
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Visit the National Academies Press online, the authoritative source for all books 
from the National Academy of Sciences, the National Academy of Engineering, 
the Institute of Medicine, and the National Research Council:  
• Download hundreds of free books in PDF 
• Read thousands of books online for free 
• Explore our innovative research tools – try the “Research Dashboard” now! 
• Sign up to be notified when new books are published  
• Purchase printed books and selected PDF files 

 
 
 
Thank you for downloading this PDF.  If you have comments, questions or 
just want more information about the books published by the National 
Academies Press, you may contact our customer service department toll-
free at 888-624-8373, visit us online, or send an email to 
feedback@nap.edu. 
 
 
 
This book plus thousands more are available at http://www.nap.edu. 
 
Copyright  © National Academy of Sciences. All rights reserved. 
Unless otherwise indicated, all materials in this PDF File are copyrighted by the National 
Academy of Sciences.  Distribution, posting, or copying is strictly prohibited without 
written permission of the National Academies Press.  Request reprint permission for this book. 
 

  

ISBN: 0-309-51916-0, 392 pages, 8.5 x 11,  (2003)

This PDF is available from the National Academies Press at:
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html

We ship printed books within 1 business day; personal PDFs are available immediately.

Dynamic Social Network Modeling and Analysis:  
Workshop Summary and Papers 

Ronald Breiger, Kathleen Carley, and Philippa Pattison, 
Editors, Comittee on Human Factors, National Research 
Council 

http://www.nap.edu/catalog/10735.html
http://www.nap.edu
http://www.nas.edu/nas
http://www.nae.edu
http://www.iom.edu
http://www.nationalacademies.org/nrc/
http://lab.nap.edu/nap-cgi/dashboard.cgi?isbn=0309089522&act=dashboard
http://www.nap.edu/agent.html
http://www.nap.edu
mailto:feedback@nap.edu
http://www.nap.edu
http://www.nap.edu/v3/makepage.phtml?val1=reprint
http://www.nap.edu/catalog/10735.html


CONTENTS i

Ronald Breiger, Kathleen Carley, and Philippa Pattison

Committee on Human Factors
Board on Behavioral, Cognitive, and Sensory Sciences

Division of Behavioral and Social Sciences and Education

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


THE NATIONAL ACADEMIES PRESS      500 Fifth Street, N.W.      Washington, DC 20001

NOTICE:  The project that is the subject of this report was approved by the Governing Board of the National Research Council,
whose members are drawn from the councils of the National Academy of Sciences, the National Academy of Engineering, and
the Institute of Medicine.  The members of the committee responsible for the report were chosen for their special competences
and with regard for appropriate balance.

This work relates to Department of Navy grant N00014-02-1-0997 issued by the Office of Naval Research to the National
Academy of Sciences.  The United States Government has a royalty-free license throughout the world in all copyrightable
material contained in the publications.  Any opinions, findings, and conclusions or recommendations expressed in this material
are those of the author(s) and do not necessarily reflect the views of the Office of Naval Research.

International Standard Book Number 0-309-08952-2 (Book)
International Standard Book Number 0-309-51916-0 (PDF)

Library of Congress Catalog Card Number 2003107509

Additional copies of this report are available from National Academies Press, 500 Fifth Street, N.W., Lockbox 285, Washing-
ton, DC 20055; (800) 624-6242 or (202) 334-3313 (in the Washington metropolitan area); Internet, http://www.nap.edu.

Printed in the United States of America
Copyright 2003 by the National Academy of Sciences.  All rights reserved.

Suggested citation:  National Research Council.  (2003).  Dynamic Social Network Modeling and Analysis:  Workshop
Summary and Papers, Ronald Breiger, Kathleen Carley, and Philippa Pattison.  Committee on Human Factors.  Board on
Behavioral, Cognitive, and Sensory Sciences, Division of Behavioral and Social Sciences and Education.  Washington, DC:
The National Academies Press.

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


The National Academy of Sciences is a private, nonprofit, self-perpetuating society of distinguished scholars engaged in
scientific and engineering research, dedicated to the furtherance of science and technology and to their use for the general
welfare.  Upon the authority of the charter granted to it by the Congress in 1863, the Academy has a mandate that requires it to
advise the federal government on scientific and technical matters.  Dr. Bruce M. Alberts is president of the National Academy
of Sciences.

The National Academy of Engineering was established in 1964, under the charter of the National Academy of Sciences, as a
parallel organization of outstanding engineers.  It is autonomous in its administration and in the selection of its members,
sharing with the National Academy of Sciences the responsibility for advising the federal government.  The National Academy
of Engineering also sponsors engineering programs aimed at meeting national needs, encourages education and research, and
recognizes the superior achievements of engineers.  Dr. Wm. A. Wulf is president of the National Academy of Engineering.

The Institute of Medicine was established in 1970 by the National Academy of Sciences to secure the services of eminent
members of appropriate professions in the examination of policy matters pertaining to the health of the public.  The Institute
acts under the responsibility given to the National Academy of Sciences by its congressional charter to be an adviser to the
federal government and, upon its own initiative, to identify issues of medical care, research, and education.  Dr. Harvey V.
Fineberg is president of the Institute of Medicine.

The National Research Council was organized by the National Academy of Sciences in 1916 to associate the broad commu-
nity of science and technology with the Academy’s purposes of furthering knowledge and advising the federal government.
Functioning in accordance with general policies determined by the Academy, the Council has become the principal operating
agency of both the National Academy of Sciences and the National Academy of Engineering in providing services to the
government, the public, and the scientific and engineering communities.  The Council is administered jointly by both Acad-
emies and the Institute of Medicine.  Dr. Bruce M. Alberts and Dr. Wm. A. Wulf are chair and vice chair, respectively, of the
National Research Council.

www.national-academies.org

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


PLANNING SUBCOMMITTEE FOR THE WORKSHOP ON DYNAMIC SOCIAL NETWORK
MODELING AND ANALYSIS

DANIEL R. ILGEN (Chair), Department of Psychology and Department of Management, Michigan State
University, East Lansing

JOHN M. CARROLL, Center for Human-Computer Interaction, Virginia Polytechnic Institute and State
University, Blacksburg

MARTHA GRABOWSKI, Department of Decision Sciences and Engineering Systems, Rensselaer Polytechnic
Institute; and Information Systems Programs, LeMoyne College

ANNE S. MAVOR, Senior Staff Officer
SUSAN R. McCUTCHEN, Research Associate

v

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


COMMITTEE ON HUMAN FACTORS

RAJA PARASURAMAN (Chair), Department of Psychology, Catholic University

JOHN M. CARROLL, Center for Human-Computer Interaction, Virginia Polytechnic Institute and State
University, Blacksburg

ROBYN DAWES, Department of Social and Decision Sciences, Carnegie Mellon University

COLIN G. DRURY, Department of Industrial Engineering, State University of New York, Buffalo

DONALD FISHER, Department of Mechanical and Industrial Engineering, University of Massachusetts,
Amherst

MARTHA GRABOWSKI, Department of Decision Sciences and Engineering Systems, Rensselaer Polytechnic
Institute; and Information Systems Programs, LeMoyne College

PETER A. HANCOCK, Department of Psychology, University of Central Florida, Orlando

DANIEL R. ILGEN, Department of Psychology and Department of Management, Michigan State University,
East Lansing

RICHARD J. JAGACINSKI, Department of Psychology, Ohio State University, Columbus

BONNIE E. JOHN, Human-Computer Interaction Institute, School of Computer Science, Carnegie Mellon
University

KURT KRAIGER, Department of Psychology, University of Tulsa, Oklahoma

WILLIAM S. MARRAS, Institute for Ergonomics and Department of Industrial, Welding, and Systems
Engineering, Ohio State University, Columbus

RICHARD W. PEW, BBN Technologies, Cambridge, Massachusetts

ROBERT G. RADWIN, Department of Biomedical Engineering, University of Wisconsin, Madison

KARLENE ROBERTS, Haas School of Business, University of California, Berkeley

KIM J. VICENTE, Cognitive Engineering Laboratory and Department of Mechanical and Industrial
Engineering, University of Toronto

GREG L. ZACHARIAS, Charles River Analytics, Cambridge, Massachusetts

ANNE S. MAVOR, Director
SUSAN R. McCUTCHEN, Research Associate

vi

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Preface

vii

The Committee on Human Factors was established in 1980 by the Commission on Behavioral and Social
Sciences and Education.  Over the years, the committee has pursued a wide range of topics dealing with theoretical
and methodological issues and with the application of principles of human behavior and performance to the design
of systems.  Recent interests have included modeling individual and organizational behavior, networks and remote
collaboration, and contributions of the behavioral and organizational sciences to ensuring national security.

Within this context, the Committee on Human Factors was asked by the Office of Naval Research to hold a
workshop on social network modeling and analysis and to examine the potential of research in this area for
application to national security issues.  In response, a subgroup of the committee was appointed by the National
Research Council to plan and organize the workshop.  Key participants were identified and asked to write papers
and make presentations.  Many of the papers focused on current developments in the science of social network
modeling and several discussed various applications, including national security.  Part I of this document is a
summary of the major themes and the research issues and prospects that emerged from the presentations and
discussions.  Part II contains the papers as submitted.

I would like to thank Rebecca Goolsby from the Office of Naval Research for supporting this effort and for her
interest, insights, and helpful suggestions.  I would also like to extend our appreciation to National Research
Council staff Anne Mavor and Susan McCutchen for their assistance in planning and organizing the workshop.

Part I, the workshop summary, has been reviewed in draft form by individuals chosen for their diverse
perspectives and technical expertise, in accordance with procedures approved by the Report Review Committee of
the National Research Council.  The purpose of this independent review is to provide candid and critical comments
that will assist the institution in making its published report as sound as possible and to ensure that the report meets
institutional standards for objectivity, evidence, and responsiveness to the charge.  The review comments and draft
manuscript remain confidential to protect the integrity of the process.  We thank the following individuals for their
review of Part I of this report:  Kari Chopra, Aptima, Inc., Washington, DC; Patrick Doreian, Department of
Sociology, University of Pittsburgh; and Charles M. Macal, Center for Complex Adaptive Systems Simulation,
Argonne National Laboratory, Argonne, IL.

Although the reviewers listed above provided many constructive comments and suggestions, they were not
asked to endorse the content of the document nor did they see the final draft of the report before its release.  The
review of this report was overseen by Paul Holland, Statistical Theory and Practice, Educational Testing Service,
Princeton, NJ.  Appointed by the National Research Council, he was responsible for making certain that an
independent examination of this report was carried out in accordance with institutional procedures and that all
review comments were carefully considered.  Responsibility for the final content of this report rests entirely with
the authors and the institution.

Daniel Ilgen, Chair
Planning Subcommittee
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WORKSHOP SUMMARY 3

3

Workshop Summary

INTRODUCTION

In the summer of 2002, the Office of Naval Research asked the Committee on Human Factors to hold a
workshop on dynamic social network modeling and analysis.  The primary purpose of the workshop was to bring
together scientists who represent a diversity of views and approaches to share their insights, commentary, and
critiques on the developing body of social network analysis research and application.  The secondary purpose of
the workshop was to assist government and private-sector agencies in assessing the capabilities of social network
analysis to provide sound models and applications for current problems of national importance, with a particular
focus on national security.  Some of the presenters focused on social network theory and method, others attempted
to relate their research or expertise to applied issues of interest to various government agencies.  This workshop is
one of several activities undertaken by the National Research Council that bears on the contributions of various
scientific disciplines to understanding and defending against terrorism—a topic raised by Bruce M. Alberts,
president of the National Academy of Sciences, in his annual address to the membership in April 2002.

The workshop was held in Washington, D.C., on November 7-9, 2002.  Twenty-two researchers were asked to
prepare papers and give presentations.  The presentations were grouped into four sessions, each of which con-
cluded with a discussant-led roundtable discussion among presenters and workshop attendees on the themes and
issues raised in the session.  The sessions were:  (1) Social Network Theory Perspectives, (2) Dynamic Social
Networks, (3) Metrics and Models, and (4) Networked Worlds.  The opening address was presented by workshop
chair Ronald Breiger, of the University of Arizona; Kathleen Carley, of Carnegie Mellon University, offered
closing remarks summarizing the sessions and linking the work to applications in national security.  Part II of this
report contains the opening address, the closing remarks, and the papers as provided by the authors.  The agenda
and biographical sketches of the presenters are found in the appendixes.

This summary presents the major themes developed by the presenters and discussants in each session and
concludes with research issues and prospects for both the research and applications communities.

WORKSHOP SESSIONS AND THEMES

Overall, the workshop provided presentations on the state of the art in social network analysis and its potential
contribution to policy makers.  The papers run the gamut from the technical to the theoretical, and examine such
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4 DYNAMIC SOCIAL NETWORK MODELING AND ANALYSIS

application areas as public health, culture, markets, and politics.  Throughout the workshop a number of themes
emerged, all based on the following understandings:

• Both network theory and methodology have expanded rapidly in the past decade.
• New approaches are combining social network analysis with techniques and theories from other research

areas.
• Many of the existing tools, metrics, and theories need to be revisited in the context of very large scale and/

or dynamic networks.
• The body of applied work in social networking is growing.

