOT&E monitors and reviews the conduct of OT&E by the
Services. Fourth, DOT&E is responsible for an independent analysis of the results of OT&E for each major
system and must report directly to the Secretary of Defense, the Senate and House Armed Services Committees,
and the Senate and House Committees on Appropriation. In each case, DOT&E is directed to analyze the
adequacy of operational testing as well as the effectiveness and suitability of the tested system. Fifth, DOT&E is
responsible for advising the Secretary of Defense regarding all budgetary and financial matters relating to OT&E.

It is well documented that DOT&E had only a limited impact for the first several years of its existence (U.S.
General Accounting Office, 1987). The post of Director remained vacant for nearly two years while the Office
continued to be underfunded and understaffed. During this time, DOT&E received criticism for failing to
adequately monitor Service operational testing. In addition, the Government Accounting Office determined that
DOT&E reports to the Secretary of Defense and the Congress were not composed independently as required by
law. In several instances GAO found DOT&E reports which were copied verbatim from Service documents. In
the first several years, DOT&E was therefore unable to fulfill one of its major responsibilities.

DOT&E was, however, largely successful in its early attempts to improve test planning and
implementation. To this end, DOT&E developed a uniform set of guidelines for Service operational testing and
revised Department of Defense Directive 5000.3 Test and Evaluation. In
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1987, GAO determined that DOT&E had significantly impacted the testing process though its careful review of
operational test plans (U.S. General Accounting Office, 1987). On many occasions, the Services were required to
make significant revisions in operational test plans for major acquisitions in order to get DOT&E approval. GAO
concluded that the adequacy of operational testing was significantly improved by DOT&E's efforts in this
regard. Our model will yield considerable insight into DOT&E's decision to reform the test planning process at
the expense of ignoring the reporting process.

Since the formation of DOT&E, the Department of Defense has faced renewed criticism. The Government
Accounting Office and the DoD Inspector General have accused DoD officials of manipulating test results to
yield the most favorable interpretation possible. The most highly publicized case involved the Navy's Airborne
Self-Protection Jammer (ASPJ) (U.S. General Accounting Office, 1992). The specific allegations stemmed from
the reporting of reliability growth test results which were being conducted as part of Initial Operational Test and
Evaluation. After testing had begun, Navy testers changed the testing criteria to exclude certain self-diagnostic
software failures as not relevant. With these failures excluded ASPJ, was reported to have passed the test criteria.
However, the inclusion of this data would have resulted in a test failure. Similar allegations have been levied
against other programs including the various electronic countermeasures programs of the 1980s (U.S. General
Accounting Office, 1989, 1991 b, 1991 c) and the Army's Air Defense Antitank Systems (ADATS) (U.S.
General Accounting Office, 1991a, 1990a). Although criticisms of the reporting process are not limited to the
time period described, the model will yield considerable insight into this reporting phenomenon.*

In response to allegations such as these, DOT&E has concentrated additional efforts toward oversight of the
test reporting process. DOT&E officials have begun to monitor the progress of operational testing on site. In
addition, DOT&E officials currently conduct independent evaluations of operational test results. These
evaluations are drawn directly from the raw test data and are not subject to DoD interpretation. DOT&E reports
directly to the

4 See any of the following GAO publications for additional criticisms of the reporting process (U.S. General Accounting
Office, 1979b, 1980, 1988b).
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Congress. If DoD disagrees with any of the conclusions reached by DOT&E, it may append the report to
Congress with its own comments.

3. RELATED LITERATURE

An important avenue of research on the topic of information transmission was initiated by Milgrom (1981).
As an application of more general theorems regarding the monotone likelihood ratio property (MLRP), Milgrom
introduces games of persuasion. In a persuasion game an interested party (agent) possesses private information
regarding the underlying state of nature and attempts to influence a decision maker (principal) by selectively
providing data. For example, the agent might be a salesman who has information regarding the quality of his
product and selectively conveys a subset of the data to a consumer. In equilibrium, the consumer accounts for the
salesman's selectivity in reaching a consumption decision.

By assumption, the agent is unable (or unwilling because of infinite penalties) to communicate reports
which are incorrect. Matthews and Postlewaite (1985) have described this assumption as the imposition of
effective antifraud regulations. In light of these antifraud regulations, reports from the agent are limited to
supersets of the truth. The salesman may, for example, claim that the product meets or exceeds some criteria if
and only if the criteria is satisfied. At the discretion of the agent, however, the report may range from entirely
uninformative to absolutely precise.

Milgrom shows that a Nash equilibrium always exists in which the principal resolves to ignore all reports
and the agent makes only uninformative reports. However, a proposition demonstrates that every sequential
equilibrium (Kreps and Wilson, 1982) of the persuasion game involves precise revelation of the truth by the
agent. At the sequential equilibrium, the principal believes that any information withheld by the agent is
extremely unfavorable. In the face of such extreme skepticism the agent's best response is truthful revelation.

Matthews and Postlewaite (1985) extend Milgrom's model by adding an earlier stage in which the agent
chooses whether or not to become informed. They assume that the cost of
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acquiring information is zero. In this context, they distinguish between mandatory disclosure and antifraud
regulations. Under mandatory disclosure, an agent must disclose whether or not he has acquired information.
Mandatory disclosure does not, however, require the truthful conveyance of information acquired. Truthful
reporting of information is still governed by antifraud. Matthews and Postlewaite assume effective antifraud
throughout the paper but consider variations of the model with mandatory disclosure and without.

Using the solution concept of sequential equilibrium, Matthews and Postlewaite examine the dependence of
information acquisition upon disclosure rules. They show that the agent will acquire and fully disclose
information whenever disclosure is not mandatory. When disclosure is mandatory, however, the agent may or
may not acquire information. Note that in the presence of antifraud, agents who do not acquire information must
report total ignorance to avoid any chance of misrepresenting the truth. In the absence of mandatory disclosure,
the sequential equilibrium calls for the principal to adopt extreme skepticism toward any report of ignorance. In
the face of such extreme skepticism, agents choose to acquire information and fully reveal.

The extreme skepticism on the part of the principal completely unravels any possible equilibrium claim of
ignorance by the agent. Results such as these have been termed unraveling results. Avoiding this unraveling
requires some type of credibility for claims of ignorance by the agent. In the context of their model, mandatory
disclosure provides this credibility and impedes the unraveling.

Shavell (1994) extends the model of Matthews and Postlewaite in several important directions. Shavell
allows the cost of acquiring information to be privately held by the agents. Shavell also considers cases in which
the information acquired may be socially valuable. Socially valuable information increases the underlying value
of the exchange between the agent and the principal. As in Matthews and Postlewaite, Shavell assumes effective
antifraud and analyzes the impact of mandatory disclosure.

Shavell shows that unraveling may be impeded even in the absence of mandatory disclosure. At the
sequential equilibrium, two types of agents claim ignorance. The first type have realized cost draws which
exceed the expected value of acquiring information. They are truly ignorant. The second type have acquired
information which was so unfavorable that they

Copyright © National Academy of Sciences. All rights reserved.


http://www.nap.edu/catalog/9655.html

About this PDF file: This new digital representation of the original work has been recomposed from XML files created from the original paper book, not from the original typesetting files. Page breaks are true

to the original; line lengths, word breaks, heading styles, and other typesetting-specific formatting, however, cannot be retained, and some typographic errors may have been accidentally inserted. Please

use the print version of this publication as the authoritative version for attribution.

Jujsition: Background Papers

STRATEGIC INFORMATION GENERATION AND TRANSMISSION: THE EVOLUTION OF INSTITUTIONS IN DOD 10
OPERATIONAL TESTING

achieve a higher payoff by claiming ignorance. In equilibrium, the principal simply assigns the appropriate
probability to each type when computing his reservation value for exchanges with agents claiming ignorance.
Unraveling is also impeded when the information acquired is socially valuable.

In short, the privacy of the cost draw gives credibility to the claims of ignorance by the agents. This
credibility is enough to preclude the unraveling effect. Such a result is in stark contrast with Matthews and
Postlewaite. This contrast highlights the critical importance of the assumption regarding the distribution of costs.
When the cost distribution is not degenerate, the unraveling effect is impeded and the principal must give
credibility to claims of ignorance.”> However, as the cost distribution becomes degenerate the principal's
skepticism completely unravels any claim of ignorance by the agent. In Matthews and Postlewaite, therefore, it is
not the assumption that the costs of acquiring information are zero which drives the unraveling result. Rather it is
the degeneracy of the cost distribution.

Jovanovic (1982) reaches a similar conclusion by imposing privately known costs of conveying information
upon the agent. It seems clear that some private information on the part of the agent is required to avoid the
unraveling effect.

Kofman and Lawarrée (1993) present a variant in which the agent takes an action which partially
determines the state of nature. Although the state of nature is revealed to the principal, the action taken by the
agent is not observed. In this context, the principal may employ an internal auditor to gather more accurate
information regarding the agent's action. The model allows for the possibility that the internal auditor may be
involved in a collusive agreement with the agent. In equilibrium, however, collusion is stymied by bounty hunter
contracts in which the principal gives any penalty extracted from the agent directly to the auditor.

Kofman and Lawarrée also consider the case in which an external auditor may be employed. The external
auditor does not have the possibility of colluding with the agent, but lacks the expertise to gather data as
accurately as the internal auditor. A proposition determines the conditions under which the principal will use the
internal auditor, the external auditor, or

3 In this context, degeneracy requires only a support for the cost distribution which does not include the value of acquiring
information.

Copyright © National Academy of Sciences. All rights reserved.


http://www.nap.edu/catalog/9655.html

About this PDF file: This new digital representation of the original work has been recomposed from XML files created from the original paper book, not from the original typesetting files. Page breaks are true

to the original; line lengths, word breaks, heading styles, and other typesetting-specific formatting, however, cannot be retained, and some typographic errors may have been accidentally inserted. Please

use the print version of this publication as the authoritative version for attribution.

Jujsition: Background Papers

STRATEGIC INFORMATION GENERATION AND TRANSMISSION: THE EVOLUTION OF INSTITUTIONS IN DOD 11
OPERATIONAL TESTING

both. Although they do not elaborate, Kofman and Lawarrée indicate that the model is consistent with the
relationship between Congress and the Department of Defense. Perhaps DOT&E would play the role of the
external auditor and the Service test agencies would play the role of the internal auditor.

Crawford and Sobel (1982) take an entirely different approach to games of information transmission. In
their model, the preferences of the two parties are somewhat aligned. Crawford and Sobel completely relax the
antifraud assumption to allow for a type of cheap talk communication. Although equilibrium messages will not
necessarily involve full disclosure, they show that antifraud is not violated at equilibrium.

Crawford and Sobel show that all the Bayesian Nash equilibria are partition equilibria. In a partition
equilibria, the agent introduces noise into his report by partitioning the state space and reporting only the
partition in which the realization lies. The size of the individual partitions varies directly with the proximity of
the parties preferences. For identical preferences, the partitions will be infinitely small and the report will be
precise. As preferences differ, the partitions grow in size and the agent attempts to pool over larger and larger
realizations. If preferences are suitably different, the agent partitions the state space into a single partition which
amounts to a claim of ignorance.

Crawford and Sobel show that if the preferences of the parties do not coincide, the equilibrium number of
partitions is always finite. Thus information is never perfectly revealed. Such a result is also in sharp contrast
with the results from Milgrom and Matthews and Postlewaite.

Green and Stokey (1980) consider a similar game from an alternate perspective. The preferences of the
parties are held constant while the information structure itself is varied. Green and Stokey demonstrate that a
more informative information structure does not necessarily imply higher welfare for the parties.® Examples are
constructed in which the welfare of each party is either reduced or enhanced by improvements in the information
structure. In addition, Green and Stokey identify several types of equilibria including partition equilibria. For the
purpose of

¢ One information structure is said to be more informative than another if it provides higher expected utility for a decision
maker regardless of the utility function. See Hirshleifer and Riley (1992) for a complete discussion.
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comparative statics, focus is given to the partition equilibria. It is shown that the agent will always prefer small
improvements in the information structure at a partition equilibria, while the principal may not.

4. THE MODELING FRAMEWORK

The model contains three economic agents. Congress plays the role of the principal while the Department of
Defense plays the role of the agent. We assume that DOT&E is a perfect agent of Congress. Thus, there are
effectively two players: Congress and DoD.

There are three possible states regarding an individual program: 4, B, and C. Nature determines the state of
the program according to the probabilities P,, Pg, and P, respectively. We assume that these probabilities are
the pretesting beliefs of all participants and are common knowledge. In addition, we assume that the states of the
world are mutually exclusive and exhaustive. That is, P4 = PE+.L 7= land #=nforalli=4, B, C.

The testing of a system reveals an information partition which is a superset of the true state. Information
partitions may range from very fine, as when a single state is uniquely identified, to very coarse. Let R{-) denote
the payoff to DoD when testing reveals information partition (-} and the system is procured. For example, R, is
the payoff to DoD when a state A system is procured and R,p is the payoff when an information partition (4,B)
system is procured. Similarly, let &y denote the payoff to Congress when testing reveals partition (-} and the
system is procured. If a system is not procured both parties are assumed to receive zero payoff.

Assumption 1 We make the following assumptions regarding the payoffs

a Bg<0<flqp<RpzRpczlic,
b 842 5{p=3p=0=3p0=5C
o J4BC <0< R4BC

2. 5.2 Ry, for all information partitions.
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e. All payoffs are common knowledge to the participants.

DoD will choose to proceed with any program that is not state A, while Congress will choose to proceed
with information partitions (B,C) and C only. Clearly, the disagreement is centered on state B. Effectively, we
assume that DoD would proceed with any program Congress would approve, but not the converse. These
assumptions appear to be consistent with the majority of the historical disagreements between Congress and
DoD. From time to time, however, Congress has approved funding for programs which DoD wished to
terminate. An example of a such a program can be found in the Navy's V-22 Osprey (U.S. General Accounting
Office, 1990b). In its current form, our model cannot explain programs such as this.

We give the following definition of socially valuable information:

Definition 1 Information is said to be socially valuable if the conditional expected value within a given
information partition exceeds the actual payoff for that partition.

If, for example, %% >x. , then information is said to be socially valuable. If information is not socially
valuable—i.e., information does not change the way DoD behaves— then the previous statement is characterized
by equality. The idea is that R,p, in this case, is really a reduced form. Thus, the conditional expected value
within a given information partition must always be at least as large as the actual payoff.

Intuitively, socially valuable information would be appropriate if knowing more precise information
allowed DoD to adopt a better procurement strategy. For example, finer information might allow the technicians
to make small changes in the design which might enhance the value of the overall program.