Several common analytical issues underlie much of the research reported.  First, traditional social network
analysis is “data greedy”—very detailed data are required on all participants.  Questions to be addressed in the
analysis of these data concern how to estimate the data from high-level indicators, how sensitive the measures are
to missing data, and how network data can be collected rapidly and/or automatically.  Furthermore, advances
require the development of additional shareable data sets that capture heretofore understudied aspects such as
large-scale networks, sampling errors, linkages to other types of data, and over-time data.  Second, traditional
social network analysis (especially prior to the last couple of decades)1  has focused on static networks, whereas
much of the work discussed here focuses on the processes by which networks change or emerge.  While ongoing
data collection and analysis are providing key new insights, researchers need new statistical methods, simulation
models, and visualization techniques to handle such dynamic data and to use these data to reason about change.
Third, social network theories are beginning to outstrip the measures and data.  For example, theories often posit
ties as being flexible, probabilistic, or scaled; most data and metrics, however, are still based on binary data.

Session I:  Social Network Theory Perspectives

Presenters and Papers

Discussant:  Ronald Breiger
1. Linton C. Freeman, Finding Social Groups:  A Meta-Analysis of the Southern Women Data
2. Harrison C. White, Autonomy vs. Equivalence Within Market Network Structure?
3. Noah E. Friedkin, Social Influence Network Theory:  Toward a Science of Strategic Modification of

Interpersonal Influence Systems
4. David Lazer, Information and Innovation in a Networked World

Themes

The papers in this session illustrate the breadth of areas that can be addressed by social network analysis.  On
one hand, the work can be used to explain, predict, and understand the behavior of small groups and the influence
of group members on one another, as seen in the work of Freeman and Friedkin.  On the other hand, social network
analysis can be “writ large” and applied at the market or institutional level, as described in the papers by White and
Lazer.  Regardless of network size, all four papers demonstrate that a structural analysis that focuses on connec-
tions can provide insight into how one person, group, or event can and does influence another.  These people or
groups or events cannot, and do not, act in an autonomous fashion; rather, their actions are constrained by their
position in the overall network, which is in turn constrained by the other networks and institutions in which they
are embedded (the overall ecology).  Further, the papers presented in this session review the range of methodologi-

1Early work on dynamic modeling was done by P.S. Holland and S. Leinhardt (A dynamic model for social networks, Journal of
Mathematical Sociology 5:5-20, 1977).
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WORKSHOP SUMMARY 5

cal approaches and styles of analysis that are compatible with a social network approach.  Unlike many other
scientific methods, the social network approach can be used with ethnographic and field data (Freeman), experi-
mental laboratory data (Friedkin), historical examples (White), and policy/technology evaluation (Lazer).

Freeman provided a framework for assessing comparative analyses of a long-standing object of sociological
theory—the small social collectivity characterized by interpersonal ties.  White integrated theoretical perspectives
on a network-based sociology of markets and firms.  Friedkin advocated applications of social influence network
theory to problems of network modification.  Lazer considered governance questions arising from the “informa-
tional efficiency” of different network architectures (spatial, organizational, emergent) and the prospects of “free
riding”—governments becoming complacent about innovating in the hope that another government will bear the
cost of a successful innovation.  Three major themes crosscut these papers and the resultant discussion.

Scaling up and uncertainty.  How well do the different analytical techniques and algorithms “scale up” to large
networks with hundreds or thousands of actors and multiple types of relations?  Perhaps a more useful phrasing of
this question is, Under what conditions and for which analytical purposes do models of social networks scale up,
and how well do existing techniques deal with uncertainty in information?  Spirited discussion arose in response
to the question of whether the same social network model may be posed at “micro” and “macro” levels of social
organization, or whether scaling up must involve the addition of substantially more complex representation of
social structure within the network model.

White’s model requires the analyst to account explicitly for the varied circumstances of particular industries.
In his work, markets constructed among firms in networks are mapped into a space of settings with interpretable
parameters that govern the ratio of demand to producers’ costs; key parameters pertain to growth in volume and to
variation in product quality.  White’s model is also distinctive in treating uncertainty not as a technical problem
implicated in parameter estimation (statistical models being a main concern of the second and third sessions of this
workshop), but as a substantive force that drives the evolution of ranking and manipulation as organizing features
of a space of markets.  During discussion, White expressed the view that scaling up is indeed a formidable
challenge.

Friedkin, on the other hand, felt that the only practical constraint on social influence models is the problem of
data-gathering ability.  Friedkin’s social influence network theory describes an influence process in which mem-
bers’ attitudes and opinions on an issue change recursively as the members revise their positions by taking
weighted averages of the positions of influential fellow members.  One example of an application would be
producers who eye, and orient to, their competitors while figuring out the cost of their product, as in White’s
market model.  The mathematics is general—Friedkin suggested applications to the modification of group struc-
ture such that, for example, outcomes are rendered less sensitive to minor changes in influence structure or to
initial opinions of group members.  However, Friedkin’s model focuses on convergent interpersonal dynamics
rather than on the structuring of qualitatively distinct network outcomes, as in White’s market ecology.

Network outcomes.  Both Lazer and Friedkin argued that the partial structuring of interdependence, a definitive
aspect of social networks, must be taken into account in theorizing the production of outcomes.  Taking innovative
information, such as knowledge of policies or innovations that work as a desired network outcome, Lazer’s paper
asks how interdependence can be governed in large and complex systems.  Lazer develops the argument that,
where the production of information requires costly investment, there is a paradoxical possibility that the more
efficient a system is at spreading information, the less new information the system might generate.  This suggests
that in networked (as distinct from hierarchical) worlds, incentives should be provided to continue experimenting
with innovations.

Breiger suggested the benefits of a comparative reading of Lazer’s paper and Friedkin’s:  In Friedkin’s model
the dependent variable is actor opinions at equilibrium; in Lazer’s, it is knowledge created by or held by actors.
Can the free riding that motivates Lazer’s rational actors be usefully applied to suggest processes that structure the
interior of Friedkin’s influence networks?  Conversely, can Friedkin’s model provide a concrete format for
specifying Lazer’s theories of information interdependency?
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6 DYNAMIC SOCIAL NETWORK MODELING AND ANALYSIS

Meta-analysis of network analysis methods.  Freeman was able to locate 21 analyses of the same data set
(concerning the participation of women in social events in a southern city in the 1930s).  He examined these studies
by use of a form of meta-analysis, but it is an unusual form in that multiple analytic techniques are applied to a
single data set.  There is an underlying dimension on which the analytic methods converge, and the several most
effective techniques allow identification of a single (and, in this convergent sense, most informed) description of
the data.  Generally, the “best” of these 21 analytic procedures agree more with one another than with the anecdotal
description supplied by the original data gatherers.  The possibility is raised that in certain circumstances (perhaps
in cases where the various methods applied yield results that are not too far from the true network structure) the
intensive application of multiple analytic methods may compensate for problems in data quality.

Session II:  Dynamic Social Networks

Presenters and Papers

Discussant:  Stanley Wasserman
1. Jeffrey C. Johnson, Informal Social Roles and the Evolution and Stability of Social Networks (coauthors

Lawrence A. Palinkas and James S. Boster)
2. Kathleen M. Carley, Dynamic Network Analysis
3. Tom A.B. Snijders, Accounting for Degree Distributions in Empirical Analysis of Network Dynamics
4. Michael W. Macy, Polarization in Dynamic Networks:  A Hopfield Model of Emergent Structure

(coauthors James A. Kitts and Andreas Flache)
5. Martina Morris, Local Rules and Global Properties:  Modeling the Emergence of Network Structure
6.  H. Eugene Stanley, Threat Networks and Threatened Networks:  Interdisciplinary Approaches to Stabiliza-

tion and Immunization (coauthor Shlomo Havlin)

Themes

The papers in this session address the evolution, emergence, and dynamics of network structure.  Methods
range across ethnography and participant observation, statistical modeling, simulation studies, and models em-
ploying computational agents.  The methods are not mutually exclusive and were often used together to create a
more complete understanding of the dynamics of social networks.  Four themes emerged from these papers and the
roundtable discussion.

What makes networks effective or ineffective?  This theme added an explicitly dynamic focus to the “network
outcomes” theme of the previous session.  Various factors were considered, including the presence or absence of
certain roles, structural characteristics (patterns of ties), and connections to other networks.  The cross-cultural
ethnographies of network evolution conducted by Jeffrey Johnson and his colleagues demonstrate that group
dynamics can vary dramatically from one group to another even within the same physical and cultural setting and
in the presence of similar organizational goals and formal structure.  Johnson et al., studying Antarctic research
station teams, found five features of emergent social roles that are associated with the evolution of effective
networks:  heterogeneity (such that members’ roles fit in with one another), consensus (agreement on individuals’
status and function), redundancy (such that removal of a single actor still ensures proper functioning, avoiding
vulnerability), latency (promoting adaptive responses to unforeseen events), and isomorphism of formal and
informal social roles (promoting agreement on group goals and objectives).  The studies make use of quantitative
modeling of network structures over time as well as direct observation over extended periods.

Multiagent network models are featured in the dynamic network analysis of Kathleen Carley and in the
computational modeling of Michael Macy and his colleagues.  Carley has formulated a highly distinctive approach
to the dynamic modeling of social networks.  Her simulation models and her formulation of ties among actors as
probabilistic (such that connections can go away, get stronger, or change in strength dynamically over time) rather
than deterministic allow her to investigate how networks may endeavor to regain past effectiveness (or to “re-
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WORKSHOP SUMMARY 7

grow”) to make up for destabilizing losses.  “What if” exercises allow theoretical exploration of assumptions that
an analyst makes about network vulnerabilities and about alternative distributions of resources, with reference to
the system the analyst has constructed.  For example, Carley found that removal of the most central node might
leave a network less vulnerable than removal of an emergent leader.

Macy et al. studied conditions in which a group might be expected to evolve into increasingly antagonistic
camps.  Their computational model allows the manipulation of qualities attributed to agents—for example, their
tendency to focus on a single issue, the degree of their conviction, and their rigidity or openness to influence from
others.  A surprising finding of this simulation study is that global alignment along a single polarizing definition of
opposing ideologies is facilitated by ideological flexibility and open-mindedness among local constituents, as seen
in the elegantly simple system of actors and relations postulated by the type of neural network employed by Macy
et al.

Researchers in the statistical physics community have recently focused attention on “scale-free” social net-
works, characterized, as Eugene Stanley pointed out in his presentation, by a power-law distribution of ties
emanating from the nodes, loosely analogous to an airline route map showing a very small number of well-
connected “hubs” and many less well-connected nodes.  It has been proven that scale-free networks are optimally
resilient to random failure of individuals; Stanley and Havlin point out at the same time, however, that such
networks are highly susceptible to deliberate attack.  Under the assumption that social networks of people exposed
to disease have the scale-free property, the authors review possible strategies for immunization.

Dynamics of local structure.  The papers presented by Macy and by Carley also speak effectively to another theme
that crosscut many of the papers in this session:  the advancement of modeling techniques that focus on behavior
among small sets of actors and on the implications of such local behavior for the evolution of a network macro-
structure.  This theme provides a dynamic cast to the ideas of “scaling up” presented in the first session.  Compu-
tational models of social networks are precisely about exploring the evolution of whole systems on the basis of
rules (such as when an actor should form a tie with another) and endowments postulated at the level of individual
actors.

Coming from quite a different direction, that of the formulation of models that allow the fit of models to data
to be assessed within a statistical context, Snijders’ paper reports an investigation of network evolution on the basis
of a stochastic, actor-oriented model that embeds discrete-time observations in an unobserved continuous-time
network evolution process.  Just one arc is added or deleted at any given moment, and actors are assumed to try to
obtain favorable network configurations for themselves.

The paper by Martina Morris continues the focus on relating local rules to global structure, relying on
empirical data (from sexual partner networks) and statistical modeling as well as simulations.  Her question was
whether the overall network structure can be explained by recourse to a small number of partnership formation
rules that operate on the local, individual level.  Two such rules were evinced in selective mixing patterns, such as
the degree of matching on race or age, and the timing/sequencing of partnership formation (e.g., serial monogamy
versus concurrency).  Morris linked network data to network simulation by means of a statistical modeling
framework:  statistical models for random graphs as implemented via the Markov chain Monte Carlo (MCMC)
estimation method.  Putting together local rules and simulations based on random graph (statistical) methods
allows empirical modeling of global networks on the basis of local properties.

Key features of networks in modeling evolution.  Physicists including Stanley and Havlin, who have made many
recent contributions to the modeling of scale-free networks, are interested in the dynamic evolution of degree
distributions (number of ties emanating from each node).  Sociologists tend to emphasize that other features of the
network are also of great importance in network evolution, including the degree of transitivity (which is one way
of measuring hierarchy), cyclicity (a hierarchy-defeating principle), segmentation into subgroups, and so on.  In
his paper, Snijders demonstrates that it is possible to formulate a model for network evolution in which the
evolutionary process of the degree distribution is decoupled from other, arguably important, features of the
network’s evolution such as those mentioned above.  Snijders’ paper elaborates a statistical context within which
the contribution of each of several features of network evolution might be comparatively assessed.  Carley’s paper
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8 DYNAMIC SOCIAL NETWORK MODELING AND ANALYSIS

elaborates mechanisms for evolution that draw on nonstructural properties such as individual learning and re-
source depletion, as well as exogenous changes such as the removal of specific nodes.