The total testing budget may be allocated over two types of tests. Let ¢, denote resources devoted toward
distinguishing state A from its complement. We term this type of testing type A testing. Similarly, let #- denote
resources devoted toward distinguishing state C from its complement. We term this type of testing type C
testing. We assume that the total resources available for testing are exogenously given as 7. Thus, 24 —#=T is a
constraint on the test design process.
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Let Z,(ta) denote the actual probability of distinguishing state A from its complement as a function of the
type A testing resources. Similarly let Z-(tc) denote the probability of distinguishing state C from its complement.
Assumption 2 We make the following assumptions regarding the testing technology and test information.:

a Zr’(r,}=%}ﬂfar allt <T; i=4,C.
(]

1

b 2t = aaz’ <} foralls, sT; 7= 4,C.

]

&'z,
aa,

=04

=8

=0 forallnaT, i, j=ACi= j.

g Z [N =0fori= 4.0,
e Z(T<l ﬁ‘-)’." =A.C

f- Once the relevant player selects t, and tc, they are common knowledge. Zy' is common knowledge for i =
A, C.

Intuitively, we assume that additional resources increase the probability of distinguishing between a state
and its complement at a decreasing rate. Furthermore, there are no learning spillovers between type A testing and
type C. These assumptions will allow for the possibility of interior solutions in test resource allocation.

5. DECISION PROBLEMS AND GAMES

This section poses several decision problems and games which, we argue, are consistent with various time
periods in the history of operational testing.
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Decision Problem 1

We begin by considering the decision problem faced by DoD in the absence of any Congressional
oversight. We analyze a two stage decision problem. DoD must first determine an allocation for the total testing
budget 7. Then, after an information partition is revealed, DoD must decide to continue or terminate the
program. Formally, we represent the decision problem as follows:

Stage 1 DoD determines the allocation of test resources t, and tc.

Stage 2 Nature reveals an information partition to DoD.

Stage 3 DoD continues or terminates the program.

This decision problem is consistent with the procurement process prior to Public Law 92-156. Recall that
this law required DoD to begin reporting operational test results to Congress. As described in section 2, DoD
exercised considerable influence over the entire procurement cycle during this time period.

According to assumption 1, DoD will proceed with any program that is not state 4. In light of these stage 3
preferences, the objective function for stage 1 can be expressed by equation 5.1 below:

b = (1 - Z40gNi1 = Z00CNRARC + 244N - 201N - PoIRBC
+ (1 - Z4(tANZPCRE + (1 - PEOR4B)
+ ZAt N2t PpRE + PCRC) (5.1)

Equation 5.1 can be easily interpreted. With probability (1 - Z.2(:¢)K1 - Z0{sch | the completely uninformative
partition is revealed. In that case, DoD would continue the program and receive benefit Rpc. With probability
Z4(14)1 - Zeleely, DoD can only distinguish state A from its complement. With probability (1 -P,) then, partition
(B,C) is revealed and a payoff
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of Rpc is earned. However, with probability P,, state 4 is revealed and a zero payoff is earned. The other entries
have similar interpretations.

It is important to note that equation 5.1 would represent the social planners problem if DoD's preferences
accurately reflected the society's true preferences over program quality.

Decision Problem 2

This section considers the Congressional decision problem in the absence of any DoD influence. Again we
identify a multi-stage decision problem. In the first stage, DOT&E (the perfect agent of Congress) selects an
allocation of test resources.” After observing an information partition, DOT&E reports to Congress, who decides
whether to continue or terminate the project.

Stage 1 DOT&E determines the allocation of test resources t, and tc.

Stage 2 Nature reveals an information partition to DOT&E.

Stage 3 DOT&E reports the information partition to Congress.

Stage 4 Congress continues or terminates the project.

According to assumption 1, Congress will continue only those projects in information partitions (B,C) and
(C). In light of these preferences, the stage 1 objective function for DOT&E is given by equation 5.2 below:®

Iz = Z4U4 N1 - 2] - PAMEC + 2CiC)PCSe (5.2)

7 "Congress" and "DOT&E" are identical players in this and all subsequent games. We use the different names to mimic
the role of each in the actual process.
8 We denote Congressional objective functions with uppercase symbols and DoD objective functions with lowercase.
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It is important to note that equation 5.2 would represent the social planners problem if Congressional
preferences accurately reflected the society's true preferences over program quality.

Game 3

In this section we consider a game in which DoD determines the test resource allocation, while Congress
makes the final funding decision. In this game, DoD observes the information partition and makes a report to
Congress, who has not seen the information partition.

Stage 1 DoD determines the allocation of test resources t, and tc.

Stage 2 Nature reveals the information to DoD.

Stage 3 DoD makes a report to Congress regarding the information partition.

Stage 4 Congress continues or terminates the project.

This game is consistent with the time period between Public Law 92-156 and the formation of DOT&E. As
described in section 2, DoD was required to report operational test results to Congress over this time period.
However, Congress was not involved in the planning and conducting of the actual tests nor did they exercise any
effective oversight of the test reporting stage.

In all of the games considered, we assume effective antifraud regulations but not mandatory disclosure.
Although DoD is not forced to reveal information, any information it chooses to reveal must be correct. The
absence of mandatory disclosure allows DoD to pool over information partitions. For example, they may choose
to report information partition (B,C) when they observe B. DoD can always report less fine information than they
observe (lack of mandatory disclosure) but cannot report finer information (antifraud).

In the final stage of the game, Congress will approve only those projects reported to be in partitions (B,C)
and C. A perfect Bayesian equilibrium exists in which DoD pools over states B
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and C by reporting (B,C) for both. All other partitions are reported truthfully. Whenever DoD reports to
Congress something other than (B,C), Congress believes the report to be exactly what DoD observed. When
DoD reports (B,C), Congress Bayesian updates its prior probabilities. There are other perfect Bayesian equilibria
but this one seems to best capture the salient behavior of DoD.’

At the reporting stage of this equilibrium, the stage 1 objective function for DoD is given by equation 5.3:

= Z4004 N1 - 2] - PORpC + Z0Uc)PoRe + Zaltd) Z0irc)PERE. (3.3)

The last term is a direct result of DoD's ability to pool over (B,C ) information partitions.

Game 4

This section considers the case in which DOT&E determines the allocation of test resources while DoD
observes the actual test results. DoD then reports the test results to Congress, who may continue or terminate the
program. We continue to assume effective antifraud but not mandatory disclosure.

Stage 1 DOT&E determines the allocation of testing resources t, and tc.

Stage 2 Nature reveals the information partition to DoD.

Stage 3 DoD makes a report to Congress, regarding the information partition.

Stage 4 Congress continues or terminates the program.

We believe that this game is consistent operational testing during the first several years after the formation
of DOT&E. As described in section 2, DOT&E concentrated its early efforts

% We make no attempt to establish uniqueness of any equilibrium in any four games. We are focusing attention on
equilibria that, again, best capture the salient behavior of DoD and Congress.
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on improving test design and implementation. Standards for testing were established and DoD testing personnel
were forced to comply. During this time period, however, DOT&E did not effectively oversee the reporting of
test results to Congress.

Just as in game 3, a perfect Bayesian equilibrium exists in which DoD pools over states B and C by
reporting (B,C) for each. All other partitions are reported truthfully. Congressional beliefs are as in game 3.

When (B,C) is reported then DoD will have observed one of three possible states—B, C, or (B,C). If DoD
observes (B,C) then the Congressional payoff is Sgc. If DoD observes B then, because we allow for information
to be socially valuable, the Congressional payoff will be Sg even though the report is (B,C). The same is true for
C. Note that if information is not socially valuable this distinction is irrelevant. Under this assumption, the stage
1 objective function for DOT&E is given by equation 5.4:

Tl =Zglt4)1 - 200N - PAVSRC+ ZAU)Z00CPRSE + ZOUCWPCSC (5.4}

Game 5

This section considers the case in which DoD determines the allocation of test resources, but the actual test
results are observed by DOT&E. DOT&E then reports truthfully to Congress, who may continue or terminate the
program.

Stage 1 DoD determines the allocation of testing resources t and tc.

Stage 2 Nature reveals the information partition to DOT&E.

Stage 3 DOT&E reports the information partition to Congress.

Stage 4 Congress continues or terminates the program.
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As described in section 2 Congress originally charged DOT&E with two major oversight responsibilities:
test planning and test reporting. DOT&E concentrated its early efforts on improving test planning at the expense
of reporting oversight. The decision to do so can be analyzed in the context of this game.

Prior to the formation of DOT&E, the status of operational testing was consistent with game 3. By
concentrating its efforts in the area of test planning, DOT&E effectively shifted the operational test environment
to game 4. DOT&E could have chosen to concentrate its efforts on reporting oversight. This would have shifted
the testing environment to game 5. By considering game 5, we therefore gain insight into this decision.

Since DOT&E is the perfect agent of Congress, they will report truthfully the information partition revealed
in stage 2. Since Congress will approve any program revealed as partition (B,C) or C, the stage 1 objective
function for DoD is given by equation 5.5:

me = Z4(rg)1 - 20N - PalRpe + Zo0(rC)POR 15.5)

6. WELFARE RESULTS

This section examines the welfare of the players at the equilibria of the decision problems and games
proposed in the previous section. The first stage of each game described above involves the solution of a
constrained maximization problem in ¢, and 7. In all of the following analysis, we assume that the budget
constraint t4+iz =¥ is binding. In addition, we assume that the sufficient conditions for maxima are always
satisfied. In appendix B we show that this assumption requires restrictions on only three of the five problems
considered.

Substituting the constraint t4 == f7 into the objective functions for the various games yields a series of
unconstrained problems in #-. Evaluating the welfare of the players at the relevant solution for #- yields the
following rankings:

Proposition 1 Under assumptions 1 and 2, Congressional welfare evaluated at the relevant solution for tc
is characterized by
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a. (7 )2 1108 )2 11,02 ) ef)
BT 2 )

Proof of Proposition 1 To prove the first part of the proposition notice that for any value of tc, ik exceeds
%, by magnitude Z4(T - i0d20(10)WPRSE (since Sy is negative by assumption). Now evaluate both ii. and ii, at tf to
yield xS )= 17,4t} Note that 11, (e )= 11, (e ) completes the proof

To formulate the Congressional objective function for game 3 we simply replace £, with &;, in T to obtain
IL. Notice that doing so yields exactly ;. Thus %, ~ f&. Now since Congress selects the maximal value of ii, in
game 4, the welfare from game 3, in which DoD selects, cannot be higher .

By replacing Ry with Sty in n, as before we obtain [d}. Notice that for any tc, i exceeds ii. by magnitude

(1 - Z4(F - tO1 - ZOENSABC + (1 - Z4(T - tC)) ZeciL - P)Sag . AS in the first part of this proof, the maximal value
of il chosen by Congress in game 4 must exceed the maximal value of {I which in turn cannot be less than the
value derived from DoD's choice in game 1.

To prove the second part of the proposition, replace Ry with Sty in s to obtain £55. Notice that 1, = it,. As
above, the value of {i, selected by Congress in game 2 cannot be less than the value which results from DoD's
choice in game 5.

The proposition demonstrates that oversight of the test design stage (game 4) cannot decrease the welfare of
the principal as compared with no oversight (game 3). However, oversight of the reporting stage (game 5) may
increase or decrease the principal's welfare as compared with no oversight. Below, we examine the possibility
that increased oversight may make the principal worse off.

First note that w5 can be expressed as a function of 3 by the following:

T, =m, - £ - 100 PaRp, (6.1)
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differentiating and evaluating the expression at the solution to game 3:
As3=0-[- 2 (T —te)Zeltc)+ 2.0t )2 (T -1 )P, R, (6.2)

Now if we assume that the solution to game 3 involves a relatively high value of ¢, and a relatively low
value of 7., then the bracketed term above will be positive. This is a reasonable assumption given DoD's
preference for (B,C) systems. When this assumption is satisfied, 2 will exceed t. In this case, the additional
oversight by the principal has the unintended effect of reducing the type C testing. Below we show that this
reduction in type C testing may lead to a reduction in the principal's welfare.

Assuming =2 as above, we compare the principal's welfare at the solution of games 3 and 5 with the
following equation:

13 - 11 = [2(-22)-Zz(1-Z2)[1-P)S,c

+ [22-Zi)P.s .+ Z;22R,S, (6.3)

Specifically we are interested in the case in which gy.mze. The first and third terms Of 6.3 are negative by
assumption, but the second term is positive. Thus equation 6.3 will exceed 0 if S is suitably large. The explicit

condition is given by the following inequality:
1

|2~z .

([z30-22)-230- 22 - 2.)s..
-7,2p,8,)

Sc

(6.4)

Thus if inequality 6.4 is satisfied, additional oversight of the reporting stage will actually reduce the
principal's welfare as compared to no oversight. Inequality 6.4 is most likely to be satisfied
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when information is socially valuable. In that case, S¢ is large compared to Sgc and the condition is easier to
satisfy.

If we suppose that Congressional preferences are aligned with society's preferences, then proposition 1
sheds a favorable light on the evolution of operational testing. By concentrating on the oversight of test design,
DOT&E has increased social welfare. In addition, oversight of the reporting stage in conjunction with oversight
of the test design stage has moved the process toward decision problem 2. This additional oversight has also
improved social welfare if Congress reflects the true preferences of the society.

We obtain a similar proposition regarding DoD welfare:

Proposition 2 Under assumptions 1 and 2, DoD welfare evaluated at the relevant solution for tc is
characterized by

1™ 3* 5% 2%
a. xl(rc ) > 7r3(rc ) > ZS(IC ] = :'rz(tc ]

Proof of Proposition 2 To prove the first part of the proposition first notice that for any value of tc, m
exceeds 3 by magnitude - zyr- sint - Zoivciame + 1 - 24T ichZcict -Fokas  AS in the proof of proposition 2, the maximal
value of m; must therefore exceed the maximal value from mt; The proof of =[if)==[:f] follows from the same logic

To formulate m,, replace 5.: with g, in ii.. Notice ms =, for all tc. As in proposition 2, no other value of tc
can yield a payoff for s in excess of the value chosen by DoD in game 5. The proof of the second part of the
proposition follows precisely the same logic.

If we suppose that the society's true preferences are reflected by DoD, proposition 2 sheds an unfavorable
light on the evolution of operational testing. Social welfare was highest in the absence of Congressional
involvement (decision problem 1). As Congressional oversight has strengthened, social welfare has progressively
declined.

Propositions 1 and 2 bound social welfare during various stages in the evolution of operational testing. In
all likelihood, society's true preferences are somewhere between those of
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Congress and DoD. Therefore, the extent to which additional oversight has increased or decreased social welfare
remains an open question.

7. QUALITATIVE TESTING RESULTS

In this section, we compare the equilibrium levels of testing which result from the decision problems and
games posed in section 5. We continue to assume that the budget constraint is binding and the sufficient
conditions for maxima are satisfied. In this section we make an additional assumption regarding the social value
of information.

Assumption 3 Information has no social value.

Thus in this section of the paper we assume that the payoff for any multi-state information partition is
exactly equal to the conditional expected value within that information partition. So, for example,
{1- #4)=pe = Ppdy + Poit: by assumption.

Proposition 3 Under assumptions 1, 2, and 3 the equilibrium testing induced by the decision problems and
games posed in section 5 can be ranked according to
* e

IC?C

S5 5 st (7.1)

C’!C' c

The tedious but straightforward proof of proposition 3 is contained in appendix A. Intuitively, the
proposition orders the type C testing generated by the various models and decision problems. Below we argue
that this ranking captures the major features of the evolution of operational testing in the Department of Defense.

Prior to the enactment of Public Law 92-156 in 1971, DoD exercised considerable control over the entire
procurement process. This influence extended not only to test design but also into the final procurement
decisions. We analyze this time period with decision problem 1.

Proposition 3 reveals the general nature of the conflict between Congress and DoD over operational testing.
Namely, DoD devotes less resources toward type C testing than Congress
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would like. As a first step toward resolving this conflict, Congress required DoD to report operational test
results. In the context of the model, the testing process was shifted to game 3.

Game 3 represents the status of operational testing in the time between the enactment of Public Law 92-156
and the establishment of DOT&E. Over this time period, DoD received substantial criticism for what was termed
inadequate testing. In the context of our model, this inadequacy might be interpreted as a lack of resources
devoted to #c. From the standpoint of DoD, the testing was completely adequate to support procurement
decisions. However, Congress considered the test resource allocation to be inadequate. Proposition 3 verifies this
intuition.

Section 2 describes how DOT&E concentrated its early efforts in the area of test design and
implementation. DOT&E could just have easily concentrated its efforts on improving the test reporting process.
However, DOT&E's limited budget probably would not have allowed them to impact both test design and test
reporting. In the context of our model, this decision is simply a choice between game 4 (impact test design) and
game 5 (impact test reporting). Proposition 3 reveals game 4 as the preferred option in terms of test resource
allocation. As we have seen in section 6, game 5 might actually reduce the 7- testing from the game 3 level. In
light of proposition 3, DOT&E's decision to impact test design appears to be a rational response to the
underlying incentives.

More recently, DOT&E has taken an active oversight role in the reporting of test results. As described in
section 2, DOT&E personnel are responsible for independent assessments of test data. In addition, high ranking
staff members are regularly called before Congress to address the desirability of procuring new systems and the
adequacy of operational testing. It is important to note that these responsibilities are in addition to DOT&E's
continued oversight of test design and implementation. Therefore, DOT&E now plays a significant role in all
phases of the testing process. In the context of our model, the operational testing environment is moving toward
decision problem 2. We have already shown that decision problem 2 obtains the highest welfare for Congress but
the lowest welfare for DoD.
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8. CONCLUSION

We have presented a model which extends the information transmission literature to consider the question
of strategic information generation. In the context of a principal agent game, strategic information generation
gives the agent an added dimension in which to manipulate the process. In response, the principal might choose
to extend some oversight authority. We have shown that oversight of the test design stage cannot decrease the
principal's welfare while oversight of the test reporting stage may. Our analysis has shown that the model is
remarkably consistent with the evolution of testing institutions in the Department of Defense.

There are many avenues in which the present model might be extended. In the context of the Department of
Defense example, the next logical step might involve an endogenous total testing budget T. Despite the
Congressional oversight efforts documented above, the Department of Defense continues to maintain
considerable control over the total testing budget. A more complete description of the testing environment
requires this feature.
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Appendix A:

Proposition Proofs

This appendix contains the proof of proposition 3. We begin by considering a simple lemma.
Lemma 1 The following inequality is satisfied at the equilibrium of game 3 and game 5.

[—z;{r—:;,}@-z,[:,;]}ﬁ- z:_‘{;;][1—z‘[r—:;}}] >0, (A1)

Proof of Lemma 1 Consider the first order condition from game 3:

0 = [FZAT-r M1 Zelte)) - Ze(r)Za (T te)]1- Pa)Ree
* Ze(re )RR,
* !—E’;{T- te)Zclte)+ Zelee)2, (r—fe}] FyRy (A.2)

which can be manipulated to form the following,

[~ZT = 1)1 Zefec)) + Zele 1= 2T = 1) 1= o) Rec
= [Z::{T-— te)Zeltc) = Zilic)2.(T- 'c}l‘P.'le

+Zc(t (1= B )Ry = R, - (A.3)

Thus, the lemma will hold if the right-hand side of A.3 is positive. When information has no social value,
then (1 - Po\Rpe= PRy + PR In this case, equation A.3 reduces to the following:
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[_z; (T=t)1=2o{ec))+ Zele Y1~ z,(r-:c]}]{t- P)R,c

= [Z; (T- iz‘}zc{frj"'zé{%l] ‘24[-7-' "e]]]ﬂ Ry {A4)

Since the right-hand side of A. 4 is positive, the lemma is shown to hold for game 3. Now consider the first
order condition for game 5:

0= [-ZT -t M- 2ot ) - 22T - PR + ZE (PR (A9)
When information has no social value, equation A.5 can be simplified to the following:

[z;{ T=t 1= Z(1c))+ z;,{:c)zx{r-:c}]gk,

[-Z2(7 - e )1- Zee )+ Zelec N1 - 2T - e[ Pere (A.6)

As the left-hand side of equation A.6 is positive, the lemma is shown to hold for game 5.
Proof of Proposition 3 To show tZ exceeds #: , we first express the objective function from decision
problem 2 in terms of the game 3 objective function:

I,

- Z4( T - ot pRE
ZA(T- 1)1 - Z2o(ec(1 - P SEC - Rpc]
ZoltoPoSe - PoRel (AT)

+

o

Evaluating the first order conditions from Iiz at the solution to my yields the following:

N (A A A A X

t [-z;{r- te 1 Zc(tc)) - Zeltc)Z(T- 1) J1- )
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¢ 2 RS- RR). a9

Substituting for (21— 1)z (1c) - Zi{r )2, (T )| B Ry from equation A.3, we have the following:

fy = ["z;{r_fcll_zc[fc}}_z::{’c}zx{r‘"c}]{l_ PRy
+ [‘ZQ(T‘"cll_zc(fc]}‘Z-E{'c}zair_"c]]{l -£)
“[Slc = RIE]
+ zl':‘{EEIPL'SC 'P;:Rc] + z::{’c:lpcﬂc (A9)

which reduces to the following:

by o= [—Z;I:T— :cIt_zc{"f)}_ E(’c}znir_fc}}(l_fl}slc
0 Zi{1c)PS,. (A.10)

Making the first term as large as possible yields the following:

b, 2 [FEAT=t 1= Z(0)) - Z(e )2 AT = )| RS, + PS5 ]

+  Zt )RS, (A.11)
Simplifying,

&, 2 ["ZL{T'-I.:HI*ch:'c'}]l'“z::'{fr)zx{r- rf}]F:’S’

* [_z; [T_ ICII - zc{’c}] - z;:{'rc 11 -Z, [T" e }}]chc
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> 0 (A.12)

where the last inequality holds because the first term is necessarily positive and the second is positive by
lemma 1.
To prove t& exceeds !, we write the objective function from game 4 in terms of the game 3 objective function:

m = My - Z4(T-1cW1 - 20N - Pa)Rpe - 20tc)PcRe
. ZAT - tC)Erc)PRRE + Zg(T - 1)1 - Z0(ec)N - PAVSEC
+ ZQT-i0)Zclc)PpSE + Z00CPCSC (A.13)

Taking the derivative of iis and evaluating at the solution to my yields the following:
[_Z;(T_ ‘l‘-‘)(l_ ZC(‘C))_Z"':(IC)ZA (T' ’c)](l B Px)Snc

[_Z;(T_ 1)Zc(tc)+ Ze(1c)Z.(T - ‘c)]Pgss

Z:(t)P.S... (A.14)

a‘.l

+

4

Simplifying and proceeding as above, we have the following:

Ay 0= 'ZJ(T"':II'R.}SM
*-[—ZI}{T = rz:}zc('rc} + ZE{I':}Z-I [T i 'rc]][ Fa S‘l = {1 - £ }Sx]
E - (T—.',:]F, 5, -Z [T- I,_.}F,_.SC + Z;_.{EE}P,:S,_.
*‘[z;{r"c}zc(rc)‘ Zi(re)z (T~ fc}]PESf-'
= = {I‘ =1, c}Pn Sy
i—[—E; {T_ !L‘J{l_ zc'['rv.‘ ]}"’ ZH{L_ Hl _z.-I{T = ’c]}]PcSr
= 0 {A15)
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where the last inequality results from the fact that the first term is necessarily positive and the second is
positive by lemma 1.
To show t% exceeds tZ, we write I, as a function of 7:

M=+ 24T - tcM1 - ZclecL - PaWSpe- Rec) + 200 cPSe - Re) (A.16)

Evaluating the derivative of A. 16 at the solution to game 5 and proceeding as above, we have the following:

b = [T 1= Ze(e)) = 22T = 1) 1= P)Sc
+ZL(1)PS,
= [Far-w)i-zue))- i)z (T -1 )JAS,
-ZUT=1)1=Ze(ee)) + Zelr N1 - 2, (T - 1)) |PeSe

> 0 (A17)

where the last inequality follows from lemma 1.
To show éf exceeds tr we write 114 as a function of ms:

n = my+ Zg(T- o) - Zoe))() - PAMSEC - REC)
+ 2P CSe - RO + 24T - 1OV Ec(r )P S [A.18)

Evaluating the derivative of equation A.18 at the solution to game 5 and proceeding as above we have the
following:

by = [—2;{?—1,:}{:— Z(tc))- Zeltc)z. (T~ fe]}(i —P,)Ssc

+[—Z}(T—I¢}3¢{r¢}+2,; (re)z.(T- 'c]]-ﬂ:sa + 21 )PeS,
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- [_z;(ra te 1= Zc(tc))+ Ze(r 1= 2, [_T-:c}}]FcSc
~Z (Tt )RS, =0 (A.19)

where the last inequality follows from lemma 1.
We begin by writing the objective function for decision problem 1 in terms of the game 5 objective function:

o m+ (1 - Zg(F - o1 - 20000 R 480
(1= Z4(T-ecNZic) - POIRAR

ZA(T - 1C)ECCIPRRE. (A.20)

+ o+

The first order condition for decision problem 1 evaluated at the solution to game 5 is given by the following:

As = 2T )= Ze () - 2= ZAT - 1) |Rase

Hzu(T- 1) zoltc)+ Zele N1 - 2T 1)1 - B R s
+[—Z; (T=tc)Zclec)+ Ziftc)2,(T- fc}]ﬂs R,

= 2=t N1=Zo1o))R e
+Z3(T- FE}ZEI{I,_-I{I i L _PIRI]
*z::(!cI! =Z, [T = ’EH[] = Pf:]lRu = .ue]
+Z;7[‘!C}Zd{r_ !,;].F, R!

= 2T =t 1= Ze(t ) Rane + ZUT - 1)2c (1) PR,
= -'c[’c Il -£Z, ET‘ ‘c}jﬁrxr
+Ze(1) 2T tc)PRs (A21)
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where the last equality follows from the fact that information is not socially valuable. When information has
no social value, the first order conditions for game 5 simplify to the following equation :

Z(T=t Y 1-Z (e ))1- P )Ryc
= E‘{‘cm -Z, {’.:}}P:'Rc
—Zilte)Z.(T—1c) PRy - (A.22)

Combining A.22 with A.21 we obtain the following:

Ay = Zy(T-1)1- zc{:,_,]}.izm +Zy(T=rt )2 (e )P R,
= z:{r""c Il_ z.:‘:’c }I] = -E}Ru'
= Z(T-4 )RR,
= 0 ' (A.23)

where the final inequality results from the negativity of Rx.
To show £ exceeds t,., we write m, as a function of T:

{1 = Z4(T - 10N - ZotcRARC
(1= ZAT - 1cNZclec)) - PORAB. (A.29)

m

Evaluating the derivative of equation A.24 at the solution to game 3 and simplifying, we have the following:

bo = [T 1) Zel1) - 2t 12T 1)) |Ree

Hz(r-1)zc(ic)+ Zele N1 -2 (T =1 )1 - P )R
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Appendix B:

Second Order Conditions

This appendix details the implications of the concavity restrictions we impose on the objective functions in
section 5. We begin by considering decision problem 1. It can easily be shown that the sufficient condition for
interior maximization is given by 2L,-L;;-L,, > 0, where Lij for i,j = 1,2 denotes the second partial of the
constrained optimization problem with respect to arguments i and j. In the context of decision problem 1, this
condition is given by the following statement:

22 (1, )2 e I Ruc—(1=F,)Ryc + BBy —(1-Fc)R s ]
= Z;{IJHL_ZE{‘C}IU_E{]RE _R.I-II.TI
= Z:["dlzﬂ{:rt:{ Fy R, _{l_ﬁc}l"q.{r]
- ZE{I{'HI'_ZJ{:J}I[I_ PE}H.H = .4!'.']
. Ztc)Z [t PRy = (1= P )Ry | - Z2{t. )P R > 0. (B.1)

We assume that condition B.1 is always satisfied.
The sufficient condition for game 4 can be expressed by the following statement:

224 (1, )2 (1 [ PoRs = (1= P,)S,c]
- b :A)[(p Zelte))(1-P,)S s + zf{:f}P,s,]
- et PeSc + Z (1 JPuSa = Z (1, 1= P, )Ssc] > 0. (B.2)

We assume that condition B.2 is satisfied.
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The sufficient condition for decision problem 2 can be expressed by the following statement:

= 2Z,(1)ZL(t N1~ PS5
S (7 LA () B L
ZF{EEHP{'EE_EAKUII_E{}SK]"'ﬂ' (B.3)
Notice that the left-hand side of condition B.3 exceeds the left-hand side of condition B.2 everywhere. This
implies that the former will be satisfied whenever the latter holds. We therefore do not need to assume concavity

for decision problem 2 since it is guaranteed by condition B.2.
The sufficient condition for game 5 can be expressed as the following statement:

= 2z )2 (e N1- P )Rye
- z:{’.elll_ Z,_-{I,_.:III—P:‘ ]Ruc
= ZAt PR~ Z (1M1= P)R,c] > 0. (B.4)

We assume that condition B.4 is always satisfied.
The sufficient condition for game 3 can be expressed as the following statement:

= 222 (1= PR~ R
- 'Z.Ifl{'r.f. H{l = zc(‘c}}[l =5 }Rac + c{'c]‘&ﬂn }

= 2Nz (e PRy ~ (1 P)Ryc |+ PR ) 2 0 ®B.5)
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Notice again that the left-hand side of condition B.5 exceeds the left-hand side of condition B.4 everywhere.
Again this implies that the former will be satisfied whenever the later holds. We therefore do not need to assume
concavity for game 3 since it is guaranteed by condition B.4.