Simulation and computational-actor models versus validation and statistical models.  A lively roundtable
discussion of the six papers in this session focused in particular on the preceding theme and on the relative merits
of conceptual modeling versus validation techniques.  It was argued, on one hand, that an emphasis on validation
is healthy because the analyst can be in a position to distinguish real patterns from mere noise or from wishful
thinking.  On the other hand, it was argued that simulations can help an analyst to explore the logic of postulated
mechanisms that may be driving an empirical result, and to explore realms of the possible rather than predicting
the future of a specific event or action.  Such predictions are generally not possible outcomes of simulation studies.
It was argued that each broad project approach (statistical rigor and simulations that explore various insights) is
valuable, as are efforts to integrate them more closely.  As more data become publicly available to the social
networking community, they can be used to improve both simulation and statistical techniques.

Session III:  Metrics and Models

Presenters and Papers

Discussant:  Philippa Pattison
1. Stanley Wasserman, Sensitivity Analysis of Social Network Data and Methods:  Some Preliminary

Results (coauthor Douglas Steinley)
2. Andrew J. Seary and William D. Richards, Spectral Methods for Analyzing and Visualizing Networks:

An Introduction
3. Mark S. Handcock, Assessing Degeneracy in Statistical Models for Social Networks
4. Stephen P. Borgatti, The Key Player Problem
5. Elisa Jayne Bienenstock and Phillip Bonacich, Balancing Efficiency and Vulnerability in Social Networks
6. Christos Faloutsos, ANF:  A Fast and Scalable Tool for Data Mining in Massive Graphs (coauthors

Christopher R. Palmer and Phillip B. Gibbons)

Themes

The papers in this session present methodological developments at the forefront of efforts to construct
statistical models and metrics for understanding social networks.  Although a number of papers in the other
sessions also contributed significantly to this effort, a key distinction between these papers and those in the other
sessions is that they focus on what can be learned if we only have network data.  At least four important themes
guiding the development of new models and metrics can be identified.

Exploratory data analysis (EDA) for networks.  The first is the development of techniques that fall under the
broad class of methods for exploratory data analysis (EDA) for networks.  Such methods include descriptive
measures and analyses that assist in summarizing and visualizing properties of networks and in investigating the
dependence of such measures on other network characteristics.  Under this general heading, Seary and Richards
provided a comprehensive review of what can be learned from spectral analyses of matrices related to the
adjacency matrix of a network.  They also illustrated the application of these analyses to empirical networks
using the computer program NEGOPY (a key concept in this program is that of liaisons).  Faloutsos summarized
a number of relationships between node measures (such as degree of connectivity and the “hop exponent”) and
their frequency in power-law terms and presented a fast algorithm for computing the approximate neighborhood
of each node.  Wasserman and Steinley presented the first stages of a study designed to explore the “sensitivity”
of network measures by assessing the variation in some important network statistics (e.g., degree centralization,
“betweenness” centralization, and proportion of transitive triads) as a function of specified random graph
distributions.
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Model development and estimation.   The second guiding theme is the value of developing plausible models for
social networks whose parameters can be estimated from network data.  Mark Handcock outlined the general class
of exponential random graph models and presented a compelling analysis of difficulties associated with estimating
certain models within the class.  He showed how model degeneracy—the tendency for probability mass to be
concentrated on just a few graphs—interferes with approaches to apply standard simulation-based estimation
approaches, and he described an important alternative model parameterization in which such problems can be
handled.

Impact of network change on network properties.  A third theme underlying the work presented in this session is
the importance of understanding how different measures of network structure change following “node removal” or
“node failure.”  For example, Borgatti considered two versions of the “key player” problem:  Given a network, find
a set of k nodes that, if removed, maximally disrupts communication among remaining nodes or is maximally
connected to all other nodes.  He proposed distance-based measures of fragmentation and reach as relevant to these
two versions of the key-player problem and presented an algorithm for optimizing the measures as well as several
applications.

Bienenstock and Bonacich contrasted the notions of efficiency and vulnerability in networks, and of random
and strategic attack, and examined the efficiency and resilience of four network forms—random, scale-free,
lattice, and bipartite—under both forms of attack.  A distance-based efficiency measure—similar to Borgatti’s
fragmentation measure—was proposed and vulnerability was measured as the average decrease in efficiency of
the network after a sequence of successive attacks.  Bienenstock and Bonacich found that, of the class of networks
assessed, scale-free networks were most susceptible to attack, and lattice and bipartite models with a small
proportion of random ties offered the best balance of efficiency and resilience.

Finally, Faloutsos examined three types of network node failure:  random, in order of degree, and in order of
approximate neighborhood size.  He argued that the Internet at the router level was robust in the case of random
node failure but sensitive to the other two forms.

In the roundtable discussion, it was noted that the research topic of network vulnerability appears to be an
emerging area in which there are many useful, and usefully interrelated, results, with reference in particular to the
papers by Borgatti and by Bienenstock and Bonacich in this session, as well as to those by Carley and by Stanley
and Havlin in the previous session.  Fast algorithms such as those developed by Faloutsos and colleagues are
necessary to extend these investigations to very large contexts such as the Internet.

Processes or flows on networks.  A fourth theme is the importance of distinguishing the structure of a network
from the different types of dynamic processes or flows that the network might support.  Borgatti described a
framework for distinguishing different interpersonal processes (e.g., disease transmission, dissemination of knowl-
edge) that might involve network partners and considered the implications of such distinctions for analyses of
network structure.

Session IV:  Networked Worlds

Presenters and Papers

Discussant:  David Lazer
1. Alden S. Klovdahl, Social Networks in Contemporary Societies
2. David Jensen, Data Mining in Social Networks (coauthor Jennifer Neville)
3. Peter D. Hoff, Random Effects Models for Network Data
4. Carter T. Butts, Predictability of Large-Scale Spatially Embedded Networks
5. Noshir S. Contractor, Using Multi-Theoretical Multi-Level (MTML) Models to Study Adversarial Networks

(coauthor Peter R. Monge)
6. Michael D. Ward, Identifying International Networks:  Latent Spaces and Imputation (coauthor Peter D.

Hoff and Corey Lowell Lofdahl)
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10 DYNAMIC SOCIAL NETWORK MODELING AND ANALYSIS

Themes

The papers in this session focus on the modeling of large-scale social networks.  It is important to stress that
tools and data sets for addressing large-scale networks are still in their infancy.  An overarching concern is the
extent to which standard social network metrics provide information in large-scale networks.  A related need is
publicly available, large-scale network data sets that can serve as examples for systematic comparative method-
ological analysis.  Four themes emerged from the papers and the roundtable discussion in this session.

Understanding the structure of large-scale networks.  Klovdahl’s paper demonstrates how social structure
can be exploited to obtain a sample of a large-scale network.  In random-walk sampling, a small set of persons is
randomly sampled from a large population and interviewed; from the contacts provided by each interviewee, one
is randomly selected for an interview, and this process is repeated until chains of (say) length 2 are constructed.  In
essence, this procedure allows observation of random sets of connected nodes, which provide the basis for
statistical inferences of the structural properties of large networks.

The feature of structure addressed in the paper by Butts is geographical distance, which he discusses as a
robust correlate of interaction (e.g., most participants in the 9/11 airplane hijackings were from a particular,
relatively small region of Saudi Arabia).  His paper models the predictive power of geographical distance in large-
scale, spatially embedded networks, and argues that in many realistic situations distance explains a very high
proportion of variability in tie density.

Understanding processes in large-scale networks.  What are the processes that sustain large networks?  Why do
people maintain, dissolve, and reconstitute communication links as well as links to information?  Contractor and
Monge systematically reviewed large bodies of empirical literature and distilled many propositions concerning the
maintenance and dissolution of links.  To date, much research on social networks has looked at just one of these
mechanisms at a time.  Ironically, however, many of the mechanisms contradict one another.  For example,
creating a tie with someone because many others do so is consistent with social contagion theory but contradicts
self-interest theories that suggest the marginal return from an additional tie would be slight.  In their larger project,
Contractor and Monge develop a framework that tests multiple theories such as these at multiple levels, allowing
many theories to be brought to bear on the same data set.

Understanding data on large-scale networks.  Papers by several participants present models, methods, and
illustrative analyses oriented toward the study of large-scale networks.  Jensen and Neville joined social network
analysis with data mining and related techniques of machine learning and knowledge discovery in order to
investigate large networks.  At the intersection of statistics, databases, artificial intelligence, and visualization,
data mining techniques have been extended to relational data.  One example, useful in detecting cell phone fraud,
is that fraudulent telephone numbers are likely to be not one but two degrees away (because various phone
numbers are stolen but they tend to be used to call the same parties).  Jensen’s and Neville’s paper reports their
effort to predict an outcome (the success of a film) on the basis of a data set that interlinks features of a large
network (such as movies, studios, actors, and previous awards).  Whereas recent work in machine learning and
data mining has made impressive strides toward learning highly accurate models of relational data, Jensen and
Neville suggest that cross-disciplinary efforts that make good use of social network analysis and statistics should
lead to even greater progress.

Hoff presented random effects modeling for social networks, which provide one way to model the statistical
dependence among the network connections.  The models assume that each node has a vector of latent character-
istics and that nodes relate preferentially to others with similar characteristics.  Hoff employs a Markov chain
Monte Carlo (MCMC) simulation procedure to estimate the model’s parameters.

Ward, Hoff, and Lofdahl report in their paper an application of Hoff’s latent spaces model to data on
interactions among primary actors in Central Asian politics over an 11-year period ending in 1999, based on 1
million iterations of the MCMC estimation procedure using geographic distance as the only covariate.  Countries
closer together in the dimensional space resulting from model estimation were predicted to have a higher probabil-
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ity of connection.  Imputation techniques were investigated and found to predict ties that were not sampled.  The
paper provides a favorable initial application of the latent spaces model to a data context of interest.

A final observation from the resultant discussion concerned the similarities (which are very great) as well as
the differences (which are nonetheless consequential) among the various statistical models, notably those of
Handcock’s and Hoff’s papers as well as the random graph models presented by Wasserman, Pattison, and
colleagues.  In brief, the similarities concern the increased focus on formulating parametric models for random
graphs within the exponential family.  The differences pertain to different paths taken in the estimation of model
parameters.

Understanding the adversary versus understanding ourselves.  In the roundtable discussion, Lazer began his
remarks by considering, in the post-9/11 context, the contributions that network analysis might make to decision
makers who confront security challenges and suggested that the first problem to be considered is that of under-
standing the adversary.  Severe information overload coupled with a great deal of missing or nonexistent data and
the need for quick, real-time decisions are factors that hamper efforts to understand an adversary’s vulnerabilities.
Social network models cannot always lead an analyst to make a prediction that has perfect accuracy, but they can
certainly improve the process of making such predictions by identifying relevant linkages and related sources of
uncertainty that may be easily overlooked.  For example, the paper by Ward and his colleagues provides a major
extension to the usual international relations models that paradoxically ignore relational structures.  Further, Butts
was able in his paper to project the likely structure of a network based on a small amount of publicly available
information.

Lazer then turned to the question of understanding ourselves, arguing that a different set of challenges is
implicated in this second concern.  Here the needs center around questions of who needs to coordinate, communi-
cate, and cooperate.  Challenges concern critical self-evaluation (turf issues, organizational cultures, entrenched
constituencies), design challenges (including needs for security as well as coordination), and the ability to be up
and running in real-time, emergent situations.  An opportunity in this area is that there are many more chances to
gather data.  Therefore, in contrast to a project designed to understand the adversary’s vulnerabilities, there are
perhaps more obvious openings for data-analytic approaches and for rigorous research.

RESEARCH ISSUES AND PROSPECTS

In this final section we identify near-term prospects for improving social networks research that emerged from
the workshop papers and discussion.  In doing so we focus on three areas: formulation of models; data and
measurement; and research relevant to national security needs.  The concerns and questions that we identify, while
voiced by various workshop participants speaking as individuals, do not represent conclusions or recommenda-
tions of the workshop itself.

Formulation of Models

Networks “Plus”:  Generalized Relational Structures

The social network community has often found it useful to view social networks as “skeletal” abstractions of
a much richer social reality.  An important question, though, is whether the extent to which attempts to model and
quantify network properties can rely on the network observations alone or whether they would instead be enhanced
by additional information about actors and ties and their embedding in other social forms (the constellation of
which might be termed “generalized relational data structures”).  In other words, to what extent do we need to
develop a more systematic (and quantitative) understanding of such generalized relational data structures, such as
the meta-matrix approach?  Such an understanding could lead to the development of models and analytic ap-
proaches that reflect the social context in which networks reside and the interaction of network processes with
other aspects of this reality, including the background, intentions, and beliefs of the actors involved and the
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12 DYNAMIC SOCIAL NETWORK MODELING AND ANALYSIS

cultural and geographical settings in which they find themselves.  Breiger raised similar points in his opening
address.

Processes on Networks

An important reason to examine network structure is that such examination provides an understanding of the
constraints and opportunities for social and cognitive processes enacted through network ties.  Yet there is a
limited understanding of the extent to which we can predict the course of social and cognitive processes from
network topology alone.  Should we be engaging in empirical and methodological programs of study that enable
us to articulate more clearly the relationship between network structure and various types of social processes in
which we are interested?  Research presented at this workshop demonstrates that models in which the network ties
and other network-based diffusion or contagion processes coevolve significantly expand our ability to understand,
interpret, and predict social and cognitive behavior.  Further work involving empirical analysis, simulation, and
statistical modeling in this area seems to hold particular promise.

Scaling Up

An evident theme emerging from Sessions I (Social Network Theory Perspectives) and II (Dynamic Social
Networks) is the potential value of juxtaposing methods used to describe large-scale networks, primarily in
physics and computer science, with methods for evaluating models for social networks at a smaller scale, primarily
in the social sciences.  A number of statistical models that have been developed for social networks of medium size
have attempted to express network structure as the outcome of regularities in interactive interpersonal processes at
a “local” level.  Can we extend the focus of such statistical modeling approaches to develop theoretically prin-
cipled and testable models for social networks at a larger scale and in the process evaluate some of the claims
emerging from the more descriptive analyses?  A number of network theories are based on cognitive principles and
small-group social theory.  As we move to large-scale networks does this microlevel behavior still appear, or does
the variance inherent in human action cause such microbehavior to be lost as macrolevel bases for relations
become visible?

Model Development and Evaluation

In addition to extending models to include richer sources of relational data, how can we best incorporate
potentially more complex dependence structures and longitudinal observations?  Can we develop measurement
models for ties and structural models for networks that take account of measurement and sampling issues?  Can we
also develop more rigorous and diagnostic approaches to model evaluation?  How can simulation studies be best
utilized to contribute to the resolution of questions of model specification and evaluation for evolving networks?
Can we evaluate the fit of power laws more carefully; indeed, can we construct and evaluate models predicting the
emergence of scale-free networks?  Furthermore, can we extend and possibly integrate the very different and
distinctive programs of fruitful work currently being done (and presented at the workshop in papers by Carley,
Faloutsos et al., Friedkin, Macy et al., Morris, Snijders, and Stanley and Havlin) in order to build models for the
coevolution of network ties, actor orientations, and actor affiliations?

Modeling:  Estimation and Evaluation

Significant issues that emerged from the workshop session on dynamic social networks are the
complementarity of simulation from complex models for dynamic and interactive network-based processes (in
order to understand model behavior) and the task of formulating models in such a way that model parameters can
be estimated from observed data and model fit can be carefully evaluated.  The potential value of developing,
estimating, and evaluating models in conjunction with empirical data is evident, and a major research domain is
the development of models for network observations that will allow us to close the gap between what can be
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hypothesized from simulation-based explorations of theoretical positions and what can be verified empirically
from well-designed network studies.

Data and Measurement

The Design of Network Studies:  Sampling Issues and Data Quality

A significant set of issues surrounds the question of network sampling.  Although only a few presentations in
this workshop directly addressed questions of sampling, such issues were always close to the surface.  Networks
rarely have boundaries, and almost all empirical networks have been based on sampling decisions or sampling
outcomes of some form.  A principled means for handling sampling issues would be very valuable and indeed is
a natural extension of model-based formulations.  Several factors that might be considered here include (1) the
biases inherent in the collection of nodes and ties obtained by a given sampling procedure, (2) the tendency to
over- or undersample certain types of relations, and (3) the extent to which such errors are uniformly distributed
over the network or focused in some portion of the overall network.

Related issues concern missing data, unreliable data, and data arising from actors (ranging from school
children to corporate executives) who may strategically misreport their ties.   Methods for analyzing network data
exhibiting these properties include intensive application of multiple analytic procedures to compensate for prob-
lems of data quality (see Freeman’s paper and related discussion in Session I above); addition of actors by means
of random-walk sampling (see discussion of Klovdahl’s presentation in Session IV); and the possibility that
missing links can be implied by the existence of other linkages, as reviewed in the section entitled “Data Quality
and Network Sampling” in Breiger’s opening address.

Important questions to address include:  What methodological steps can be taken to minimize the conse-
quences of missing nodes and tie measurement errors?  Can we deal with missing data in model construction and
develop model-based approaches to estimate missing data?  Would it be prudent to develop more effective
measurement strategies for each tie of interest, as well as models for the measurement of ties?  How can we go
about providing evidence for the validity of network measurement?  Further, should we focus more effort on
characterizing the multifaceted nature of network ties?

Network Estimation

It is important to note that most network studies are done in a “data greedy” fashion, with the result that the
underlying network is mapped out or sampled at a fairly high level of accuracy.  This is practical in some contexts,
such as situations in which archival or observational data are available and reliable; however, it is likely to be
highly impractical in many other contexts.  Thus, it would be useful to specify systematically the classes or
dimensions of networks that exhibit fundamentally different behavior.  Which high-level indicators can be used to
determine the location of an unobserved network of interest in this space of possibilities?  In other words, what can
be done to provide a first-order estimate of the shape of the unobserved network?  What kinds of questions can be
answered by having even this high-level estimate?  Basic research both on characterizing the impact of networks
and on their fundamental form would be useful in this regard.

Exploratory Data Analysis

In light of the issues summarized above, it will be important to consider how we can augment descriptive
analyses of networks so as to incorporate information from other sources (e.g., node attributes, orientations and
locations, tie properties, group and organizational affiliations).  More generally, can we extend these approaches to
more complex and longitudinal relational data structures, and can they be developed so as to assist in the evalua-
tion and development of model-based approaches?  Many visualization tools provide valuable means for the
simultaneous presentation of relational and other data forms, but can their capacities be further enhanced?  In
relation to the notion of resistance of network statistics, is special treatment required for certain network concepts?
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For example, many network analyses have been based on the role of cut points and bridge ties, observations that
lead to statistics that may be inherently nonresistant (e.g., number of components, reachability, etc.).  Should
researchers identify observations associated with lack of resistance (e.g., investigate their measurement quality)?

Research Relevant to National Security

Impact of Network Change on Network Properties

What is learned by integrating an understanding of network “interventions” with a model-based approach?
One of the core features of social networks is arguably their potential to self-organize, which is especially likely in
response to an intervention.  Research presented at this workshop illustrates the potential for network models, both
simulation and mathematical, to be used to foreshadow the probable network response to various types of interven-
tions such as the removal of a node that is high in centrality or cognitive load, a “key player.”  This work suggests
that, to be effective, strategies for altering networks need to be tailored to the processes by which the networks
change, recruit new members, and diffuse goods, messages, or services.

Stabilization and Destabilization Strategies

Basic research is needed to determine the set of factors that influence network stabilization and destabilization
strategies.  Papers in each of the workshop’s four sessions address these concerns.  A problem analogous to the
“key player” problem that was not addressed at the workshop but is equally critical is the problem of the “key tie.”
Can we develop metrics to identify key ties and the impact of their removal or addition on the overall behavior of
the network?  What are the basic properties that make a group, an organization, or a community resilient, efficient,
and adaptive?  Can we identify network structures or roles in networks that optimize these properties?  While the
research on dynamic networks, both empirical and simulation, suggests that this is possible, there is still much
work to be done.  Can we combine our analysis of the consequences of network change with a model-based
understanding of measurement error?  Can we identify a program of empirical research that would evaluate
predictions about the impact of diverse types of intervention under different levels and types of error?

Closing the Gap

As Carley emphasized in her closing address, the ideas, measures, and tools being developed by network
analysts hold promise with respect to the needs of the defense and intelligence community.  However, there is still
a large gap.  Fundamental new science on dynamic networks under varying levels of uncertainty is needed.  To fill
this gap, Carley suggested that new research featuring empirical studies, metrics, statistical models, computer
simulations, and theory building are all needed.

How can the gap between scientific research on networks and national needs be narrowed?  Carley put
forward four proposals.  First, universities need to produce more master’s and Ph.D. students who are trained in
social network analysis and who enter government work.  Second, illustrative data sets that are suitable for
dissemination within the community of networks researchers and that suggest the types of problems faced by the
defense and intelligence community need to be made publicly available.  Third, effort needs to be made to
establish a dialogue with social networks researchers in which the needs of the defense and intelligence commu-
nity can be articulated without compromising national security.  Finally, academicians in this research area need to
continue to strive for clarity in the articulation of the practical implications of their theoretical results.

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


PART II

Workshop Papers

Note:  Part II contains the papers as submitted to the workshop.
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Emergent Themes in Social Network Analysis: Results, Challenges, Opportunities 
 

Ronald L. Breiger 
University of Arizona 

 
 
 On behalf of the Workshop participants, I thank Anne Mavor (Director, Committee on 
Human Factors, National Research Council / National Academy of Sciences) and Rebecca 
Goolsby (US Office of Naval Research) for organizing this Workshop. 
 
 After a brief introduction to network analysis, I will identify the results of this enterprise 
to date, emphasizing major themes that have emerged.  I will then turn to scientific and research 
challenges that I see on the immediate horizon, and to those I perceive just beyond that horizon.  
Finally, I will point to opportunities. 
 
 Thinking about social networks is ubiquitous and of long standing.  It may be said that 
kinship was the first social science, in that various peoples’ own cultural constructions of their 
networks of kinship relations have seemed always to mix observation with analysis and with 
proclamation (White, 1992: 290; Freeman, 2003).  The 17th-century philosopher, Spinoza, 
derived scores of logically interrelated propositions about a system that has the characteristics of 
a basic social network situation, a system consisting of multiple relations—such as loving, 
hatred, and envy—among multiple actors (notably an acting person, an other, and an object).1  
Spinoza’s system is in many respects remarkably similar to the 20th-century theory of cognitive 
balance2 that forms the backdrop to several papers presented at this Workshop.  In Spinoza’s 
conception, actors change their initial opinions on the basis of network structure, as in some 
contemporary forms of social influence modeling (see, e.g., Carley’s and Friedkin’s papers 
included in this volume), and multiple relations are key (which is the sense in which balance 
theory provides one foundation for the paper of Macy et al.).  A science of networks did not 
emerge from Spinoza’s speculative endeavor, or from the many others like it that are precursors 
of contemporary network studies.  Lacking was a commitment to the systematic observation and 
modeling of actual behavior. 
 
 Military thinkers, too, have long found it natural to plan in terms of relations and forces.  
Clausewitz ([1832] 1976: 484) articulated a structuralist vision of warfare, writing that “in war, 
more than anywhere else, it is the whole that governs all the parts, stamps them with its 
character, and alters them radically.” Keeping the dominant characteristics of both belligerents in 
mind, “out of these characteristics a certain center of gravity develops, the hub of all power and 
movement, on which everything else depends” (pp. 595-96).  In countries subject to domestic 
strife, Clausewitz continued, the center of gravity is generally the capital city.  Among alliances, 
it lies in “the community of interest,” and in popular uprisings it is “the personalities of the 
leaders and public opinion.”  It is “against these that our energy should be directed” (p. 596).  In 
sharp contrast to a concentrated network of forces, some more contemporary conflicts feature 
protagonists who seek to “attain decisive strategic advantage by exploitation of the strength of 
dispersed forces” (Boorman, 1969: 171).  Two centuries after Clausewitz, social network 
modeling is aiding in a reformulation of the “center of gravity” concept so that it is applicable to 
extended command and control architectures (Dekker, 2001), and social network models of both 
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concentrated and dispersed forces inform thinking about information warfare (Pew and Mavor, 
1998:301-19), netwars (Arquilla and Ronfeldt, 2001), and the destabilization of networks (Carley 
et al., 2001). 
 
 Freeman (2003) presents a monographic treatment of the history of social network 
analysis; brief overviews are also available (Scott, 2000: 7-37; Wellman, [1988] 1997: 21-29). At 
the present time, the field is a recognized academic specialty pursued by a cross-disciplinary 
network of sociologists, anthropologists, organization analysts, social psychologists, physicists, 
statisticians, mathematicians, communication experts, and people from many other fields.  
Network analysts have a membership organization,3 professional journals,4 and a variety of 
university centers of research.  Network researchers are likely to agree with anthropologist Mary 
Douglas (1973: 89) that “in a complex society, networks are the minimum level at which social 
relations can be investigated.”  Four characteristics of the contemporary paradigm on network 
analysis are identified by Freeman (2003): motivation by a structural intuition about specific 
relationships linking social actors; grounding in systematic empirical data; heavy reliance on 
graphic imagery; and use of mathematical and/or computational models. 
 
 

Results 
 
 Especially from the 1960s onward, major advances as well as cumulative building of 
analytical methods and research findings have led to productive results in social network 
modeling.  Overviews and full treatments are available elsewhere.5 I will briefly identify six 
distinctive themes of network analysis that have emerged in recent decades. 
 
 1. Measures on nodes, arcs, and whole networks have been developed to exploit a variety 
of relational insights.  For example, the “centrality” of an actor (call him Ego) as measured by 
the number of ties he receives from other actors is a notion that is quite distinct from the same 
actor’s degree of “centrality” on the basis of the number of shortest paths through the network 
that connect pairs of actors and that include Ego as an intermediary.  (This is the distinction 
between “degree” and “betweenness” variants of centrality; e.g., Freeman, 1979.)  “Constraint” 
is a measure of the extent to which Ego is tied to people who are invested in other of Ego's 
contacts (Burt, 1992).  The extent to which the acquaintance sets of two connected individuals 
overlap has been captured by the faction of triplets in a network that are transitive (Holland and 
Leinhardt, 1975), recently reintroduced as the “clustering coefficient” of Watts and Strogatz 
(1998).  And entire networks may be characterized by their “density” of ties (the proportion of 
possible relationships among the actors that are observed to exist). 
 