This appendix has shown that only three of the decision problems and games considered require a concavity
assumption.
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2

On the Performance of Weibull Life Tests Based on
Exponential Life Testing Designs

Francisco J. Samaniego and Yun Sam Chong, University of California, Davis

1. EXPONENTIAL LIFE TESTING

Applications abound in which investigators seek to make inferences about the lifetime characteristics of a
"system" of interest from data on the failure times of prototypical systems placed on test. There are a good many
different experimental designs that might be considered in planning a given life testing application; often, some
form of data censoring (aimed at bounding the experiment's duration) or some sequential procedure (aimed at
possibly resolving the test based on early failures) are part of the test plan. The analysis of life testing data is
usually preceded by the setting of assumptions regarding the underlying probability distribution of system
lifetimes. Among the most studied parametric life testing models are the exponential, gamma, Weibull, Pareto
and lognormal families (see Lawless, 1982); nonparametric analyses under various assumptions on the
distribution's hazard function or residual lifetime characteristics have also been developed (see Barlow and
Proschan, 1975; Hollander and Proschan, 1984).

By far, the most comprehensive development of exact statistical procedures in life testing has occurred
under the assumption of exponentiality. For virtually all other assumed models, the analysis of failure time data
involves extensive use of numerical optimization methods and asymptotic approximations. The exact
performance of tests and estimates developed under nonexponential assumptions has, for the most part, resisted
analytical treatment, and has thus been studied mostly via simulation. The temptation to use exponential life
testing methods is no doubt due, in part, to the marked lack of success in dealing with the theoretical properties
of nonexponential life testing in a definitive way. The ease with which relevant distribution theory
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(especially that involving ordered failure times) can be produced, and the occasional "conservatism" of the
exponential assumption, have also contributed to its popularity, in spite of its notorious nonrobustness. It is
important to acknowledge that the exponential assumption is very special and highly restrictive, so that its use
should be discouraged except in circumstances in which there is good physical, empirical and practical support
for the model. In due course, we will review the basics of exponential life testing, both to make the present paper
self-contained and to set the stage for the various comparisons we wish to make with alternative analyses. First,
however, we will describe the type of problem—a sort of statistical hybrid—on which the present investigation
is focused.

Suppose a statistician is faced with an application in which two hypotheses concerning the mean life p of a
new system are to be tested. He wishes to resolve the test of Hy: u = p, against the alternative H, : 4 = u, where
U1 < uo are fixed and known, with certain predetermined probabilities o and f for type I and type II errors (also
often called the producer's and consumer's risks). Having no pressing reason to doubt exponentiality in the
application at hand, the statistician determines (using the Department of Defense's Handbook H108, for example;
U.S. Department of Defense, 1960) that these goals can be accomplished with an experimental design calling for
some specific number of observed failures (say r), rejecting Hy in favor of H, if the total time on test 7at the time
of the rth failure is less than the threshold 7,,. Among the advantages afforded by an exponential life test plan is
the fact the the resources required to perform the test (that is, the number of systems that must be placed on test
and the maximum amount of testing time needed to resolve the rest) may be calculated in advance. The fact that
the duration of the test, in real time, can be controlled and made suitably small by placing n > r systems on test
while still resolving the test upon the rth failure is also an important advantage.

Consider, now, the analysis stage of this life testing experiment. Suppose that when the data have been
collected, their characteristics suggest that they are definitely not exponential. It then falls upon the statistician to
analyze the available data under some alternative model or, perhaps, nonparametrically. Let us suppose, as will
be tacitly assumed in the sequel, that the two-parameter Weibull distribution is taken as an appropriate
underlying model for the

Copyright © National Academy of Sciences. All rights reserved.
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experiment in question. It is then incumbent upon the statistician to test the means y, vs #; under the Weibull
assumption. The goal of this paper is to examine the consequences of this paradigm shift. We will study the
resultant error probabilities associated with the Weibull test, and will explore the potential that exists for
resource savings (smaller sample sizes, less testing time) when the Weibull model is entertained during the
design stage rather than only at the analysis stage of the experiment. Our study has enabled us to identify the
circumstances under which rather substantial resource savings are possible. For a study which examines similar
questions in the contrast of interval estimation, see Woods (1996).

We now turn to a brief description of the mechanics of exponential life testing. Let us first suppose that a
sample X..,X; of system lifetimes is available for observation, and that these data are independent and
identically distributed according to the exponential distribution Exp(¢) with density function

f{x}=%z""s, x=0 (1.1}

. . uf L. T =3 X . .
For short, we will write .X,......X, ~ Ep(d) . The statistic ~™ 2 ', which may be described as the "total

(]
time on test" for the r systems taken together, is a sufficient statistic for 6 and is distributed according to the
gamma distribution I" (,0) with density function

j{r}ul-_-[-_:}T:“"e""“, (=0 (1.2)

We use the subscript » : r to reflect the fact that the experimental design calls for sampling r failure times
out of a random sample of size r. The standard estimate of 8 based on 7r.7 is the sample mean

8 =T iIr, (1.3}

which is both the maximum likelihood estimate and the minimum variance unbiased estimate of 8. For any
fixed a &1 (0,1), the best test of size a for testing Hy : 8 = 0y vs H; : 8 =0 | < 8 is the test which rejects H, if and
only if &,-:c, where c is determined by the equation

F(@l,__, <d=6,)=a (1.4)
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~Since. given 0 = 0, 27/0, is distribnted as #%1 variable. it is clear that the threshold for rejection is given by
e=08 .4 2 )it o, where Zi.is such that 1—'[.«!: A x_]= ¥ when X ~ ¥} The test which rejects H, when

- &,
E;.ﬂ' = E‘lx’;r.lﬁw ':I'S}
r

is, in fact, uniformly most powerful for testing against /; : < 0, and, in particular, maximizes the power
(or minimizes the "consumer's risk" f) at the alternative 8 = 0,. If we assume that the levels of o and £ are fixed
and determined in advance, then it remains to find the sample size r for which these levels obtain. Since r must
satisfy the equation

s 8,
PO, 25 Fanaal0=6,)= 5, (1.6)

it follows that the required sample size is the smallest integer » = r,, for which
a8 .
X;r.liaké"-zir_!' {]'?J
o

The fact that the required sample size r, is completely determined by the values of a, f and the
"discrimination ratio" 6,/6, is a special feature of exponential life testing that facilitates the automated
application of this methodology. Once a sample size » = r, is obtained through (1.7), the rejection threshold ¢ in
(1.4) may be represented as

a
c==2
2r

P A (18

The constant ¢/6, which is independent of model parameters, will appear in several of our tabulations as the
multiplier which, together with the 6, of interest, determines the rejection threshold of the desired test.

Execution of the exponential life test above is perhaps most easily described in terms of the "total time on
test" (TTT) function. If X(;) <.....< X(,) are the ordered failure times in our sample of size r, then the TTT
function may be written, for ¢ © {7 Ai7i:] as

T(0)=3 X, (r- i, (1.9)

il
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where =10 and j =0, 1,...,r -1. The TTT function keeps track of the total amount of test time logged by
working systems up to a fixed time 7. Clearly

ﬂf{fﬂ,>}=$&..~ (1.10)

The TTT function is itself a useful tool in reliability modeling. Plots involving a rescaled version of this
function will be discussed in the next section.

Returning to the problem of testing Hy: 6 = 0, vs H; : & = 0; we note that the test may be resolved as
follows: if the rth failure occurs before the total time on test exceeds the threshold rqyc, that is, if Tr:r(X(,)) < ryc,
then H is rejected in favor of H;; otherwise, H, is accepted. In the latter case, the experiment is completed at
time #,, where

Tepta) = rc,

while in the former case, the experiment is terminated at time ¢ = X(,) < ¢,. Thus the threshold ryc, with ¢
given in (1.8), represents the maximum total test time that could be required to resolve the test, that is, to be able
to accept or reject Hy on the basis of the data. Together, r, and c¢ describe the total resources that must be
committed to guarantee successful completion of the life test. ar

Extension of the above discussion to type II censored data is immediate. If |4} ..., &, ‘-Ef,ﬂ'[ﬁ)l , and if the
experiment is terminated upon the occurrence of the rth failure, then the statistic

T, =Y X, +(n-rX,, (1.11)
[
is sufficient for 8. Moreover, since 7}., has precisely the same distribution as 7., that is, since
Tz ~Tir.B),
the best test of Hy : =0, vs H, : € =0, has the same form as before, that is, rejects Hj if

(1.12)
where
8 =T ir (1.13)

rx ra

is the MLE (and UMVUE) of 4.
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Similarly, the sample size required to resolve this test, given set values for a, B and 6,/8,, is r, derived via
(1.7), and the maximum total testing time needed is again the constant ryc, where c is given in (1.8). The number
n of systems on test influences test performance only with regard to the test's duration. Let us expand the
definition of the total time on fest function to accommodate the case of type II censoring; for
te [X[h" -x:j-n]r.i" =0...r- I, define

J
T (0)=3 Xy, +(n— . {1.14)
=l

Then, under type II censoring, the experiment is terminated at time ¢ = X{(,) if Txnity} = ree of or, otherwise,
at time ¢ = ¢,, where ¢, satisfies the equation

Trnlrs) = rae.

It is easy to see that the random time min(X(,), #, (X)) at which the experiment is terminated is bounded
above by the factor roc/(n-r o). Thus, the waiting time until the test is completed can be made suitably small for
any fixed ry by choosing the sample size n sufficiently large. This strategy of course is based on a tacit
assumption of the correctness of the exponential model in the application of interest; when exponentiality fails,
this practice can yield highly misleading results.

There are a host of other experimental designs for exponential life testing, including type I censoring (that
is, censoring at a fixed time f), random record designs (that is, observing only record breaking failure times) and
sequential designs. The type of study which will be pursued in this paper can be carried out analogously for other
designs, but we have chosen to focus exclusively on complete and type II censored data. This choice is motivated
by the fact that these two designs are frequently encountered in practice and also by our belief that the general
lessons learned from analyzing these particular designs will hold more broadly. For example, the distribution
theory developed in Samaniego and Whittaker (1986) shows that inverse sampling from an exponential
distribution until the occurrence of the rth record value (that is, successive minimum) yields a test statistic
(again, the total time on test) that has properties identical to those of the designs mentioned above. In particular,
the resources required to resolve testing problems for predetermined values of a, § 6, are again given by the pair
(r9, ¢) of (1.7) and (1.8).

Copyright © National Academy of Sciences. All rights reserved.
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Instead of pursuing greater breadth in the designs considered, we will direct our efforts at examining two
particular designs (complete samples and type II censoring) in depth.

As a guide for military applications of exponential life testing, DoD Handbook H108 provides tabled values
of the required sample size r, and the constant ¢/, through which the total test time required by a particular
application can be computed. An excerpt from Table 2B-5 of that Handbook, showing the five tabled values
given corresponding to error probabilities & =. 1 and = 1, appears in Table 1. If, for instance, one wishes to test
Hy: 6= 1,000 hrs vs H: § = 500 hrs, and one sets a = .1 = f§, then Table 1 indicates that 15 or more systems
should be put on test, and that a total test time required to ensure resolution of the test is 15(.687)(1,000) =
10,305 hrs.

Before proceeding with our study of alternatives to exponential life tests, we briefly review what is known
about their lack of robustness. Of special interest to us is the behavior of exponential life tests when the
underlying distribution is a nonexponential Weibull, since it is then that the procedures we investigate in the
sequel stand to provide improved performance. We thus restrict ourselves to this particular circumstance and
describe the findings of Zelen and Dannemiller (1961), who studied the performance of exponential life tests for
Weibull data in exhaustive detail. In that paper, four specific life testing designs were studied: complete samples,
type II censored samples, truncated type II censored samples, and samples obtained sequentially. We quote from
Zelen and Dannemiller's discussion section:

None of the four life testing procedures studied in this paper is robust with respect to Weibull alternatives. In
particular, the censored life test and the truncated nonreplacement test are strikingly non-robust. It is obvious from
the graphs of the O.C. curves that lots having low mean failure time have a high probability of acceptance when the
failure times follow a Weibull distribution with shape parameter p > 1. This tendency is increased as p increases....
We have tried to show that dogmatic use of life testing procedures without a careful verification of the assumption
that failure times follow the exponential distribution may result in a high probability of accepting "poor quality”
equipment.

Copyright © National Academy of Sciences. All rights reserved.
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In the case of complete and type II censored samples, the operating characteristics plotted by Zelen and
Dannemiller indicate the extent to which the risk of a high probability of acceptance of a hypothesized mean of
1,000 occurs at mean values less than 1,000.

The performance of the exponential test of Hy: € = 1,000 vs H;: 8 = 500 at the nominal values oo = .1 = f is
shown there to deteriorate as the Weibull shape parameter increases from 1 to 3. It is interesting to note that at 6
=500 and 6 = 1,000, the probabilities a and f of error actually decrease in the complete sample setting; this is a
manifestation of the conservative nature of these tests. Since Weibull distributions with shape parameter greater
than I are lighter tailed than the exponential, these distributions are more tightly concentrated about the mean,
rendering it easier to distinguish between two candidate mean values on the basis of a Weibull sample. For
complete samples, the nonrobustness of which Zelen and Dannemiller write becomes evident as the mean value
at which the probability of accepting H is being computed moves toward the null value 1,000 from the
alternative value of 500. At 8 = 750, for example, the probability of accepting Hy: € = 1,000 goes from .615
under exponentiality to .837 under a Weibull distribution with shape parameter equal to 3. In spite of this type of
inflation, it is clear that exponential life tests carried out with complete samples offer reasonable performance in
that even under rather severe departures of the Weibull type, they deliver error probabilities at selected key
parameter values 6, and 6, that are smaller than those set at the planning stage. The question that will interest us
as we proceed is: since the achieved o and f levels are both lower than planned for or required, what savings
might be possible with a test that is calibrated to achieve the nominal values of a and § when the data are Weibull?

The case of censored samples is markedly different from the above. In an example involving n = 28 systems
on test with censoring at the 14th failure, Zelen and Dannemiller note that the probability of acceptance of H,: 6
= 1,000 is exceedingly high for all potential mean values between the alternative 500 and the null 1,000.
Remarkably, the probability of accepting the null hypothesis of mean 1,000 when the true mean is 500 is .985
when the sample is drawn

Copyright © National Academy of Sciences. All rights reserved.
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from a Weibull distribution with shape parameter 3. Even when the shape parameter is 1.5, this probability is
unduly high (.463).

The lessons to be learned from the phenomena documented above include (1) exponential life testing based
on complete samples works fairly well in a Weibull environment, but there should be opportunities for saving
resources when that environment is recognized in advance; and (2) exponential life testing based on censored
samples works very poorly in a Weibull environment, and alternative procedures should be considered when the
exponential assumption is suspect. The sequel is largely devoted to the study of ways of addressing these two
issues.