 2.  Analyses of role interlock have exploited the interpenetration of multiple networks 
(such as “liking” and “disliking”) on a given population of actors.  Boorman and White (1976) 
model role interlock by use of algebraic semigroups and homomorphisms; examples include the 
study of “strength of weak ties” among advice-seeking on community affairs, business 
partnerships, and social relations of the community influentials in two small cities (Pattison, 
1993: 254).  Recent studies of role interlock have made use of innovative statistical models for 
network analysis, as in Lazega and Pattison’s (2001) study of work relations, advice-seeking, and 
friendship among partners and associates in three offices of a US law firm. 
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 3. Concepts of equivalence form the link between the individual-level data on ties and 
connections, and the overall network macro-structure.  Lorrain and White (1971: 80) sought to 
locate “sets of individuals ... who are placed similarly with respect to all other sets of individuals, 
to the extent that total relations and flows are captured by the aggregation of detailed relations 
consonant with those equivalence sets of individuals.” Structural equivalence captures sets of 
actors each of whom has identical relations to all actors in a network of multiple types of tie. 
Automorphic equivalence identifies actors who have the same relation to similar types of others.  
(A good metaphoric example of automorphic equivalence is the quarterbacks of opposing 
football teams).  More general forms of equivalence have also been developed (see, e.g., Batagelj 
et al., 1992; Borgatti and Everett, 1992; Pattison, 1993) and applied in studies such as Van 
Rossem’s (1996) analysis of international diplomatic, military, and economic exchanges.  
Statistical estimation of models of network macro-structure has been an area of considerable 
progress (Nowicki and Snijders, 2001). 
 
 4. Duality refers to the idea (for example) that interpersonal networks based on common 
membership in groups may be turned “inside out” to reveal networks among groups based the 
number of members they share (Breiger, 1974; Pattison and Breiger, 2002).  Thus, in addition to 
defining networks on persons, networks may be defined on linkages between different levels of 
structure. An example and extensions appear in Mische and Pattison’s (2000) three-level study of 
social movement activists, their organizational memberships, and various projects in which they 
engaged. Statistical modeling of affiliation data has been developed and applied to study 
appearances of Soviet political elites at official and social events for 8 years during the Brezhnev 
era (Faust et al., 2002).  Innovative sampling schemes and analytical frames have been 
developed for dual network situations (McPherson, 2001). 
 
 5. The study of social influence links networks of social relations to attitudes and 
behaviors of the actors (Marsden and Friedkin, 1994: 3; Robins et al., 2001).  Analysts of social 
influence model how an actor’s attitudes or opinions are adjusted to those of the others who have 
some influence on the actor (DeGroot, 1974).  Friedkin formal theory (1998) models the 
equilibrium outcomes of influence processes and leads to testable predictions of opinion change.  
From a different perspective, one viewing an organization’s members as interdependent 
entrepreneurs who cultivate status competition, Lazega (2001) studies collective action and the 
evolution of mechanisms for self-governance among peers in a “collegial” (non-hierarchical) 
organization.  In their Workshop paper included in this volume, Michael Macy and his 
collaborators demonstrate how the study of evolving group polarization can benefit from the 
modeling of actors as computational agents. 
 
 6.  Models and methods for visualizing networks have improved strikingly since Jacob 
Moreno introduced the sociogram in 1934.  At that time the basic idea was to represent social 
actors by circles and relationships by arrows connecting the circles.  Increasingly in recent times 
(see Freeman 2000), the barrier between visualization and formal modeling has been 
disappearing, as more powerful techniques for representation continue to be developed. 
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 An illustration of how various of these themes might combine in a research application is 
provided by Padgett and Ansell’s (1993) study of the rise of the Medici family in fifteenth-
century Florence.  The data came (in some cases directly, in others via the work of historians)  
from the extensive archives in Florence, including tax assessments for the years 1403 and 1427 
and a wealth of kinship, marriage, business, and census records.  The data reflected in Figure 1 
pertain to 92 families. 
 
 With respect to multiple networks: The graph in Figure 1 reports relations (coded 
separately) of personal loans, patronage, friendship (coded by historians from extensive personal 
letters that have been preserved), and the posting of surety bonds in another’s behalf in order to 
guarantee good behavior.  By hypothesis, each network reports a potentially different quality of 
relation, with the entire set of relations serving to comprise the structure. 
 
 With respect to types of equivalence: Padgett and Ansell develop a method for 
aggregating the 92 families into structurally equivalent sets relying heavily on their external ties 
with outsiders, as well as on their internal relations.  Figure 1 thus reports a macro-structure, a 
reduced-form visualization of the network of relations among the identified aggregates of 
families. 

 
 
 

Figure 1. Florence network macro-structure. SOURCE:  Figure 2.b on p. 1277 in J.F. Padgett and C.K. Ansell, in Robust 
Action and the Rise of the Medici, 1400-1434, American Journal of Sociology 98:1259-1319, 1993.  Reprinted by permission. 
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 With respect to network measures: The authors report that, among the Medicean families 
at the top of Figure 1, Freeman’s measure of “betweenness” centrality (CB) is .362 for 
intermarriages among the families; for the remaining families in the figure, it is a much lower 
.198.  The import is that the Medici family connected many other families that had few ties 
among themselves; they served as a hub for this portion of the structure. 
 
 The authors’ interpretation is roughly as follows.  The traditional oligarchical families 
portrayed in the lower portion of Figure 1 were highly interconnected.  Dense ties, however, did 
not lead to cohesive collective action in time of crisis, given the many status equals among the 
oligarghs, each with a plausible claim to leadership.  In sharp contrast, the Medici family stood 
as the gateway from its followers to the rest of the structure.  This was an extraordinarily 
centralized “star” or “spoke” system, with very few direct relations among the Medici partisans.  
Thus, the rise of the Medici corresponded to a network strategy in which their follwers were kept 
structurally isolated from one another (see also Padgett, 2001). 
 
 In my summary characterization of the results of social network analysis, I have recourse 
to the subtitle of Wasserman and Faust’s (1994) 800-page compendium: “Methods and 
Applications.”  I believe we now have a productive array of distinctive tools with which to build 
impressive analyses along many lines of inquiry.  Before we move to a qualitatively higher level 
of progress in theoretical development, certain extant challenges will have to be met, and it is to 
these that I now turn. 
 

Challenges on the Horizon 
 

 Here I focus on scientific and research challenges on the immediate horizon, in the areas 
of statistical modeling, data quality, and network sampling.  A number of Workshop participants 
are in the process of making breakthroughs in these areas. 
 
Statistical Modeling 
 
 Statistical analysis of network ties is both important and difficult.  It is important (among 
other reasons) because it can allow us to distinguish pattern from random noise, and because it 
enables us to assess comparatively a variety of hypotheses about the structures that underlie or 
generate the network data that we observe.  It is difficult because the units of observations (such 
as the tie from person A to B and those from A to C and from B to A) are not independent. 
 
 Efforts dating from the 1930s to model the distribution of ties received by actors in social 
networks (such as the binomial model of Paul Lazarsfeld’s reported in Moreno and Jennings, 
1938) recognized that “a change in position of one individual may affect the whole structure.”6  
A major line of investigation in the 1970s (e.g., Holland and Leinhardt, 1975) sought network 
inferences from a more realistic embedding of non-independent relationships within triads of 
social actors. In a major breakthrough, Holland and Leinhardt (1981) formulated an exponential 
family of models (which they termed the p1 family) that provided estimation of the probability of 
an observed network conditioned on the number of ties sent and received by each actor (and the 
network’s overall density) and, simultaneously, on the two-person configurations (mutual, 
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asymmetric, and null-choice dyads) among the actors. Application of the model led to some 
substantively important research, for example on decision-making in organizational fields 
(Galaskiewicz and Wasserman, 1989). 
 
 Three problems with the p1 model were to motivate further work. First, the advances of 
Holland and Leinhardt’s 1981 model entailed a return to the assumption of dyadic independence 
(the assumption, e.g., that person A’s choice of B is independent of A’s choice of C), which is 
surely unrealistic in many contexts.  Second, because p1 is essentially a null model, its ability to 
characterize actual network data was poor. Third, degrees of freedom for assessing the overall fit 
of these model often depended on the number of actors in the network, thus violating the usual 
assumptions about asymptotics in maximum likelihood estimation. 
 
 Recent work constituting fully a new breakthrough, however, has allowed the assumption 
of dyadic independence to be rendered unnecessary in new families of more realistic models 
based on hypotheses about the precise nature of network dependencies.7  These new models, as 
formulated in particular by Wasserman, Pattison, and Robins (Wasserman and Pattison, 1996; 
Pattison and Wasserman, 1999; Robins et al., 1999) go under the name of random graph models 
or p* models.  Formulating applications of these models to diverse network contexts, as well as 
issues pertaining to estimation of the models, characterizes major challenges for current network 
research.  Because a number of papers presented at this Workshop pertain to these challenges, I 
will continue with a brief characterization of such models.8 
 
 It is useful for those without a strong statistics background to keep in mind that these 
random graph (or p*) models encode hypotheses that “you can get your hands on,” hypotheses 
concerning definite features of observed social relations.  Each such model asserts that a specific 
collection of simple, concrete structures (termed “configurations”) compose the network as a 
whole.  Single networks as well as networks of multiple types of relation (such as co-worker and 
socializing, in Lazega and Pattison’s 2001 study of 71 partners and associates in a law firm with 
offices in three cities) may be modeled with this approach. 
 
 There is also an equilibrium aspect to these random graph models, in that the presence or 
absence of each possible tie in the network is estimated conditioning on the rest of the data.  It 
may be the case that, once these configurations are specified by an analyst, very standard 
methods of estimation (“logit regression”) are applicable.  However, the resulting estimates do 
not satisfy some of the usual assumptions (they are pseudo-likelihood estimates rather than full 
maximum likelihood), and this point has occasioned a good deal of additional work, some of 
which is reported at this Workshop. 
 
 Several of the Workshop papers included in this volume may be located with respect to 
the challenges of statistical modeling that I have reviewed.  In his paper, Mark Handcock 
investigates some of the consequences (for what he terms the degeneracy of the estimation 
process) that result from the use of pseudo-likelihood estimation. He makes use of simulation 
methods, known as Markov Chain Monte Carlo (MCMC) methods, that allow estimation of 
parameters such that the estimates are constrained to the non-degenerate part of the model space.  
In his paper, Peter Hoff reviews an approach (a form of generalized linear mixed-effects models) 
that he and his colleagues see as having particularly feasible means of exact parameter 
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estimation.  An application of this approach—to modeling political interactions of the primary 
actors in Central Asian politics over the period 1989-1999—is presented in the paper of Michael 
Ward and Peter Hoff in this volume. 
 
 Tom Snijders has developed a model for the statistical evaluation of network dynamics 
that has a certain relation to the random graph (p*) models (see Snijders, 2001: 388-89).  In his 
Workshop paper included in this volume Snijders applies his model to the study of network 
evolution and, in particular, to the evolution of a network’s degree distribution (the number of 
ties implicating each actor).  Degree distribution has been the central focus of recent models of 
social networks that have been formulated by physicists (see Watts and Strogatz, 1998, and also 
the papers in this volume by Eugene Stanley and by Christos Faloutsos).  One of Snijders’ 
principal findings—that there is no general straightforward relation between the degree 
distribution on one hand and structural aspects of evolution on the other—continues the debate 
on the importance of degree distributions and, in particular, on whether such distributions 
provide a major key to (or even a “universal law” governing) the evolution of social networks. 
 
 In Snijders’ paper as well as the paper of Martina Morris, the question of what sorts of 
parameterizations are appropriate for statistical models of social networks comes strongly to the 
foreground.  Stanley Wasserman and Douglas Steinley begin building a framework for analysis 
how sensitive the results of network analysis are to the peculiarities of the dataset as well as to 
the parameters the analyst is attempting to estimate.  Their paper in this volume reports, for 
example, that interaction between different graph statistics (such as centralization and 
transitivity) is crucial for robustness of estimation. 
 
 Elisa Jayne Bienenstock and Phillip Bonacich turn robustness from a technical issue to a 
substantive one.  In their Workshop paper they report a simulation study of different network 
configurations (pinwheels, lattices, and so on). Their major measures are network efficiency and 
vulnerability.  They find for example that centralized communication networks are more efficient 
but also more vulnerable to selective attacks on their most central members. 
 
 In another contribution that seeks to turn robustness from a technical issue to a 
substantive one, Stephen Borgatti’s Workshop paper develops two versions of what Borgatti 
terms the key player problem: finding a set of nodes which, if removed, would maximally disrupt 
communication among the remaining nodes (KPP-1), and finding a set of nodes that is maximally 
connected to all other nodes (KPP -2). 
 
 The Workshop paper authored by Andrew Seary and William Richards reviews 
eigenvector decomposition methods for network analysis.  Their paper also moves in the 
direction of investigating conditions for network stability and its disruption, as with their report 
of a result from spectral decomposition that may be used to solve the longstanding problem of 
dividing a network into two sets with minimal connectivity between them. 
 
 Pattison and Robins (2002; see also Robins et al., 2001) have explored various sorts of 
non-network information that can be incorporated into random-graph models—information such 
as actor attributes, affiliations of persons with groups, and spatial layouts.  Research on the 
relation between geographic spatial arrangements and social networks is rapidly advancing 
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(Faust et al., 1999).  In his paper for this Workshop, Carter Butts presents some fundamental 
results on the relation of physical distance to network evolution.  At least implicitly, this work 
seems beneficial for the formulation of spatially oriented random graph models. 
 
 
Data Quality and Network Sampling 
 
 Social networks have been measured in many ways, and the available research indicates 
that these can make some claim to being reliable, though certainly imperfect, measures 
(Marsden, 1990: 456).  A continuing challenge for network analysts is the formulation of 
methods for the study of network data that are less than pristine with respect to reliability and 
validity.  Applications of network modeling to situations of increasing realism have heightened 
concerns about missing data, data that seem unreliable, and actors (ranging from schoolchildren 
to corporate executives) who may be behaving strategically in reporting or concealing their ties 
to others.  Related challenges concern the representativeness of network data.  Network analysts, 
including a number of Workshop participants, are currently engaged in confronting these 
challenges. 
 
 Linton Freeman’s paper for this Workshop reports a meta-analysis of twenty-one 
methods applied to a single affiliation network.  Assuming that there is a “true” answer to the 
question of whether each pair of persons belongs together in the same group, Freeman employs a 
procedure—termed consensus analysis (Batchelder and Romney, 1988)—that allows 
(simultaneously) the pooling of results from the twenty-one methods to uncover the most likely 
candidates for “true” answers, and also quantitative assessment of the “competence” of each of 
the twenty-one methods.  Freeman’s paper thus suggests that, in some situations (perhaps those 
in which the various methods applied are in the vicinity of the correct analysis of a structure), 
intensive application of multiple analytical methods can compensate for data that are less than 
perfect. 

 
 In her Workshop paper, Martina Morris is particularly interested in two rules governing 
partner selection in sexual transmission networks: concurrency (number of partners) and mixing 
(the extent to which both partners share an attribute, such as race). These are examples of 
network properties that can be measured with “local” network sampling strategies; they do not 
require data on all relations of all people in a network. Going further, Morris writes that “if 
simple local rules [such as concurrency and mixing] govern partner selection, then these also 
determine the aggregate structure in the network: What looks like an unfathomably complicated 
system is, in fact, produced by a few key local organizing principles.”  In her paper included in 
this volume, Morris combines this “local rules” approach with random graph models and 
simulation strategies to understand the emergence of overall network structuring. 
 
 Robins, Pattison, and Woolcock (2002) provide random graph (p*) models for network 
data containing non-respondents, without having to assume that the respondents missing are a 
random sample.  An earlier effort along a somewhat similar line is that of Friedkin (1998: 77-
78). 
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 Cognitive social structure (Krackhardt, 1987; see also Carley and Krackhardt, 1996) is an 
analytical approach associated with a distinctive format of data collection.  Each individual in a 
network is asked to provide reports of whether each individual has a relationship with each other.  
Thus, each individual reports a full matrix of data.  This approach has implications for the 
analysis of data quality.9  Define there to be “consensus” (Krackhardt, 1987: 117) on the tie from 
person i to person j if at least a stipulated fraction of all network members report that i indeed 
sends that tie to j.  This allows a calibration of self-reports against the reports of others. 
 
 In his Workshop paper included in this volume, Alden Klovdahl reviews studies that 
employ random walk sampling designs, which involve random selection of a very small number 
of individuals from a large population.  Each person is interviewed in order to obtain (among 
other things) a list of network associates.  One of these is randomly selected to be the next person 
interviewed, and so forth.  Klovdahl discusses in his paper how he used just 180 interviews (60 
random walks of 2 steps each) to study network properties of a city of a quarter-million people. 
 
 All of the above efforts respond to the challenge of analyzing network data that is of less 
than perfect quality.  It will also be useful to encourage studies (such as the one of Costenbader 
and Valente, 2002) of the comparative performance of network measures (such as various 
measures of actor centrality) in the presence of increasing amounts of missing data. 
 

Challenges Just Over the Horizon 
 

 I will now turn to scientific and research challenges that I envision as just beyond our 
current horizon.  These concern efforts to significantly extend, or to generalize or to move 
beyond, the social networks paradigm as outlined in the first major section above.  Here too, the 
Workshop participants are among those leading the way. 
 
 1. There is increasing interest in moving beyond the analysis of social networks to 
consider questions of how such analyses relate to design issues. Principles of network 
governance may be extended to the consideration of how criminal or terrorist networks might 
function most effectively (Milward and Raab, 2002). Asking what makes a network effective, 
Arquilla and Ronfeldt (2001: 324-43) point to five levels: organizational (where leadership 
resides; how hierarchical dynamics may be mixed in with network dynamics), narrative (not 
simply a “line” with a “spin,” but grounded expression of participants’ experiences, interests, and 
values), doctrinal (for example, preference for a leaderless form), technological (for example, use 
of couriers or the internet to connect people), and social (for example, the use of kinship or 
bonding experiences as bases for trust).  In his Workshop paper included in this volume, David 
Lazer is concerned with governance issues involved in information diffusion among policy 
agencies.  In their Workshop paper, Noshir Contractor and Peter Monge raise the question of 
how theories of underlying network dynamics need to be modified to be applicable to the study 
of adversarial networks.  Of particular interest, Contractor and Monge formulate numerous 
testable hypotheses drawn from a wide range of substantive theories, all pertaining to modeling 
the emergence of networks within their multi-theoretical, multi-level (MTML) model. 
 
 2. Dynamic Network Analysis (DNA) is the name that Kathleen Carley gives to her 
highly distinctive, highly innovative effort to push the envelope on network analysis.  Not 
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directly related to models of network dynamics such as Snijders’ (reviewed in the previous 
section), Carley’s approach has three hallmarks. First, it is meta-matrix, in a dramatic extension 
of the “duality” concept discussed in the first section above.  The meta-matrix includes matrices 
relating people to people (social networks), people to knowledge (knowledge networks), people 
to events (attendance networks), events to each other (temporal ordering), and more.  Second, the 
ties in the meta-matrix are defined probabilistically, on the basis of cognitive inferencing or 
cognitive change models or Bayesian updating techniques. Third, Carley’s approach employs 
multi-agent network models; for example, learning mechanisms are specified and used to 
dynamically adjust networks as the computational agents in them attend events, learn new 
information, or are removed from the network.  One principal focus of Carley’s approach is the 
cognitive, and to a lesser extent the social, processes by which the networks in the meta-matrix 
evolve. 
 
 As is Kathleen Carley, Michael Macy is a leader in the area of self-organizing networks 
and computational agents.  In his Workshop paper coauthored with James Kitts and Andreas 
Flache, Macy et al. model evolving polarization of group opinion space.  They report some 
surprising disjunctions between interactions among the actors, on one level, and the emerging 
group structuring, on the other. 
 
 3. “At the beginning of the 21st century, a maverick group of scientists is discovering that 
all networks have a deep underlying order and operate according to simple but powerful rules. 
This knowledge promises to shed light on the spread of fads and viruses, the robustness of 
ecosystems, the vulnerability of economies—even the future of democracy.” Thus reads the dust 
jacket of a recent popularized account (Barabási, 2002) of work by several researchers trained in 
physics who have developed distinctive lines of modeling for social (and other) networks.  
Beginning with regular structures on the one hand and random structures on the other, 
researchers within this new tradition (Watts and Strogatz, 1998) show that introducing small 
changes into the “regular” structure leads to massive change—this is the “small world” network 
with a few “shortcuts” that bridge the structure.  Researchers in this tradition emphasize power-
law distributions of choices made by actors (this is the “scale-free” property), according to which 
a very few actors have a great many ties (in rough analogy to route maps of airlines that have 
“hub” systems).  These writers demonstrate that such networks have important implications for 
diffusion of diseases and for many other properties such as those alluded to in the quotation at 
this paragraph’s beginning. 
 
 In their paper for this Workshop, E. Eugene Stanley and Shlomo Havlin review advances 
in the modeling of scale-free networks and related work, and they propose a trajectory of future 
research aimed at understanding how to optimize the stability of threatened netoworks.  And the 
Workshop paper of Christos Faloutsos and his co-authors reviews a wide range of results 
concerning power laws applied to network data, in research that combines network analysis and 
graph mining.  I believe that these papers should be read in conjunction with that of Snijders, 
who argues (convincingly, in my view) for the desirability of a dynamic modeling context that 
explicitly incorporates features (such as transitivity, cyclicity, and subgrouping) in addition to the 
degree distribution that is emphasized in physicists’ models. 
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4. Moving beyond a structural approach to social network analysis by directly engaging 
cultural issues is a challenge that is increasingly attracting attention.10  The emphasis of network 
analysis on formal aspects of social structure often seems the opposite of a concern for culture 
and cognition; indeed, in the early work on structural equivalence “the cultural and social-
psychological meanings of actual ties are largely bypassed .... We focus instead on interpreting 
the patterns among types of tie” (White et al. 1976: 734). However, over the past decade a fusion 
of concern across structural modeling and problems of culture, cognition, action, and agency has 
been among the most important developments for an influential segment of the community of 
networks researchers. 

 
 An important spur to network thinking about culture and cognition was White’s 
rethinking of network theory in his 1992 volume Identity and Control. White now wrote of 
agency as “the dynamic face of networks,” as motivating “ways of ... upend[ing] institution[s] 
and ... initiat[ing] fresh action” (pp. 315, 245). White (1992) considered discursive “narratives” 
and “stories” to be fundamental to structural pursuits, writing that “stories describe the ties in 
networks” and that “a social network is a network of meanings” (pp. 65, 67). Emirbayer and 
Goodwin (1994), who characterized Identity and Control in exactly this way (p. 1437), went on 
to prod network analysts to conceptualize more clearly the role of “ideals, beliefs, and values, 
and of the actors that strive to realize them” (p. 1446).  A more extensive review of this direction 
for extending social network research is provided in Breiger (2003). 
 
 The Workshop paper of Jeffrey Johnson, Lawrence Palinkas, and James Boster moves in 
a sense in the “opposite” direction: extending rigorous structural conceptions into the analysis 
and interpretation of cross-cultural studies on the evolution of informal group roles in Antarctic 
research stations.  One finding for example is that groups that have a rich mix of informal role 
properties fare better. 
 
 5. Actor-Network Theory (ANT) is an orientation within the “post-modern” branch of 
contemporary science studies.  The term “actor-network” is intended to mark the difficulties in 
establishing clear boundaries between network actors and connections, between agency and 
structure, and between network actors and those who analyze networks (Law and Hassard, 
1999).   Research within this tradition includes Latour’s ([1984] 1988) rewriting of the history of 
Louis Pasteur as the interpenetration of networks of strong microbes with networks of weak 
hygienists, viewing the microbes as “a means of locomotion for moving through the networks 
that they wish to set up and command” (p. 45).  This line of work has had no influence at all on 
social network analysts.  There may however be some potential in developing formal, analytic 
models that incorporate insights from this tradition concerning the bridging of ties and 
connections, structure and agency, and reflexivity (relations between analysts and network 
actors). 
 

Opportunities 
 

 I will conclude by summarizing my discussion of results and challenges, and by pointing 
to opportunities. 
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 As to results, we now have a large number of spectacularly useful methods and 
applications.  We have numerous studies of real-world processes.  There is a remarkable degree 
of consensus among researchers on the fundamentals of the approach, and a notable cumulation 
of results. 
 
 The challenges that I see concern the development of research syntheses at the theory-
data interface.  We need improved network statistical models.  We need to further the 
development of models that are at once validated, robust, and concerned with network dynamics.  
We need to continue to improve methods for dealing with network sampling.  We need to 
continue to explore ways to significantly extend, or to generalize, or to move beyond the static 
social networks paradigm, by embedding network models and research within the wider array of 
concerns that I have sketched in the preceding section. 
 
 This Workshop will play an important role in furthering the kind of communication and 
interchange that is necessary, among many of the leading researchers in the field.  In pointing to 
future opportunities, I will paraphrase David Lazer’s paper, hoping that he won’t mind that I take 
one of his conclusions slightly out of context, a conclusion that he labels a counterintuitive 
governance prescription.  In my version, the conclusion is that as research groups receive more 
information regarding what other research groups are doing, incentives for all such groups to 
continue innovating, and thus creating knowledge, should be increased.  Our opportunities lie in 
joining resources with innovation in pursuing the scientific challenges that confront us. 
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Endnotes
 
1 For example, Proposition 35 in Spinoza’s Ethic ([1677] 1923) reads: “If I imagine that an 

object beloved by me is united to another person by the same, or by a closer bond of friendship 
than that by which I myself alone hold the object, I shall be affected with hatred towards the 
beloved object itself, and shall envy that other person.” 

 
2 Fritz Heider, who formulated balance theory in the 1940s, writes that he came to the theory by 

reading and reconsidering Spinoza’s work (Heider, 1979). 
 
3 The International Network for Social Network Analysis (INSNA), web address 

http://www.sfu.ca/~insna/. 
 
4 Social Networks (published by Elsevier), the Journal of Social Structure (an electronic journal, 

available on-line at http://www2.heinz.cmu.edu/project/INSNA/joss/), and Connections 
(published by INSNA). 

 
5 See in particular the monographic reviews of Wasserman and Faust (1994),  DeGenne and 

Forsé ([1994] 1999), and Scott (2000) as well as the succinct overviews of Wellman ([1988] 
1997) and Breiger (2003). 

 
6 Information in this and the following paragraphs is condensed from the review of statistical 

modeling of networks in Breiger (2003). 
 
7 The analyst is allowed to specifiy dependencies among any ties in the network that share a 

node. 
 
8 See also the introduction in Anderson et al. (1999) as well as the cited papers of Wasserman, 

Pattison, and Robins. 
 
9 I am grateful to Philippa Pattison for reminding me of this point. 
 
10 This paragraph and the next draw directly on Breiger (2003). 
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Finding Social Groups: A Meta-Analysis of the Southern 
Women Data1 

Linton C. Freeman 
University of California, Irvine 

 
1. Introduction 

For more than 100 years, sociologists have been concerned with relatively small, 
cohesive social groups (Tönnies, [1887] 1940; Durkheim [1893] 1933; Spencer 1895-97; 
Cooley, 1909).  The groups that concern sociologists are not simply categories—like 
redheads or people more than six feet tall.  Instead they are social collectivities 
characterized by interaction and interpersonal ties.  Concern with groups of this sort has 
been—and remains—at the very core of the field. 