Before proceeding, let us make special mention of the scope of this paper, and its attendant limitations. We
have begun by discussing exponential life testing based on complete or type II censored samples. In sections 3
and 4, we will develop a comparable analysis under the assumption that the underlying distribution of the
observable failure time data is, instead, a nonexponential Weibull. Both analyses assume that it is a random
sample of items simultaneously and independently placed on test. Because of the memoryless property of the
exponential distribution, exponential life testing methods can be validly applied (assuming the model is
appropriate) to data on time between failures of repairable systems by treating time between failures as
independent exponential observations. Such an extension will not generally be valid under Weibull assumptions.
In the latter case, the alternative analysis developed in this paper would be applicable only when each repair
following an observed failure could reasonably be considered "perfect" in the sense of restoring the item to its
condition when new. When such an assumption cannot be justified, the appropriate reanalysis of data should be
based on a more elaborate modeling of the failure process, perhaps as a nonhomogeneous Poisson process.
Nonparametric alternatives in this setting have been developed by Nelson (1995) and by Lawless and Nadeau
(1995) and have been shown to work very well in a variety of applications (without the restrictive NHPP and
independence assumptions). Such analyses lie beyond the scope of the present paper.

Other issues not covered in the present report include the treatment of systems with multiple failure modes
and the treatment of accelerated life testing data. Parallel developments

Copyright © National Academy of Sciences. All rights reserved.
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in those areas, where Weibull alternatives to exponentiality assumptions are developed, would certainly be
worthwhile.

2. WEIBULL CONSIDERATIONS

The Weibull distribution is arguably the most popular parametric alternative to the exponential distribution
in reliability applications. Like the gamma model, it contains the exponential distribution as a special case, so
that the adoption of a Weibull assumption represents a broadening from the exponential model rather than a
rejection of it. Often, statistical extreme value theory forms the basis for the applicability of the Weibull model;
when system failure can be attributed to the failure of the weakest of its many components, the Weibull model
will tend to describe failure data quite well. The parametrization we will employ for the Weibull is as follows: X
has a Weibull distribution with parameters 4 > 0, B > 0 (henceforth denoted as X~ W(4,B)) if X has distribution
function

F{xj=P{X5:}=1—e‘7. x>0 (2.1

and density function

”

i {:J=§x"‘e7. x>0, (2.2)

where 4 is the "shape" parameter and B'/A the scale parameter of the distribution. The mean and variance of
X ~ W(A,B) can be written as:

= r[ﬂ]ﬂ'“ (2.3)

and

corfEe(®)]  en

The coefficient of variation cv = o/p is independent of the parameter B and may be written as

Copyright © National Academy of Sciences. All rights reserved.
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- ]
riag)-ri 4
cv= . 2.5
are (25)

It is apparent from (2.2) that the W(1,B) distribution is simply the exponential distribution Exp(B). A more
interesting and valuable connection between the Weibull and exponential models is the fact that if X ~ W(4,B),
then X* ~ Exp(B).

There is a rather substantial literature on modeling and inference involving the Weibull distribution. A
keyword search of the Current Index to Statistics, volumes 1-19 (American Statistical Association, 1975 to
1995), shows that there were 647 articles published in statistics journals between 1975 and 1993 on Weibull-
related topics. Much of this literature deals with estimation issues, with goodness of fit questions, with separate
families tests (for example, testing Gamma vs Weibull) or with robustness issues. Good overviews on estimation
and testing procedures may be found in the recent books by Lawless (1982), Sinha (1987) and Bain and
Engelhardt (1991). Other references with extensive discussion of inference for the Weibull distribution include
Mann, Shafer and Singpurwalla (1972), Sinha and Kale (1979) and Nelson (1982 and 1990).

Of particular interest to us are testing procedures which seek to distinguish between two mutually exclusive
collections of Weibull models. In the sequel, we will examine and compare various approaches to testing
competing hypotheses about a Weibull mean. The literature on this latter problem is rather sparse. When the
shape parameter is assumed known, the test of interest can be executed easily after transforming the data into
exponential variables. With the scale parameter known, Bain and Weeks (1965) developed tests and confidence
intervals for the unknown shape parameter. For the general problem, when both 4 and B are unknown, there is
rather limited guidance on how to proceed. Thoman, Bain and Antle (1969) have developed MLE-based
confidence intervals for each parameter when the other parameter is unspecified. However, it is known that large
sample methods based on the asymptotic behavior of maximum likelihood estimates behave rather poorly for
small and moderate samples (see Lawless, 1975). Likelihood ratio tests for

H,: B=B,vsH, : B=8,
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H rA=d,vsH, : 424, and
Hy, 1 Ep)=E,vs H, : E(p)=2,

where &(p) is the pth quantile of the underlying probability distribution, are discussed in Lawless (1982) and
recommended as preferable to tests based on the large sample distributions of MLEs. Lawless (1982:195-197)
discusses Weibull life test plans briefly, stating that "life test plans under the Weibull model have not been
thoroughly investigated it is almost always impossible to determine exact small-sample properties or to make
effective comparisons of plans, except by simulation.... Therefore, little formal discussion of the merits of
different plans has taken place Further development of test plans under a Weibull model would be useful." It is
our hope that the discussion of Weibull life testing in this paper will contribute to a better understanding of the
possible advantages and risks these methods involve.

As we have described the problem of interest in the introductory section, the statistician, after collecting
data under an exponential life test plan, takes the opportunity to reconsider his distributional assumptions.
"Physics of failure" considerations might, in certain cases, point to an alternative model. In the case that Weibull
alternatives to the exponential are considered sufficiently broad, one can carry out a formal test of the hypothesis
H,: A=1 (that is, X is exponential) vs H, : 4=1 (that is, X is nonexponential Weibull). Such a test is outlined in
Thoman et al. (1969). More generally, there is a variety of existing goodness of fit tests through which an
alternative model, Weibull or otherwise, might be identified. Attractive and usually quite effective alternatives to
formal or analytical procedures are two widely used graphical methods: total time on test (TTT) plots and plots
of transformed failure times on suitably chosen probability paper. We discuss these two methods below as
possible tools in determining the viability of exponential assumptions against Weibull alternatives.

Total time on test plots were introduced by Barlow, Bartholomew, Bremner and Brunk (1972), and their
properties have been studied further by Barlow and Campo (1975), Barlow (1979), Chandra and Singpurwalla
(1981) and Neath and Samaniego (1992). Barlow, Toland and Freeman (1988) employ TTT plots in a large scale
accelerated life testing experiment as a guide to appropriate modeling. Such plots are widely used as goodness of
fit indicators for the
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exponential distribution. In what follows, we will restrict attention to the total time on test function in (1.14)
since the complete sample version in (1.9) is subsumed by (1.14) when n = r. We note that the TTT function in
(1.14) has domain [0,X(;)] and range [wim"‘*f“-w“’]To render TTT plots both manageable and comparable, a rescaled
version of the function is generally used. For an arbitrary positive random variable X with distribution F and
finite mean p, the total time on test transform 7 is defined as

r{x) = _[_"”F{:}dr, b<x<l, (2.6)
where F'[xi=inl fulFfi) 2 s}, and the survival function F(£i=1—#it} . As is well known, 1(1) = u. The

empirical counterpart t of T is obtained by replacing F in (2.6) by the empirical cdf Fn. If n items are placed on
test, and the ordered lifetimes {X(;), X(»),...} are observed, then tn may be evaluated at x = j/n as

(£ = Lyt ). @n

Thus, nt,(r/n) is precisely the cumulative survival time of all tested items at the time of the rth failure. The
transform t,, is continuous arid is linear for ==(;-¥ for each j. For complete samples, the function

r'(x}=ﬁ

(1)
is plotted for x = (1], while for type II censored data, the function

;. {I.EJHLE}_
T ndrin)

is plotted for f!Firy. In both cases, the plots lie in the unit square. It is easy to verify that the TTT
transform 1 of the exponential distribution is linear, and that the rescaled transform of the exponential is the
diagonal line in the unit square.

The failure rate of a distribution is defined as f{?)/F(¢). The failure rate of the Weibull distribution W(4,B) is
given by

Copyright © National Academy of Sciences. All rights reserved.
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(1) = %r"'. >0, (2.8)

which is decreasing for 4 < 1 and increasing for 4 > 1. It is known that the rescaled TTT transform of a
distribution with increasing failure rate (IFR) is concave and that for a distribution with decreasing failure rate
(DFR) is convex. Thus, the TTT plot based on a sample from a nonexponential Weibull might be expected to
exhibit some nonlinearity—concavity when 4 > 1 and convexity when 4 < 1. Plotting a scaled TTT transform
for data collected according to an exponential life testing plan is an excellent way to detect possible departures
from exponentiality. In Figures 1 to 6, we display the TTT plots from six consecutive simulated Weibull
experiments, each featuring complete samples of size 20 from eight Weibull distributions with varying shape
parameters. These figures give a feeling for the variability in TTT plots for a fixed value of 4, and for the general
character of the plots as A varies from 0.3 to 3.0.

From the TTT plots above, it should be evident that detecting departures from an exponentiality assumption
is not an exact science. For example, five of the six simulated TTT plots of data drawn from the #(3.0, 1.0)
distribution show convincing IFR behavior, while one, from the second simulation, is much less definitive.
While a TTT plot may not be conclusive, it will often be quite suggestive of possible nonexponentiability; as
such, it seems reasonable to suggest that such graphical investigations be a standard part of the analysis of life
test data. For formal tests for exponentiality based on the TTT transform, see Barlow and Proschan (1969) and
Klefsjo (1980).

It is, of course, true that a TTT plot does not point directly toward a Weibull alternative when it casts doubt
upon the exponential assumption. Detecting IFRness or DFRness is a good start, but the checking for
Weibullness requires more. Nelson (1990) and others advocate plotting life testing data on Weibull probability
paper. A strong linear trend in such plots is indicative of an underlying Weibull distribution. These plots are
based on the following considerations: The Weibull survival function is

f-'{.r}l: e_*":, =0,
and thus

In[—EnF(x))=—inB+ AfnX. {2.10)
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Equation (2.10) is the basis for the expected linearity in a Weibull plot. The plot itself is simply a scatter
diagram consisting of the points (e, rf~a(i-4]) i = 1,...,r. The parameters —gnf and A are generally estimated
by the intercept and slope of the least squares line fitted to these points. The figures that follow show Weibull
plots for eight simulated samples of size 20 from Weibull distributions with varying shape parameters. These
plots (Figures 7 to 14) appear as scatter diagrams of the points {Xtu ~in{1- f—i}} on log-log paper.

Through use of the graphical methods described above, or otherwise, assume that the statistician, after
gathering data according to an exponential life test plan, determines that the data are more appropriately modeled
as a nonexponential Weibull. It will then be necessary to proceed with an analysis appropriate for these
broadened assumptions. The next two sections are dedicated to an examination of various ways of carrying out a
Weibull life test.

3. WEIBULL LIFE TESTING—PART I

The classical theory of hypothesis testing yields its strongest results in problems in which the null and
alternative hypotheses are simple, that is, specify the underlying probability model completely. In that
circumstance, it is possible to construct tests that will minimize the consumer's risk f among tests with
producer's risk less than or equal to some fixed level a. When one or both of the hypotheses of interest are
composite rather than simple, optimal testing procedures exist only in rather special circumstances. The problem
of interest here is of this latter type, and no "optimal" tests have been devised for solving this problem.
Specifically, we are interested in tests which compare two prespecified values of the population mean based on
an available sample (be it complete or censored) drawn from a Weibull distribution. When the basic observable
lifetime is distributed according to W(A4,B), then the null hypothesis HO : u = 6, actually represents the complex
composite hypothesis that the parameter pair (4, B) satisfies the equation
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Thus, testing Hy : u = 0y vs H : u = 8, forces one to consider whether the parameter pairs (4,B) consistent
with H, provide an adequate explanation of the data by comparison to the explanation provided by (4,B) pairs
satisfying H,. We will eventually examine three specific ways of testing 6, vs 6, in the context above. We first
treat a simpler problem for which an exact and optimal solution is available. Our purpose is to construct a "gold
standard" against which solutions to the original problem can be compared.

Let us, then, assume that a random sample X,...,.X; is available from what was originally thought to be an
exponential distribution, and that the sample size r was determined on the basis of an exponential life test plan
for testing Hy : u = 0q vs H : u = 0, where 6, > 6, at fixed predetermined values of the error probabilities o and
p. Assume further that, once the data was collected, the assumption

»
Xyy ooy X, =W(A,B) (3.2)

was adopted. Finally, let us suppose that the shape parameter A4 is known precisely. Then we may transform
the data to

XA, oo XA Exp(B), (3:3)

and test Hy: u = 0 vs H; : u = 0; on that basis. We note, however, that the discrimination ratio 8,/ in the
original problem is affected by the transformation in (3.3). Specifically, the original hypotheses may now be
rewritten as

6 ) . a
HU:B=Ha=[@] vs H,.BJ;{@}. (3.4)

A
&

—L

. ] : (3.5}

which is a decreasing function of 4. This change is significant in that the performance characteristics of
exponential life tests depend very strongly on this parameter. The
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discrimination ratio is a measure of the distance between the null and alternative hypotheses. If that ratio is
reduced sharply, the new testing problem can be resolved with much greater power. In particular, given the same
sample size, the a, B values that can be realized in the transformed environment will be much smaller than the
nominal levels with respect to which the test was planned. Alternatively, the same nominal a, § values could
have been achieved with a substantially smaller sample size. The flip side of these outcomes must also be
mentioned. In the DFR case, we see that the discrimination ratio increases under a power transformation. It will
then be generally true that error probabilities are larger than their nominal values when the sample size is held
constant, and it may take a substantially larger sample size to achieve the nominal levels of a and f. Thus, life
testing in a Weibull environment is not necessarily advantageous to the tester. Fortunately, in many engineering
applications of the Weibull distribution, the shape parameter 4 turns out to be substantially larger than 1, and the
opportunity exists for the execution of tests with smaller error probabilities or tests requiring less in the way of
resources for their implementation. When infant mortality (and an initial decreasing failure rate) is present, the
institution of a bum-in phase, in which key defects are detected early and removed, will tend to result in burned-
in systems whose lifetimes are well modelled by an IFR distribution.