 These early writers made no attempt to specify exactly what they meant when they 
referred to groups.  But in the 1930s, investigators like Roethlisberger and Dickson 
(1939) and Davis, Gardner and Gardner (1941) began to collect systematic data on 

                                           
1 The author owes a considerable debt to Morris H. Sunshine who read an earlier draft and made extensive 
suggestions all of which improved this manuscript. 
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interaction and interpersonal ties.  Their aim was to use the data both to assign 
individuals to groups and to determine the position of each individual—as a core or 
peripheral group member.  But, to assign individuals to groups and positions, they needed 
to specify the sociological notions of group and position in exact terms.  

Over the years a great many attempts have been made to specify these notions.  In 
the present paper I will review the results of 21 of these attempts.  All 21 tried to specify 
the group structure in a single data set.  And 11 of the 21 also went on and attempted to 
specify core and peripheral positions.    

My approach to this review is a kind of meta-analysis.  Schmid, Koch, and 
LaVange (1991) define meta-analysis as “. . . a statistical analysis of the data from some 
collection of studies in order to synthesize the results.”  And that is precisely my aim 
here.  A typical meta-analysis draws on several data sets from a number of independent 
studies and brings them together in order to generalize their collective implications.  Here 
I am also trying to discover the collective implications of a number of studies.  But 
instead of looking at the results produced by several data sets, I will be looking at the 
results produced by several different analytic methods.  

In this meta-analysis I will compare the groups and the positions that have been 
specified by investigators who examined data collected by Davis, Gardner and Gardner 
(1941) [DGG] in their study of southern women.  My comparison draws on a number of 
techniques, including consensus analysis (Batchelder and Romney, 1986, 1988, 1989), 
canonical analysis of asymmetry (Gower, 1977) and dynamic paired-comparison scaling 
(Batchelder and Bershad, 1979; Batchelder, Bershad and Simpson, 1992).  I will address 
two questions: (1) do the several specifications produce results that converge in a way 
that reveals anything about the structural form of the data?  And, (2) can we learn 
anything about the strengths and weaknesses of the various methods for specifying groups 
and positions?  

2. Southern Women Data Set 

In the 1930s, five ethnographers, Allison Davis, Elizabeth Stubbs Davis, Burleigh 
B. Gardner, Mary R. Gardner and J. G. St. Clair Drake, collected data on stratification in 
Natchez, Mississippi (Warner, 1988, p. 93).  They produced the book cited above [DGG] 
that reported a comparative study of social class in black and in white society.  One 
element of this work involved examining the correspondence between people’s social 
class levels and their patterns of informal interaction.  DGG was concerned with the issue 
of how much the informal contacts made by individuals were established solely (or 
primarily) with others at approximately their own class levels.  To address this question 
the authors collected data on social events and examined people’s patterns of informal 
contacts. 

In particular, they collected systematic data on the social activities of 18 women 
whom they observed over a nine-month period.  During that period, various subsets of 
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these women had met in a series of 14 informal social events.  The participation of 
women in events was uncovered using “interviews, the records of participant observers, 
guest lists, and the newspapers” (DGG, p. 149).  Homans (1950, p. 82), who presumably 
had been in touch with the research team, reported that the data reflect joint activities 
like, “a day’s work behind the counter of a store, a meeting of a women’s club, a church 
supper, a card party, a supper party, a meeting of the Parent-Teacher Association, etc.” 

This data set has several interesting properties.  It is small and manageable.  It 
embodies a relatively simple structural pattern, one in which, according to DGG, the 
women seemed to organize themselves into two more or less distinct groups.  Moreover, 
they reported that the positions—core and peripheral—of the members of these groups 
could also be determined in terms of the ways in which different women had been 
involved in group activities.   

At the same time, the DGG data set is complicated enough that some of the 
details of its patterning are less than obvious.  As Homans (1950, p. 84) put it, “The 
pattern is frayed at the edges.”  And, finally, this data set comes to us in a two-mode—
woman by event—form.  Thus, it provides an opportunity to explore methods designed 
for direct application to two-mode data.  But at the same time, it can easily be 
transformed into two one-mode matrices (woman by woman or event by event) that can 
be examined using tools for one-mode analysis.     

Because of these properties, this DGG data set has become something of a 
touchstone for comparing analytic methods in social network analysis.  Davis, Gardner 
and Gardner presented an intuitive interpretation of the data, based in part on their 
ethnographic experience in the community.  Then the DGG data set was picked up by 
Homans (1950) who provided an alternative intuitive interpretation.  In 1972, Phillips and 
Conviser used an analytic tool, based on information theory, that provided a systematic 
way to reexamine the DGG data.  Since then, this data set has been analyzed again and 
again.  It reappears whenever any network analyst wants to explore the utility of some 
new tool for analyzing data.   

3. The Data Source 

Figure l, showing which women attended each event, is reproduced from DGG (p. 
148).  DGG examined the participation patterns of these women along with additional 
information generated by interviews.  As I discussed in Section 1 above, they had two 
distinct goals in their analysis:  (1) they wanted to divide women up into groups within on 
the basis of their co-attendance at events, and (2) they wanted to determine a position—in 
the core or periphery—for each woman.  As they put it (p. 150): 

 Where�it�is�evident�that�a�group�of�people�participate�
together�in�these�informal�activities�consistently,�it�is�obvious�
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that�a�clique2�had�been�isolated.��Interviewing�can�then�be�
used�to�clarify�the�relationship.��Those�individuals�who�
participate�together�most�often�and�at�the�most�intimate�
affairs�are�called�core members;�those�who�participate�with�
core�members�upon�some�occasions�but�never�as�a�group�
by�themselves�alone�are�called�primary members;�while�
individuals�on�the�fringes,�who�participate�only�infrequently,�
constitute�the�secondary members�of�a�clique.�

 

Figure 1.  Participation of the Southern Women in Events  

Unfortunately, the data as presented in Figure 1 are not definitive.  Indeed, two 
pages after presenting their data, DGG (p. 150) presented them again in another format.  
Their second version of the data is reproduced here as Figure 2.  I have added annotations 
showing important comparative features in red.   

The existence of that second presentation raises a problem; the data shown in 
Figure 1 do not agree with those shown in Figure 2.  Specifically, in Figure 2 woman 15 
was reported to have been a participant in events 13 and 14, but she was not so reported 
in Figure 1.  In addition, in Figure 2 woman 16 was reported as participating in events 8, 
9, 10 and 12.  But in Figure 1, she was reported to have been a participant only in events 
8 and 9.  The extra events reported in Figure 2 but missing in Figure 1 are outlined in red. 

                                           
2 Note that DGG wrote before “clique” was defined as a technical term by Luce and Perry (1949).  DGG 
used the word “clique” to mean what I am calling a “group.” 
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We are faced with a dilemma then.  Are we to believe the data presented in Figure 
1 or those presented in Figure 2?  Homans (1950) was the first to use these data in a 
secondary analysis.  He reported additional details that suggest that he was probably in 
touch with the original research team.  And in his report he used the data as they are 
displayed in Figure 1.   

Moreover, there is additional ancillary evidence for the correctness of the data as 
presented in Figure 1.  It turns out that there is a contradiction in the presentation of 
Figure 2 that makes it difficult to accept the data presented there as correct.  Compare, for 
example, the participation patterns displayed by the two women designated with red 
arrows in Figure 2: woman 11 and woman 16.  According to Figure 2, these two women 
displayed identical patterns of participation.  Yet, in that figure, woman 11 was classified 
as a primary member of her “clique” while woman 16 was called secondary.  This 
contradiction implies that the correct data are those shown in Figure 1. 

 

 

Figure 2.  Participation of the Southern Women in Events 

Most analysts have apparently reached this conclusion.  Most have used the data 
as shown in Figure 1.  A few, however, have analyzed the data as presented in Figure 2, 
and this produces a problem for any attempt to compare the results of one analysis with 
those of another.  When the two analyses are based on the use of different data sets 
comparisons are, of course, not possible.   
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I have assumed that the “correct” data are those shown in Figure 1.  For the 
relatively small number of results that have been produced by analyses of the data of 
Figure 2, I have asked the original analysts to redo their analyses using the Figure 1 data 
or I have redone them myself.  

4. Finding Groups and Positions in the DGG Data 

4.1 Davis, Gardner and Gardner’s Intuition-Based Groups  (DGG41) 

In their own analysis Davis Gardner and Gardner did not use any systematic 
analytic procedures.  They relied entirely on their general ethnographic knowledge of the 
community and their intuitive grasp of the patterning in Table 1 to make sense of the data.  
As Davis and Warner (1939) described it, they drew on “. . . records of overt behavior 
and verbalizations, which cover more than five thousand pages, statistical data on both 
rural and urban societies, as well as newspaper records of social gatherings . . .”   

DGG drew on all this material and used it both to assign the women to groups and 
to determine individuals’ positions within groups.  They indicated that the eighteen 
women were divided into two overlapping groups.  They assigned women 1 through 9 to 
one group and women 9 through 18 to another.  They assigned three levels in terms of 
core/periphery participation in these groups.  They defined women 1 through 4 and 13 
through 15 as core members of their respective groups.  Women 5 through 7 and 11 and 
12 they called primary.  Women 8 and 9 on one hand and 9, 10, 16, 17 and 18 on the 
other were secondary.  Note that woman 9 was specified as a secondary member of both 
groups because, they said, “in interviews” she was "claimed by both" (DGG, p. 151).   

4.2 Homans’ Intuition-Based Analysis (HOM50) 

Like Davis, Gardner and Gardner before him, Homans (1950) interpreted these 
data from an intuitive perspective.  Unlike those earlier investigators, however, Homans 
did not have years of ethnographic experience in Natchez to draw upon.  His intuitions, 
therefore, had to be generated solely by inspecting the DGG data and, presumably, by 
conversations with the ethnographers.   

Homans implied that he had re-analyzed the data using a procedure introduced by 
Forsyth and Katz (1946) whom he cited.  Forsyth and Katz had suggested permuting the 
rows and columns of a data matrix so as to display its group structure as clusters around 
the principal diagonal of the matrix (upper left to lower right).  Their procedure required 
that both the rows and columns be rearranged until—as far as possible—more or less 
solid blocks of non-blank cells are gathered together.  Such blocks of cells, they 
suggested, represent “well-knit” groups.   

 It is doubtful that Homans actually used the Forsyth and Katz procedure.  DGG 
had already arranged the matrix in such a way that it displayed group structure.  
Seemingly they had anticipated the Forsyth and Katz approach by six years.  Homans, 
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then, did not rearrange the data matrix at all; he simply copied the arrangement of Figure 
1, exactly as it was reported by DGG.   

 In any case, after inspecting the arrangement shown in Figure 1, Homans grouped 
16 of the women and distinguished two levels of core and peripheral positions.  In his 
report Homans  (p. 84) report wrote: 

 .�.�.�we�generalize�these�observations�by�saying�that�the�18�
women�were�divided�into�two�groups.��The�pattern�is�frayed�
at�the�edges,�but�there�is�a�pattern.��The�first�seven�women,�
Evelyn�through�Eleanor,�were�clearly�members�of�one�group;�
numbers�11�through�15,�Myra�through�Helen,�were�just�as�
clearly�members�of�another.��Some�women�participated�
about�equally�with�both�groups�but�not�very�much�with�either;�
Pearl�[woman�8]�is�an�example.��And�some�participated,�
though�not�very�often,�only�with�the�second�group.��Pearl,�
Olivia,�Flora�[women�8,�17�and�18]�and�their�like�are�
marginal�group�members.�

This statement is somewhat ambiguous.  It does assign women 1 through 8 to one 
group and 11 through 15, along with 8, 17 and 18 to the other.  Because woman 8 (Pearl) 
is assigned to both, the two groups overlap.  In addition Homans characterized women 8, 
17 and 18 to “marginal positions” but it is difficult to know whet he intended by the 
phrase “and their like.”   His statement, moreover, makes no mention at all of woman 9 
(Ruth) or woman16 (Dorothy).  They were simply not assigned to either group or to any 
position. 

4.3 Phillips and Conviser’s Analysis Based on Information Theory (P&C72) 

 Phillips and Conviser (1972) were the first to use a systematic procedure in the 
attempt to uncover the group structure in the DGG data.3  They reasoned that a collection 
of individuals is a group to the extent that all of the members of the collection attend the 
same social events.  So, to examine the DGG data, they needed an index of the variability 
of attendance.  They chose the standard information theoretic measure of entropy, H 
(Shannon, 1964).  H provides an index of the variability of a binary (yes/no) variable.  In 
this case, it was applied to all the women (and all the events) in the DGG data. Thus, H 
was used to provide an index of the degree to which different collections of women 
attended different sets of events (and different sets of events attracted different collections 
of women).   

Phillips and Conviser set about to find groups by comparing various ways of 
partitioning the women into subsets.  They argued that any given partitioning produced 
social groups if the entropy H summed for all of the subsets was less than the entropy for 
                                           
3 It should be noted that Phillips and Conviser attributed the southern women data to Homans.  Nowhere in 
their paper did they acknowledge DGG. 
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the total set of women.  In such an event, the women assigned to each subset would be 
relatively homogeneous with respect to which events they attended. 

They evaluated the utility of any proposed partitioning by calculating the 
information theoretic measure �.  � is an index of the degree to which the overall entropy 
of the total collectivity H is reduced by calculating the value Hi within each of the i 
designated subsets and summing the results (Garner and McGill, 1956).  � is large when 
all the women who are classed into each subset are similar with respect to their 
attendance patterns.  It is maximal only when the within-subset patterns are all identical.   