One of the main goals of the present study is to characterize the magnitude of the gains or losses attributable
to a shift from the exponential to the Weibull paradigm. In order to do this, it is necessary to have tables like our
Table 1 (that is, Table 2B-5 in DoD Handbook HI08) in much more extensive form. As mentioned in the
discussion following Table 1, an exponential life test for testing H,, : 6 = 1,000 hrs vs H; : 6 = 500 hrs with a =
=.1 requires that at least 15 systems be placed on test, and requires a total time on test of up to 10,305 hrs. Now,
suppose it is determined that the Weibull distribution #(2,B) is the appropriate model under which the data from
this experiment should be analyzed. In this particular Weibull environment, after squaring each observed failure
time, we are testing the hypotheses H, : B = 1,273,231 hrs? vs H;: B = 318,208 hrs? based on data from the
exponential distribution Exp(B). Since the discrimination ratio in this new problem is 1/4, we'd now like to
determine, for comparison purposes, the test resources that would be required to carry out the latter test at o = 3
=.1. Two

Copyright © National Academy of Sciences. All rights reserved.
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difficulties arise in trying to do this. First, the discrimination ratio 1/4 does not appear in Table 1, so that the
values of the required sample size 7 and critical threshold ¢/6, can only be roughly determined by interpolation.
Second, the critical threshold in the new problem relates to a function other than total test time—in general, it is
a threshold which provides a bound for the statistic £ rather than for the total time on test £*. We will now
consider each of these matters carefully.

In order to be able to examine the impact of an arbitrary power transformation from W(4,B) to Exp(B), we
need to have a table comparable to Table 1, but containing values of r, and ¢/f, for any value of the
discrimination ratio between 0 and 1. The computations involved are conceptually simple—we need to find, for
fixed values of a, B and the ratio 0,/0,, the smallest integer r, satisfying inequality (1.7) and the associated value
of ¢ in (1.8). In developing our tabulations, we have utilized the Peizer-Pratt approximation (see Alfers and
Dinges, 1984) for X tail probabilities for degrees of freedom 0, and an approximation based on the Central Limit
Theorem for degrees of freedom >100. Normal tail probabilities were approximated using an "error function"
which is a special case of the incomplete gamma function (see Press et al., 1992:220). Whenever the inverse of
the normal or X? distribution was needed, we employed numerical approximations for the quantiles of interest
based on Newton-Raphson iterations. For computations involving the gamma function, we used table of I'( x) for
x =1.0(.01)2.0 found in Abramowitz and Stegun (1964), with linear interpolation as needed. We note that stable,
highly accurate algorithms for the functions above are available in various popular software packages (NAG,
IMSL, S+, netlib). In the first four columns of each page in Tables 2, 3, 4 and 5, we have recorded the
discrimination ratio, the required number r, of systems on test, the critical threshold ¢/f,, where ¢ is computed
via equation (1.8), and the realized value of § when the exponential life test is executed at the indicated nominal
significance level a.

Our expansion of DoD Handbook H108's Table 2B-5 is restricted to four typical choices of a, p: o = =.01
(Table 2), o = p = .05 (Table 3), a = B =.10 (Table 4) and o = p = .25 (Table 5). In each of these four tables, we
record, for different values of the shape parameter 4
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of the underlying Weibull parameter (for 4 = .1 (.1)3), the values of four measures of the impact of carrying out
a Weibull life test: SSR (for "sample size ratio"), TTTR (for "total time on test ratio") BR (for the ratio of error
probabilities £ of the Weibull test and the planned exponential test at the same fixed values of a and r) and »/n
(for the censoring fraction at which the Weibull analysis approximately achieves the nominal error probabilities
in the exponential test plan). We now turn to a description of the reasoning and computations involved in
producing these four measures.

As the discrimination ratio changes from 6,/6, to (6,0, )* in the course of shifting from exponential to
Weibull assumptions, so do the sample size requirements for any fixed a and f. In general, the smallest integer r,
satisfying (1.7) is an increasing function of the discrimination ratio, so that, when 4 > 1, the sample size needed
to resolve the Weibull test will be smaller than that called for in the original test plan (and, conversely, will be
larger when 4 < 1). The ratio of these two sample sizes is recorded as SSR. If, for example, for a = f = .1, and
the original discrimination ratio is .5, then o = 15 for the exponential test plan. If 4 = 2, then the new
discrimination ratio is .25, and the new required sample size is 7, = 4. In the column labeled SSR under 4 = 2.0,
and in the row for 8,/6, = .5, one finds the tabulated value SSR = .267 which, of course, is equal to 4/15.

Determining the maximal total time on test that might be required in the Weibull environment is a little
trickier. Indeed, it cannot be determined exactly, though useful (indeed, sharp) upper and lower bounds can be
obtained. In the case of complete samples from W(4,B ), we know that the Weibull life test will stop as soon as

2.-1’," = e, (3.6)

where ¢ may be obtained from Table 4 through the use of the value of c¢#, corresponding to the
discrimination ratio (6,6, )* and the formula

c| @& ‘
=5 | T
€ sru{r{ﬂﬂ}] 6.7
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. . . . ¥ X, .
The question then arises: what are the possible values of the total time on test 5* ' under the constraint in

3.6)? That question is answered by the following result:
Y g
Lemma 1: Let X be the set of all vectors %= (x,....5) of nonnegative real numbers such that

Trl=k. (3.8
=l
Then, if 4> 1,
KV < ZII 5{,4_1'{}“; Vx e, (3.9)
i
andif4 <1,
AL .
(,_1_,4] < xn K™ Wxem (3.10)

=l

Moreover, these bounds are sharp.

Proof: The upper bound in (3.9) and the lower bound in (3.10) may be obtained quite readily by Lagrangian
optimization. The other two bounds may be obtained by variational and/or geometric arguments. We eschew
these approaches in favor of a simple argument based on majorization ideas (see Marshall and Olkin, 1979). If x,
y are vectors in wn, then X is majorized by y {x =¥} if T==Xx and the ordered vectors, with T £ = £ %,,;and
Y T = Fig satisfy the inequalities

2xo S X ¥y J=loanm {3.11)
- i

A real valued function @ is Schur convex if §(x}=&¥) whenever x <y, and Schur concave if §{x) = $(¥}
whenever x~3. It is clear from these definitions that a Schur convex function is maximized, among vectors
x & | with nonnegative components and a fixed sum S, by the vector x that majorizes all the rest, namely

xpr= (0,0..,0, 5, (3.12)

and is minimized, within this same class of vectors, by the vector x majorized by all the rest, namely
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Xy = (Sin, Sl . 500, (3.13)

Similarly, among the class of vectors of interest, a Schur concave function will be maximized by x,,, and
minimized by xy. It remains to show that these ideas provide a solution to the problem posed by the Lemma.

It is well known (see Hardy, Littlewood and Pdlya, 1929) that if g(x) is a real valued convex function, then
the function

=" glx) (3.14)
]
is Schur convex, and if g is concave, @ in (3.14)is Schur concave. Now, since the function
gix} =P (3.15)

is convex for x e [0, &) when p > 1 and is concave for x € [0, =) when 0 <p < 1, we have that

§0)= 3af (3.16)
1

is Schur convex on [@,«}* for p > 1 and is Schur concave on [, «)" for 0 < p < 1. Now, consider the
functions of x given in (3.8) and (3.9). By defining 3, ==, we may rewrite the problem at hand as: minimize and
maximize

#*(x)= i}-.’" 3.17)
1

?E{ye{ﬂ.w}’ Iiju =F-'}

among Since ®” in (3.17) is Schur concave when 4 > 1, we have that

K" =0, ..., 0, K)s¢'(v)s -#‘[%, 9 =(rg)". (3.18)

Transforming back from y to x yields (3.9). It follows, similarly, by the Schur convexity of * when 4 < 1,
that, in this case,

(fa]“ =#'[§- 95#'(:#}5&'{0, a0, K)=KY. (319)

Replacing yi by =" i in (3.19) yields (3.10).
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The lemma above allows us to bound the total time on test required in a Weibull environment to achieve the
nominal a and B levels. We will use these bounds differently, depending on whether 4 > 1 or 4 <1.1f 4 > 1,
then the total time on test required to resolve the Weibull test based on the transformed data will generally be
smaller than the maximal TTT called for in the exponential life test plan. In this case, the upper bound in (3.9),
with K = r*¢", where " and ¢" correspond to the sample size and critical threshold for the transformed
discrimination ratio, serves as an indicator of the potential savings in TTT in the new environment. It is, of
course, an upper bound; the true savings may be substantially greater! The total time on test ratio (TTTR)
tabulated for each combination of discrimination ratio and shape parameter, is the ratio of the maximal (that is,
upper bound) TTT in the Weibull environment to the planned-for TTT in the original exponential environment.
For example, for a= f = .1 and discrimination ratio is .5, the TTT required to guarantee resolution of the
exponential life test is, as we have seen, 10,305 hrs. If one then assumes a W(2,B) environment, the new
discrimination ratio is .25, requiring, to achieve the same a and f levels, that » = 4 observations be placed on test
and that a maximum value for i= of K = 4(.436)(1,273,239) = 2,220,529 hrs?. Thus, the upper bound on the total
time on test is % =203 hys From this, we find that TTTR = 2,980.3/10,305 = .289, as recorded in Table 4 in
the TTTR column under 4 = 2.0 and across from 8,/6, = .5. It is possible to give a closed form expression for
TTTR as a function of 4, a, and the sample sizes r, and r| in the exponential and Weibull environments:

((21'1)"'1,1'5,1..-‘:)”

ITIR =
Igrg.l-a ) r(A_;L)

We will define TTTR differently when 4 < 1. In these cases, the TTT required to resolve the test in the
Weibull environment will tend to be larger than that required in the original exponential test plan. We are thus
interested in determining a bound which the TTT will exceed with certainty. In doing so, we employ the lower
bound in (3.10). For 4 < 1, our tabled values of TTTR represent the ratios of the smallest possible value of the
required total test time in the

Copyright © National Academy of Sciences. All rights reserved.
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Weibull environment to the required TTT in the exponential test plan. As an example, consider the computation
of TTTR in testing the hypotheses H,, : 4 = 1,000 vs H; : 4 =250 at o = f = .1. Assume that the true distribution
is W(1/2,B). Since the discrimination ratio is .25, the exponential life test plan calls for setting 4 systems on test,
and the TTT required to ensure the resolution of the test is 4(.436)(1,000)= 1,744 hrs. To achieve o= =.1 in the W
(1/2,B) environment, given that the new discrimination ratio is .5, one needs to place 15 systems on test and
require a TTT commensurate with the equation

13 e
3 xt w1560 220 | _2304=k.
o)

Fall
From (3.10), it follows that

15 K’!
TIT =% X, 2=—=3530.8.

F

=1

Thus, a lower bound on the ratio of the total time on test in the Weibull vs exponential environments is
given by TTTR = 3,539.8/1,744 = 2.03. This latter value, or more precisely, the value 2.027, is recorded in
Table 4 in the TTTR column under 4 = 0.5 and across from #,/6, = .25. As an aside, we note that the upper
bound provided in (3.10) indicates that the total time on test might be as much as 30.4 times as large as that
required by an exponential life test plan; thus, while 1,744 hrs of testing are required by the original plan, the
TTT in the Weibull environment with 4 = 1/2 will fall between 3,540 and 53,018 hrs.

The BR column in Tables 2 to 5 is more or less self-explanatory. The exponential test plan corresponding to
a fixed discrimination ratio stipulates a certain sample size r as necessary to achieve fixed, nominal « and f
values. If the data is actually drawn from W(4,B) with 4 known, and if the same sample size r is used in
executing the Weibull test at significance level a, then a new level of a is attained—all it . We define BR as the
ratio f/p. An asterisk in the BR column means BR < .0005.

We now turn to the subject of censoring and, in particular, to the interpretation of the column labeled 7/z in
Tables 2 to 5. While type II censoring does not alter the power function of an exponential life test, but only
serves to accelerate the completion of the test, its impact in

Copyright © National Academy of Sciences. All rights reserved.
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Weibull life testing is quite different. In particular, the behavior of the total time on test statistic in Weibull life
testing is strongly influenced by the number of systems on test; indeed, we demonstrate below that the upper
bound on TTT in Weibull environment with 4 > 1, tends to infinity as n grows in r-out-of-n life tests. Thus,
while one can increase n with impunity in exponential life tests, one must be very careful in using censored life
test designs when the underlying distribution is Weibull. We will motivate below a guideline for identifying
what might be considered a reasonable upper bound for the amount of censoring one should entertain in a
particular application. The tabled ratio »/n identifies this bound. If 7/n = 4, for example, then the number n of
systems on test should not exceed n = r/4 = 2.5r. We will return to our »/n computation momentarily. First, we
extend Lemma 1 to a result which applies to type II censored samples and provides the bounds utilized in that
computation.
Lemma 2: Let X be the set of all vectors ® =12} of nonnegative real numbers such that

3w =K, (3.20)

where ¥ ...+ are positive weights. Then for 4 > 1,

L

iw,x, 5[[2 w‘:l K] vrez, (3.21)

and for 4 <1,

[EF ]

Yowx 2| — | vxexz (3.22)

i

Proof: We show, by Lagrangian methods, that the bounds in (3.21) and (3.22) are the values associated with
the unique critical points of the function =% in each case. Then, an easy geometric argument involving
hyperplanes above or below the surface in (3.20) will demonstrate that these values are extrema. Let

flxA)= Zw,x, - A[Z wr - .»:}. {3.23)
1
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-

- . . W, . .
To find critical points of the function E. “under the constraint (3.20), we solve the equations
& . ]
—flxA)=w = dwde"' =0, i=l ..r
lﬂq""'-I'
and
—E-_Il"{x R.]I=E’;w,x.‘ -KE=0
m 3 - [ § N
It is evident from the above that there is a single critical point of f, namely
x E[—--r] . sl (3.24)
where A is chosen so that

];L: =K. (3.25)

This results in the values

.
Y
1
Z""’r"'l

The value of the function 5 at this critical point is

X, . i=ho,r (3.26)

0¥

Bl L <(E0) w0

' x
1
PR
1

which is equivalent to the upper bound in (3.21) when 4 > 1 and to the lower bound in (3.22) when 4 < 1.

We can now introduce the »/z# column in Tables 2 to 5. The TTTR computation in these tables is based on
the assumption that complete (that is, uncensored) samples of size r are available. If, however, the life test plan
calls for type II censoring, and is terminated, at the latest, when the rth failure occurs among the n systems on
test, then the TTT statistic becomes
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S

, which is of the form " with unequal, positive weights. From Lemma 2, we see that, when
A > 1, the maximum total time on test under the exponential test plan constraint E*-n irmrr AL =K jg given by

'E-I:X +(n=r+l)X.

T, = (n k). (327

A worrisome feature of this value is that it is unbounded in n, when 4 > 1, as assumed above. For the
complete sample design based on r observed failures,

TIT, = (1K), (3.2%)

A

the constraint on Z,"X' being the same as in the censored case, given that the transformed problem is based

on an underlying exponential distribution. Now the ratio we have called TTTR measures (conservatively) the

extent to which TTT could have been reduced if an appropriate Weibull life test had been conducted. Suppose

we take particular values of the discrimination ratio, o, f and 4 > 1 as fixed and given. We could then ask the

question: what sample size n would yield a censored sampling plan in the Weibull environment that has (at

worst) an equivalent TTT requirement as that of the original exponential test plan? The answer is the following:

the value of n yielding a maximum TTT no larger than the required TTT in the exponential test plan is the
solution to the equation

H= TTTR, (3.29)
that is,

n=r(TTTR) 7 (3.30)
or, as we will record it,

i={m‘ﬁﬁ. (3.31)

The formula for 7/z in (3.31) is derived in the same way for 4 < 1, and will be applied in Tables 2 to 5 for
arbitrary A. However, since TTTR has different interpretations for 4 > 1 and 4 < 1, so
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too does the fraction 7/n. As stated above, when 4 > 1, #/n represents the censoring ratio that yields a test in the
Weibull environment for which the required total time on test is no greater than the TTT specified in the
exponential test plan. For 4 < 1, »/n represents the censoring ratio for which the minimum possible TTT in the
Weibull environment is approximately equal to the TTT specified in the exponential test plan. The actual TTT
experienced in executing the Weibull life test can, of course, be much larger than that minimum. Thus, caution
must be exercised in interpreting an /n ratio when 4 < 1. Further, it is possible, when 4 < 1, for 7/n to exceed 1.
Such an outcome simply points to the fact that the minimum possible TTT in the Weibull environment will be
less than or equal to the required TTT in the exponential test plan when one reduces the sample size from r to the
value of n for which r/n is the tabulated value.

As an example of the computation of 7/n, suppose 8,/6,=.5, A = 2.0 and a= f = 0.1. From Table 4, we find
that TTTR = .289, so that »/n = (.289)? = .0835, which is recorded as 7/1-.084 in Table 4. From this, we deduce
that a test plan which places 48 systems on test and resolves the test upon the 4th failure would have a total test
time no larger than 10,305 hrs, the test time associated with the exponential test plan based on 15 observed
failures.

Given the definitions of SSR, TTTR, BR and /z in the preceding paragraphs, we now present the tables in
which these measures appear.

While Tables 2 to 5 largely speak for themselves, a few comments on them seem warranted at this point. In
general, these tables confirm that there are potential resource savings available when one recognizes an IFR
Weibull environment and carries out a Weibull life test instead of an exponential one. Similarly, more resources
are required in carrying on Weibull life tests when the DFR Weibull analysis is carried out instead of an
exponential life test. Since IFR Weibull distributions arise with some frequency in life testing applications, the
magnitude of the measure SSR, TTTR, BR and r/n when the shape parameter is large is of special interest.
Contour plots showing level curves of each of these measures are especially revealing.

As an example, a rough sketch of the level curves of TTTR as a function of the discrimination ratio 6,/6,
and the value of the shape parameter A4 is shown in Figure 15 for the case @ = f = .1. These plots are only
approximate, of course, since the discreteness of sample

Copyright © National Academy of Sciences. All rights reserved.
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size selection causes the computed values of TTTR (and the other measures as well) to be a rather choppy
function of the discrimination ratio for each fixed value of 4.

From Figure 15, one may infer that the most substantial savings in TTT are made in situations in which
both the discrimination ratio and the Weibull shape parameter are high. In applications, the costs associated with
life tests when the discrimination ratio is high (say, greater than .7) are generally prohibitive; thus, even though
the resource savings afforded by a Weibull life test might be substantial, the cost of the alternative analysis is
still likely to be prohibitive. If the discrimination ratio is .9, for example, an exponential life test plan for, say,
Hy:60=1,000vs H, : =900 at a = f = .1 would require at least r = 593 systems on test and a total test time of
561,571 hrs. If 4 = 2.5, say, the Weibull test with the same error probabilities could be accomplished with » = 96
systems on test and a total test time no greater than 102,206 hrs. While these savings are striking, the experiment
may still be too costly to perform. It appears that the kind of problems in which recognizing a Weibull
environment and performing a Weibull life test will be both feasible and economically attractive will be those in
which 3 £ &/ <.7 and 4 x| 5..

We will return to our discussion of Tables 2 to 5 in the concluding section. It is perhaps worth noting here
that the measure BR shows quite dramatically the power of Weibull life tests when the shape parameter A4 is
reasonably large; for fixed values of 4, BR appears to vary inversely with the discrimination ratio. We also note
that, for fixed 4 > 1, the amount of censoring that can be accommodated per the 7/z computation is an increasing
function of the total time on test ratio, which in turn tends to increase as a function of the discrimination ratio.

4. WEIBULL LIFE TESTING—PART 2

In section 3, we studied the performance characteristics of Weibull life tests under the simplifying
assumption that the Weibull shape parameter 4 was known. The assumption is not totally whimsical, since
engineering experience with a particular type of application might make such an assumption quite reasonable.
The exponential assumption is, after all, nothing more than

Copyright © National Academy of Sciences. All rights reserved.
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the assumption that the Weibull shape parameter is known to be equal to one. One might consider the results of
section 3 to apply to the situation in which the statistician guesses (or estimates) the value of the Weibull shape
parameter, and happens to guess it correctly. It is, of course, necessary to move beyond this first step, and to
engage seriously the question of how to execute a Weibull analysis in the general, two-parameter problem. This
section is devoted to examining three specific possibilities in that regard.

Suppose Fi- - £ S5 , where 4 > 0, B > 0 are unknown, and we wish to test to hypotheses i, : = ig
vs H, 1 g=p The approach of section 3 immediately suggests a possible approach to this testing problem:
estimate 4 from data, and carry out a Weibull test, as in the preceding section, with the estimate A taken as the
known value of 4. The performance of the resulting test procedure is, naturally, dependent upon the quality of
the estimate 4. This "plug-in" method has a history. In an estimation framework, Gong and Samaniego (1981)
described the large sample behavior of the solutions of a reduced system of likelihood equations when certain
(nuisance) parameters were replaced by % -consistent estimators. In the context of testing composite hypotheses,
Neyman (1959) gave conditions under which tests utilizing s -consistent estimators of the nuisance parameters
have a certain type of asymptotical optimality. More specifically, Neyman showed that, under fairly standard
regularity conditions, test statistics which were uncorrelated with the logarithmic derivative of the likelihood
with respect to the nuisance parameters (under a null hypothesis specifying a fixed value of a given parameter)
were "locally asymptotically most powerful" in testing that null hypothesis against its compliment. Such tests
were named C(a) tests by Neyman, in deference to the similarity of his regularity conditions to those posited by
Cramér (1946) in his work on the large sample theory of maximum likelihood estimators.

The essence of a C(a) test is the substitution of one or more unknown parameters by iy -comsistent
estimators, and the testing of hypotheses concerning a lower dimensional parameter space. We will examine two
tests based on such an approach. The first of these is based on the fact that the coefficient of variation of the
Weibull distribution, given in (2.5), depends only on
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the shape parameter of the distribution and is independent of the second parameter B. A i -consistent estimator
of the parameter cv is readily available; a natural estimate is the sample cv, or

cv=s/Xx, 4.1

where z and s are the sample mean and standard deviation, respectively. Now the relationship between cv
and 4 in (2.5) is not easily inverted; we will therefore deal with that inversion numerically. In spite of that slight
complication, the inversion which expresses 4 as a function of cv will, by virtue of the continuity and
differentiability of the functional relationship, provides us with a ~/1~censistant estimator of A. Table 6 represents
a numerical compilation from which one can obtain an estimated shape parameter from an estimated cv. We
have relied upon this table for obtaining i-/=) when & =1, since interpolation in these cases provides acceptable
accuracy. When =1, the bisection method was used to calculate 4, pivoting on the expression in (2.5) until
sufficient accuracy in 4 was attained.

The testing method for which results are recorded under the "cv" column in Tables 7 to 9 is the C(a)-type
test with 4 estimated by the appropriate function 4 of the sample coefficient of variation. Once 4 is set equal to
A, the test is carried out as in section 3, leading to rejection of the hypothesis H, : #=2 in favor of &, * 4= if
the statistic 3% is sufficiently small.

The second testing procedure we study here is the likelihood ratio test of the hypotheses My : u—py vs
H, : p=u based on a Weibull sample. Execution of such a test requires the maximization of the Weibull
likelihood L, given by

[

Ie

F " A=l
J{xld.ﬂ}=[§] [Hx] e, 42)

over ={(4,B)4>0,8>0} and over ,= {{:I.B}M = 0,8>0,I(4)8" = ,uu} . The likelihood ratio statistic we
compute is
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 max H{x| 4, B)
Al (4.3)

Imé{xld,ﬂ]

Standard theory implies that, for sufficiently large r, the statistic ~2¢na is approximately distributed as a #}
random variable. To compute 4in (4.3), we employed two-dimensional Newton-Raphson iterations in the
unrestricted maximization required by the denominator of ., and carried out the (essentially) one-dimensional
search required by the numerator of 4 using the "golden-section" search algorithm as described by Luenberger
(1989:199). Given that we were interested in a one-sided test, we defined the rejection region of the test based on
the likelihood ratio as follows: if the unrestricted maximization of L in (4.2) results in MLEs 4 and # for which
f =r(jiﬂﬁ]’§l'j = u, accept Hy. Otherwise, compute the likelihood ratio statistic 4, and reject H if

—26nA > x5 oa-

Since 24, is expected to be large under departures from u = u° in either of two directions, we doubled the
nominal tall probability of the y? distribution and reject only when the data is indicative of a mean value smaller
than u,. For sufficiently large r, this procedure should have a significance level close to a. In Tables 7 to 9, the
performance of this test is recorded in the columns labeled " £#."

We might mention, at this point, the fact that an additional possibility exists for constructing a C(a)-type
test: one could estimate the shape parameter 4 by the maximum likelihood estimate 4, and carry out the test in
section 3 with 4 replaced by that estimate. We have confirmed, via simulation, that the performance of that test,
in small and moderate samples, is essentially indistinquishable from the likelihood ratio procedure described
above. We have therefore excluded the MLE-driven C(a)-type test from the simulation results reported here.

Finally, we will investigate the performance of a third approach to tests involving Weibull means. As
discussed in section 2, it is possible to examine the Weibull assumption through appropriate plots on Weibull
probability paper. Formal estimation and hypothesis tests may be developed from these fitting procedures.
Chernoff and Lieberman (1956) gave
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conditions under which certain plots were optimal for estimating particular parameters. Nair (1984) has studied
the large sample behavior of estimators of model parameters derived from probability plots and, in particular,
showed that, under suitable regularity conditions, estimates obtained via ordinary least squares are + -consistent
and asymptotically normal. This latter work suggests that one might test hypotheses concerning Weibull means
by first estimating the shape parameter from the least squares fit to data plotted on Weibull probability paper,
and then carrying out the appropriate exponential test based on the transformed data X, x asif A=A is the
true shape parameter. The hypothesis #, : 4=, is rejected when L% is smaller than an appropriate threshold.
The performance of the test based on an least squares estimator of the Weibull shape parameter from a Weibull
probability plot is recorded in Tables 7 to 9 in the column labeled " N

We are now in a position to describe the contents of Tables 7 to 9. Each table summarizes a simulation
study for a fixed value of the discrimination ratio' Table 7(&/# = .25}, Table 8 (#/f = 30], and Table P {#/#&, =.75].
In all three studies, simulations were carried out for assumed Weibull samples with five possible sample sizes,
and with Weibull shape parameters ranging from 0.1 to 3.0 in increments of 0.1. The median sample size among
the five used for each table was set to be equal to the sample size required by an exponential test plan with the
set value of 6 1/6, for that table and the error probabilities set to a= £ = .1. For example, when 8,/6, = .25, the
exponential test plan calls for a minimum of » = 4 systems on test (r = 15 when 6,/6, = .5 and r = 81 when 6,/6,
=.75). For a particular sample size, the error probabilities a and f realized in 100 repetitions of each of four tests
are recorded. The first column, labeled "kno," records the a and f achieved by the test in section 3, where the
true value of the shape parameter 4 of the underlying Weibull distribution is taken as known and is used in
testing for mean life. In the column labeled "cv," the error probabilities £ and £ are given for a test which treats
the estimate 4 based on the sample coefficient of variation as if it were the true value of the shape parameter A.
In the column labeled " £ ," a and f are recorded for the version of the likelihood ratio test discussed above.
Finally, in the column labeled " £s€ " o and  are given for the test in
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which the least squares estimator 4 from a Weibull probability plot is used as if it were the true value of the
shape parameter. The first and third tests were carried out so as to achieve a significance level of 0.1. The
rejection region of the second and fourth tests were chosen to yield significance level 0.1 under the assumption
that 4 = A. The results of our simulations appear below.

Tables 7 to 9 have some rather striking features. It will be clear from these tables that when the underlying
Weibull distribution is strongly DFR, that is, when 4 is quite near zero, testing hypotheses concerning the mean
value is an extremely difficult proposition. Even tests which substitute the correct true value of the shape
parameter into the density have very low power at the alternative hypothesis, even for relatively large sample
sizes. The exact, best test of vs u; has suitably small a and f values if 4 is not too small, and requires a
somewhat larger value 4 to ensure such behavior when the sample sizes are small. For sample sizes equal to the
required sample size for exponential life tests with a = f = .1, the test with known A performs very well, with o
and S hovering at or below 0.1 for all 4 > 1. Fortunately, in practice, the recurrence of 4 near zero is not at all
common.

The most surprising and encouraging aspect of Tables 7 to 9 is the fact that the three procedures for testing
means in the general two parameter problem each performs nearly as well as the best test when A is known. The
appropriate ground for comparison purposes is the collection of tests in which the true parameter 4 exceeds 1.0.
This is the domain of primary interest in applications, and is the domain in which the "gold standard", that is, the
test based on known A, achieves acceptable error probabilities. Inspection of Tables 7 to 9 reveals that all three
general tests perform well in these settings. The values A, for which &=.15, £= 15 for 4=z.4. are roughly
estimated in Table 10 as a function of the ordered sample sizes Fy, <--<Fi5,. (So the 7(;) through (s) of Table 10
represent 2,3,4,8, and 22 for Table 7; 4,7,15,29, and 87 for Table §; and 21, 36, 81, 164, and 498 for Table 9.)

As an example of the surprising competitiveness of a two parameter Weibull life test, consider testing
|, ¢« gi=1000] vs M, p=300 at a = .1. Suppose 15 systems are placed on test, as prescribed by an exponential
life test plan with a = =. 1. If the data happens to be

Copyright © National Academy of Sciences. All rights reserved.
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governed by a Weibull distribution with shape parameter 4 = 1.2, and the fact that 4 = 1.2 is somehow revealed
to the experimentor, the best test of H,, vs H; of size o= 0.1 can be executed after appropriately transforming the
data to X%, ..., X5, Table 8 shows this test as having error probabilities & = .11 and £ = .02 in our simulation. We
expect f to be less than 0.1 here since a shape parameter of 1.2 has served to decrease the effective
discrimination ratio, so that 15 observations is more than actually required to achieve a = f =. 1 in the life test
based on transformed data. For the tests which did not benefit from knowledge of the true A, we find that the cv-
based test had a = .11, f = .02, the likelihood ratio test had a = .13, f= .02, and the least-squares-based test had o
= .09, p = .03. The performance of all three procedures are clearly indistinguishable from that of the best test in
this instance. A general perusal of Tables 7 to 9 shows that this example is not an isolated instance of this type of
performance.

We interpret the excellent performance of all four tests we have studied (including the C(a)-type test based
on the maximum likelihood estimate of A) as constituting compelling evidence that Weibull life testing is both
feasible and efficient. The lack of sensitivity of C(a)-type tests to the precision of the estimated shape parameter,
and the ability of such tests to achieve error probabilities comparable to those of the best possible test when 4 is
known, provides strong support for using such tests in practice. Among the four tests we've studied, we would
favor the MLE-based C(a)-type test, since it has exhibited competitive small sample behavior, and is, of course,
defensible asymptotically as well.

As we have seen, Weibull life testing does not enjoy the immunity from the effects of censoring that
characterizes exponential life testing. It is thus important to extend the investigation above to the censored data
case. In what follows, we examine the performance of a particular procedure for testing two hypothesized
Weibull means in the general two parameter problem under a type II censoring design. More specifically, we
have selected for study the censored data version of the " £se " test based on the least squares fitting of
transformed censored data with a straight line of the form (2.10). The execution of this test, that is, the
development of a Weibull probability plot under censoring, involves no increased complexity. The fundamental
question of interest will be whether the estimated shape parameter 4 obtained from such a plot
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has sufficient accuracy and precision to provide reasonable performance in the associated C(a)-type test in
samples of small or moderate size. Our simulations will address this question. Before describing our findings in
this regard, we pause to discuss briefly the other two procedures we've studied in the complete sample case.

Ise

An extension of the cv test has not been pursued for lack of a reliable estimate of the Weibull coefficient of
variation from censored data. The problem does not appear to have been treated in the literature; various ad hoc
estimates with which we experimented proved unsatisfactory. We had greater success in extending the £# test to
censored data. Conceputally, the latter problem can be dealt with adequately. Programs have been written to
obtain the required likelihood ratio statistic from censored data. However, as of this writing, we have not
satisfactorily resolved the attendant numerical issues. For these and other reasons, we have not to date completed
a simulation study on censored data cv or £ tests comparable to the study on which we report below. Since our
primary purpose in examining the censored data case is to determine whether tests exist which provide
satisfactory (that is, nearly optimal) performance in cases of practical interest (that is, moderate sample sizes,
shape parameter moderately large), the simulation we have done will suffice and provides an affirmative answer
to this question.

In Table 11, we record the realized error probabilities for two tests, the first being the optimal test (kno)
when the Weibull shape parameter A is fixed and known and the second being the £5e test in which A has been
estimated from the Weibull probability plot. The six sections of this table provide a and § for censored Weibull
samples with 4 = .1(.1)3.0 and for censoring fraction »/n 2.5, .8, .7, & 5 and .4 in succession. For each lower
bound on the censoring fraction, we have estimated a and f for five different possible sample sizes n. The jagged
lines drawn across the table represent, roughly, the lower boundary for the shape parameter 4 for which the

£se test is, for practical purposes, comparable to the optimal test.

Several conclusions may be reliably drawn from Table 11. The performance of the £setest based on
censored data improves as 4 increases, as 7/n increases and as n increases (while holding the other two of these
parameters fixed). Our simulation gives strong support to
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the claim that under moderate censoring (say pnz.7in @ Weibull environment with sufficiently large shape
parameter (say 4 > 1.5), and large enough n (say n > 20), Weibull life testing using the £se procedure provides
excellent performance, with error probabilities o and £ quite close to the best possible values.

5. DISCUSSION

In the fall of 1992, the Committee on National Statistics of the National Research Council hosted a
workshop, co-sponsored by the Department of Defense, on statistical issues in defense analysis and testing (see
Samaniego, 1993; and Rolph and Steffey, 1994). Much discussion during that workshop was centered around the
intriguing question "how much testing is enough?" The question was considered more than just interesting.
Efficient use of the resources available for testing in the DoD acquisitions programs is always of interest, but is
especially pressing in the face of declining budget allocations for operational testing and evaluation. At least part
of the motivation for the present study is drawn from the workshop's (and subsequent) discussion of resource-
related issues. A second source of motivation for this study is the apparent overuse of exponential life testing
methodology in both military and civilian applications. It seems that a careful study on the cost-saving potential
of alternative treatments of life testing data might have rather broad utility.

This paper begins with a review of exponential life testing methods, and discusses basic properties of the
Weibull distribution and how that distribution might be identified as an appropriate model for life testing data.
Of particular interest to us has been the mechanics of Weibull life testing and the statistical performance, and
cost, of this alternative approach. The results of section 3 show quite graphically that Weibull life tests can, in
certain circumstances, provide substantially greater statistical power than exponential life tests based on the same
sample size, and can offer substantial savings in both sample size and testing time when the goal is to match the
statistical power of a planned exponential life test. While Tables 2 to 5 ostensibly offer guidance only for the
very special case in which the Weibull shape parameter 4 is known,
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and while these tables were constructed, primarily, to compare exponential and Weibull life testing for complete
samples, they are more widely applicable. We will elaborate on this shortly. Yet even in the narrowest domain of
applicability (that is, complete samples, 4 known), these tables provide important insights. First, they show quite
emphatically that exponential life testing can be especially misleading when the underlying distribution is a DFR
Weibull; it is clear that a much larger sample size and much greater testing time are needed to achieve any given
nominal error probabilities than what an exponential life test plan would prescribe. The good news carried by
Tables 2 to 5 is that, when the underlying distribution is an IFR Weibull, considerable savings are possible. Our
results confirm and expand upon some of the findings in Anderson's (1994) thesis. From Tables 2 to 5, one can
see that a 20-30% reduction in needed test resources is typical when the shape parameter 4 = 1.2, a 60-70%
reduction is typical when 4 = 2.0 and a 70-90% reduction is typical when 4 = 3.0. Potential cost savings of such
magnitudes should certainly provide a strong incentive for life testing practitioners to try to detect an IFR
Weibull environment when it is present, and to utilize Weibull life testing methods when Weibull modeling is
deemed appropriate.

The results reported in Tables 7 to 9 of section 4 carry important practical implications. There tabulations
show, in general, that the three approaches we've considered for real-life Weibull life testing (that is, when both
Weibull parameters are unknown) perform nearly as well, in IFR Weibull environments, as the optimal test with
the shape parameter assumed known. This suggests that the savings available in the idealized setting of section 3
can also be realized in real, practical life testing scenarios. Especially interesting to us is the fact that the general
tests, particularly the cv- and £se -based tests, are competitive with the ideal test even for small sample sizes.
This is clear by inspection of the columns of achieved o and f levels of the four tests for sample size r« 4 in
Table 7, for sample size rx 15 in Table 8 and for sample size z« 3z in Table 9. The general tests perform
adequately when the Weibull shape parameter 4 > 1, and perform exceptionally well when 4 > 2. In the testing
problems we have examined, it is clear that the estimation of the shape parameter prior to executing a formal test
has only a second-order, and quite modest, effect on test performance. Thus, even with relatively unstable
estimators of 4, like those obtained from Weibull probability plots based on small or moderate samples, one can
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still test hypotheses concerning Weibull means quite reliably, provided the censoring fraction is reasonably small.

Let us now consider how one might use the tabulations in sections 3 and 4 in a practical problem. For now,
we'll restrict our attention to the case of complete samples, that is, » = n. In many engineering applications in
which Weibull models are routinely entertained, the investigators involved have a good feel for the range of
Weibull shape parameters that tend to arise. Some sort of IFR behavior is a common occurrence, and it is
possible, even likely, that reasonable bounds can be placed a priori on the anticipated value of the shape
parameter A. All that's really needed to employ Tables 2 to 5 with profit is a reliable lower bound on 4. Suppose,
for example, that one wishes to test Hj, : u = 1,000 vs H; : 4 = 500 at o = f = .05. From Table 3, we see that an
exponential life test plan requires that at least » = 23 systems be placed on test, and that a total testing time of
15,709 hrs be planned for. Assume that the experiment is judged to be well modeled by a Weibull distribution,
and assume that the experimentors can assert with some confidence that the shape parameter 4 is bounded below
by, say, 1.5. Now note that a Weibull life test for known 4 = 1.5 can achieve o = = .05 with a sample size of
=23(.478) = 11 and a maximum testing time of 15,709(.527) = 8,279 hrs. If 4 > 1.5, further savings would be
possible. For example, if 4 is known to be 2.5, the test can be accomplished with a sample of size » = 5 and a
total test time no greater than 3,880 hrs.

It should be emphasized that Weibull life tests having characteristics such as those above require knowledge
of the value of the shape parameter. Recall, however, that under precisely the circumstances with which we are
dealing, the general Weibull tests of section 4 may be employed with confidence. Our recommendation would
therefore be: carry out a Weibull (cv-or £se -based) test with a sample of » = 11 systems, terminating the test on
the basis of the value of the statistic T+*. Provided that the underlying model is indeed Weibull with shape
parameter >1.5, this procedure should secure savings of 50% or more in sample size and total testing time while
maintaining error probabilities in the neighborhood of the nominal levels used in the design of the experiment.

Copyright © National Academy of Sciences. All rights reserved.
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It is natural to ask how the above generalizes to censored-data designs. We can give at least a partial answer
to this question. We should first note that in the Weibull test of section 3, based on a data transformation
depending on the known true value of the Weibull shape parameter A, the statistic

T=Z’X:,'] +(n—r)Xs, (5.1)

has the distribution I" (r,B) irrespective of the number of systems n on test, so that the realized values of a
and f, and the reported value of SSR, hold for these tests under type II censoring. As we have noted previously,
however, the maximal total time on test associated with a fixed value of 7 in (5.1) does depend on n and grows
without bound as g — &= Thus, in order to identify a value 7| such that the test is sure to be resolved with TTT no
greater than 7}, one would need to bound the value of n. It should be recognized that this upper bound on TTT
may be considerably larger than the realized TTT in actual Weibull life testing, especially since that upper bound
is achieved only when all observed failure times are identical and satisfy a constraint of the form of (3.20). In
any case, the influence of type II censoring on the tables in. section 3 is exclusively through the total time on test
ratio. The measure TTTR is increasing as a function of n, and reaches the value 1 (corresponding to the
circumstance in which the TTT in exponential and Weibull tests have the same maximal value) when n is equal
to r times the reciprocal of the recorded value of »/n.

Our investigations regarding Weibull life testing in the censored data case, while not as comprehensive as
we'd like, support the general conclusion that it is possible to test competing Weibull means reliably in the
presence of censoring. In applications of that type, our simulations indicate that extreme censoring can be
dangerous, that is, can lead to quite inflated error probabilities unless the shape parameter 4 is very large. In
standard applications of the Weibull model, where the shape parameter 4 & (1.5, %), Weibull life testing based on
moderate sample sizes (20=r<¥ and modest censoring (#nz.T) provides excellent performance. Our
conclusions are based on our study of the performance of the £se procedure. We conjecture that an
appropriately implemented cv or £# procedure will have similar performance characteristics.

Copyright © National Academy of Sciences. All rights reserved.


http://www.nap.edu/catalog/9655.html

[}
>
=
=
[}
o
©
]
X
®
[}
o
0
()
(o))
©
o
»
Qo
C=
()]
£
&=
=
(0]
[72]
[}
[oN
>
Z
T
£
=
2
(@]
[}
<
£
£
o
=
=
o
[
~
(]
o
0
-
[0}
Q
®©
o
©
£
=2
2
o
(]
ey
£
€
(]
o
=
©
]
2
®
[
o
o
2]
o
=
—
s
<
£
(]
o
=
©
(]
[72]
(]
Q.
€
(]
[&]
[}
o
[
[}
(5}
Keo]
2]
©
°
-
=
o
2
T
£
=2
2
(@]
0]
ey
=
Z
]
C
S
2
©
o
C
(]
(2]
(]
o
Q.
[}
o
I
=
=2
©
2
(]
C
@
Ny
'_
o)
=
L.
a
o
@
ey
=
=
>
o
Q
<

(0]
(2]
(]
o
o
=
(0]
b=
(0]
(2]
£
>
T
S
c
(0]
he)
[&]
(]
[y]
c
(0]
[0
o]
(0]
>
©
<
>
@
€
2]
2
[e]
o
£
(0]
XS]
<
Q.
[0
©
()]
o
o
>
Z
[0]
€
(o]
w
e)
C
@
el
[0]
£
©
o)
(0]
o
[0]
o]
=
[e]
c
C
(]
(6]
.
(0]
>
(0]
2
o
~
-
C
=
@
=
£
(o]
S
ko)
=
[$]
[0
Q.
(ll’)
(o]
C
=
[0]
[}
(0]
o
>
=
-
(0]
L
£
(o]
e)
C
@
@
k]
>
=
(2]
()]
£
©
@
(0]
<
4
-
(]
[0)
o
o]
©
o
(o]
2
-
c
=
(o))
C
K9]
(0]
£
)
£
=)
2
o
(0]
e
=
[e]
el

c
e
=

]
Ie!
=
=]

©

=

S
L

c
ke

7

o

o

>

[
=
=

©
i)
=

<}
z
=
=1
®©
©
<
s

[2]

©

c
e
=

©

o
e

>

o
8
=
=
b

s}

c
ke

7

&2

o

>
=

c
=

S

©
<
=

©

o}

S

Jujsition: Background Papers

ON THE PERFORMANCE OF WEIBULL LIFE TESTS BASED ON EXPONENTIAL LIFE TESTING DESIGNS 80

One might rightly seek an intuitive explanation of the phenomena that have been observed in this paper.
Why would one expect to be able to test hypotheses concerning means more efficiently under an IFR Weibull
model than under an exponential one? The best explanation may be in terms of the variance of observed lifetimes
under the two models. For a model with a given mean, an IFR Weibull has smaller variance than an exponential,
making it possible to detect departures from a hypothesized value of the mean more economically when IFR
Weibull assumptions hold. This fact suggests that the resource-saving potential of life testing in an IFR Weibull
environment is likely to arise as well for certain gamma and lognormal models as well.

There are a number of unresolved issues that must be left to future studies. Studies of alternative life testing
designs, including type I censoring and sequential designs, would be of interest. Even within the framework of
the present study, extension of our results and findings to various cases in which = & would be useful, as would
expansion of our tables to larger values of the shape parameter, including, at a minimum, « < ¢=.0. 2.0, Also,
similar studies for other models, especially for the gamma family, would provide useful guides to alternative life
testing methodology. In the context of the hybrid statistical problem discussed in the introductory section—
where an alternative model is selected after data has been gathered according to an exponential life test plan—it
would be important, in practice, to be able to carry out an appropriate analysis for the model identified as most
suitable, be it the Weibull or some other failure-time model deemed to be applicable to the life testing
experiment of interest.
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