To employ this approach, then, it is necessary to partition the women in all 
possible ways, calculate � for each partitioning, and see which partitioning produces the 
largest value.   

There is, however, a major difficulty with this approach.  The number of possible 
partitionings grows at an exponential rate with an increase in the number of individuals 
examined.  The number grows so rapidly that the partitions cannot all be examined, even 
with as few as 18 women to be considered.   

So Phillips and Conviser worked out a way to simplify the problem.  Like 
Homans, they cited again the procedure suggested by Forsyth and Katz (1946).  That 
procedure rearranges the rows and columns in the data matrix in such a way that women 
who attended the same events and events that were attended by the same women are 
grouped together.  When this is done, only those women who are close together in the 
matrix are eligible to be in the same group.  That being the case, only those relatively few 
partitionings that include or exclude individuals in successive positions in the data matrix 
need to be considered. 

As I indicated above, the DGG data had already been arranged in the desired 
order by the original authors.  So, like Homans, Phillips and Conviser did not actually 
have to rearrange them.  They could proceed directly to partitioning.  They began by 
partitioning the women into two classes (1 versus 2 through 18, 1 and 2 versus 3 through 
18, 1 through 3 versus 4 through 18, etc.).  They reported that, of all these two-group 
partitions, the split of 1 through 11 versus 12 through 18 yielded the largest value of �.   

In checking their results, however, I discovered that their result was based on an 
error in calculation.  When I recalculated I discovered that the maximum value of � is 
actually achieved with the 1 through 9 versus 10 through 18 split.  This approach simply 
partitions; it cannot distinguish core or peripheral positions, nor can it permit 
overlapping. 

4.4 Breiger’s Matrix Algebraic Analysis (BGR74) 

 Breiger (1974) used matrix algebra to show that the original two-mode, woman by 
event, DGG data matrix could be used to generate a pair of matrices that are, 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


 9

mathematically, dual.  First, multiplying the original matrix by its transpose produces a 
woman by woman matrix in which each cell indicates the number of events co-attended 
by both the row and the column women.  Second, multiplying the transpose by the 
original matrix yields an event-by-event matrix where each cell is the number of women 
who attended both the row event and the column event.  The woman-by-woman matrix is 
shown in Figure 3.4  And its dual, the event-by-event matrix, is shown in Figure 4. 

 

Figure 3.  The One-Mode, Woman by Woman, Matrix Produced by Matrix 
Multiplication 

 

Figure 4.  The One-Mode, Event by Event, Matrix Produced by Matrix 
Multiplication 

                                           
 
4 Breiger renamed DGG’s “Myra.”  He listed her as “Myrna” in his tables and diagrams.  Breiger’s 
designation has been picked up in a number of later works—including the data set released as part of the 
UCINET program (Borgatti, Everett and Freeman, 1992).  
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After examining the woman by woman matrix Breiger’s conclusion was that “. . . 
everyone was connected to virtually everyone else.”  It was difficult, therefore, to separate 
the women into subgroups.  So, in order to do that he turned to the dual, event by event, 
matrix.  He reasoned that “. . . only those events that have zero overlap with at least one 
other event are likely to separate the women into socially meaningful subgroups.”  He 
found that events 6, 7, 8 and 9 were all linked to all of the other events; they contained no 
zero entries.  So he eliminated their columns from the original two-mode data matrix.  
When those four columns were eliminated, women 8 and 16 were not participants in any 
of the remaining events so they were dropped from the analysis. 

 The next step was to recalculate a new woman-by-woman matrix from the 
reduced woman by event matrix from which the four linking events and the two 
uninvolved women had been removed.  He then dichotomized the reduced data matrix 
and determined its clique5 structure.  The result was a clear separation of the women into 
three cliques, two of which overlapped.  Women 1 through 7 plus woman 9 formed one 
clique, women 10 through 15 formed another.  In addition, women 14, 15, 17 and 18 
formed a third.  Thus, the latter two groups overlapped; women 14 and 15 were members 
of both the second and the third cliques.  Breiger’s procedure, then, permits the 
generation of more than two groups and it allows groups to overlap.  But like the Phillips 
and Conviser approach, it cannot assign core or peripheral positions. 

4.5 Breiger, Boorman and Arabie’s Computational Analysis (BBA75) 

 Breiger, Boorman and Arabie (1975) reported on a new computational technique, 
CONCOR, designed for clustering binary relational data.  CONCOR partitions the 
points in a graph into exactly two similarity classes, or blocks.   Such blocks result when 
a data matrix can be permuted in such a way that some rectangular areas of the permuted 
matrix contain mostly ones, and other rectangular areas are predominately filled with 
zeros. 

CONCOR begins with a data matrix, for example, the DGG women by event 
data.  Then, using only the rows (women) or only the columns (events) CONCOR 
calculates either a row-by-row or column-by-column matrix of ordinary Pearsonian 
correlations.  Then the rows (or columns) in this correlation matrix are again correlated 
and this process is repeated, again and again, until all the correlations are uniformly either 
plus or minus one.  The convergence to correlations to plus or minus one seems always to 
occur.  And the result is partitioning of the original data into two relatively homogeneous 
groups. 

The application of CONCOR to the women (rows) of the DGG data set produced 
a partition.  Women 1 through 7 and 9 were assigned to one group and 10 through 18 
along with 8 were assigned to the other.  Like the information theoretic approach used by 
                                           
 
5 Here the term “clique” is used in the technical sense.  It is a maximal complete subset (Luce and Perry, 
1949). 
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Phillips and Conviser, CONCOR partitions the data.  That means that CONCOR’s 
results cannot assign core or peripheral positions nor can they display groups that overlap. 

4.6 Bonacich’s Boolean Algebraic Analysis (BCH78) 

 Bonacich (1978) focused on the same duality that Breiger had noted, but he used a 
different algebraic tool.  Instead of using Breiger’s matrix algebra, Bonacich drew on 
Boolean algebra to specify both homogeneous groups of women and homogenous groups 
of events.  

Bonacich began with the two-mode data set reported by DGG.  His aim was to 
find a procedure for simplifying the data in such a way that—as much as possible—all the 
unions (a or b), intersections (a and b) and complements (not a) contained in the original 
data are preserved.   Like Breiger, he drew on the duality between women and events.  He 
strategically selected a subset of events (3, 8 and 12) that permitted him to divide the 
women into two groups in terms of their attendance at those events.  The first group 
contains women 1, 2, 3, 4, 5 and 6 who were present at Event 3.  The second group 
contains women 10, 11, 12, 13 and 15 who attended Event 12.   Most of the women from 
both groups (all but woman 5 from the first group and woman 14 from the second group) 
also attended Event 8 along with four others.  So, because they avoided attending event 
8—that “bridged” between the two groups—Bonacich reasoned that they were “purer” 
representatives of their groups.  He therefore defined women 5 and 14 as occupants of the 
central, or core, positions in their respective groups.   

The approach used by Bonacich, then, divided the women into two groups and it 
also determined core and peripheral group members.  But, because it ignored all but three 
events, it eliminated one-third of the women (7, 8, 9, 16, 17 and 18) from the analysis.   

4.7 Doreian’s Analysis Based on Algebraic Topology (DOR79) 

Doreian (1979) drew on Atkin’s (1974) algebraic topology in order to specify 
subgroups and positions in the DGG data.  Atkin’s model defines each event as the 
collection of women who attended it. Dually, each woman is defined as the collection of 
events she attended.   

From the perspective of Atkin’s model, two women are assumed to be connected 
to the degree that they are linked through chains of co-attendance.  Women A, B and C 
form a chain at level 5 if a woman A co-attends 5 events with woman B and B attended 5 
events with C.  Then, even if A and C never attended any event together, all three are put 
together and their connection is assigned a level of 5.  Doreian used this procedure to 
uncover the patterning of connections among the DGG women.   

Women who form chains linked by co-attendance at 4 or more events, are divided 
into two groups.  One contains women 1, 2, 3, 4, 5, 6, 7 and 9.  The other includes 
women 10, 11, 12, 13, 14 and 15.  Moreover, by considering subsets of women who were 
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connected at higher levels, Doreian was able to specify degrees of co-attendance ranging 
from the core to the periphery according of each group.  His results place women 1 and 3 
in the core of the first group, followed by 2 and 4 at the next level and 5, 6, 7 and 9 at the 
third.  In the second group there were only two levels.  Women 12, 13 and 14 were core, 
and 10, 11 and 15 were placed at the second level.  

4.8 Bonacich’s Use of Singular Value Decomposition (BCH91) 

 Bonacich (1991) used a form of singular value decomposition (SVD) to uncover 
groups in the DGG data.  SVD is a tool from linear algebra.  It is closely related to 
principal components analysis.  Richards and Seary (1997) described the procedure: 

.�.�.�choose�a�set�of�axes�in�the�multidimensional�
space�occupied�by�the�data�and�rotate�them�so�that�
the�first�axis�points�in�the�direction�of�the�greatest�
variability�in�the�data;�the�second�one,�perpendicular�
to�the�first,�points�in�the�direction�of�greatest�
remaining�variability,�and�so�on.�This�set�of�axes�is�a�
coordinate�system�that�can�be�used�to�describe�the�
relative�positions�of�the�set�of�points�in�the�data.��
Most�of�the�variability�in�the�locations�of�points�will�be�
accounted�for�by�the�first�few�dimensions�of�this�
coordinate�system.���

SVD can be used to analyze either one-mode or two-mode data.  In this case, 
Bonacich applied it directly to the two-mode, women by events, data set.  And he 
proposed that the first of the new transformed axes reveals both overall group structure 
and individual positioning.  Individuals who displayed similar patterns of attendance at 
events are assigned similar scores on that axis.  Moreover, that first axis is bipolar—it 
assigns both positive and negative scores to individuals.  Bonacich indicated that women 
with positive values belong in one group and those with negative values in the other.  The 
magnitudes of individual scores—positive or negative—can be taken as indices of core 
versus peripheral group membership.  A large score associated with a woman indicates 
that she tended to present herself only at those events that were attended by other 
members of her own group and that she avoided events that were attended by members of 
the other group.   

One of Bonacich’s groups included women 1 through 9, and the other women 10 
through 18.  The order for the first group placed woman 5 in the core, followed by 4, 2, 1 
and 6 together, and 3, 7, 9, and 8 in that order.  In the second group, women 17 and 18 
were together at the core, followed by 12, 13 and 14 together, then 11, 15, 10, and 16 in 
that order. 
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4.9 Freeman’s Analysis Based on G-Transitivity (FRE92) 

 Freeman (1992) was the first to analyze the DGG data in a strictly one-mode 
form.  Like Breiger (1974) he used matrix multiplication to produce the woman-by-
woman matrix shown above in Figure 3.  The cells in that figure show the number of 
events co-attended by the row-woman and the column-woman.  The cells in the principal 
diagonal indicate the total number of events attended by each woman. 

Freeman’s analysis was based on an earlier suggestion by Granovetter (1973), 
hence the name, G-Transitivity.  Granovetter focused on the strengths of the social ties 
linking individuals.  He argued that, given three individuals A, B and C where both A and 
B and B and C are connected by strong social ties, then A and C should be at least weakly 
tied.  Freeman assumed that the frequency of co-attendance provided an index of tie 
strength.  He developed a computational model that works from the larger frequencies of 
co-attendance to the smaller.  It determines a critical level of co-attendance below which 
the data violate Granovetter’s condition.  At the level just below the critical one, there is 
at least one triple where an A and a B are tied at that level, B and some C are tied at that 
level, but A and C have no tie at all.  But at the critical level and all higher levels, the 
condition is met; so all ties that involve co-attendance at or above that critical level are, in 
Granovetter’s sense, strong. 

Applied to the DGG data this procedure divided fifteen of the eighteen women 
into two groups. The first contained women 1 through 7 and 9.  The second contained 
women 10 through 16.  Within each of those groups each woman was connected to every 
other woman on a path involving only strong ties.  But there were no strong ties linking 
women across the two groups.  Thus, this method could uncover groups in the DGG data 
set, but it could not distinguish between cores and peripheries.  Moreover, this procedure 
was unable to assign group membership to women 8, 17 and 18.     

4.10 Everett and Borgatti’s Analysis Based on Regular Coloring (E&B93) 

 In an earlier paper Everett and Borgatti (1991) had defined regular equivalence in 
terms of graph coloring.  Let the vertices of a graph represent social actors and the edges 
represent a symmetric relation linking pairs of actors.  The neighborhood of a vertex is 
the set of other vertices that are directly connected to that vertex.  Each vertex is assigned 
a color.  Then any subset of vertices can be characterized by its spectrum, the set of colors 
assigned to its members. 

 Assigning colors to vertices partitions the actors into equivalence sets.  And those 
equivalence sets are regular when all the vertices are colored in such a way that they are 
all embedded in neighborhoods with the same spectrum. 

 Everett and Borgatti (1993) used the concept of hypergraphs to generalize their 
regular coloring to two-mode data sets.  And Freeman and Duquenne (1993) restated that 
generalization in simpler terms, referring only to ordinary bipartite graphs.   
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This approach draws on the duality of two-mode data. Women are connected only 
to events and vice versa.  So the women are assigned colors from one spectrum and the 
events are assigned colors from another.  Women are regularly equivalent when they 
participate in events that are regularly equivalent.  Events are regularly equivalent when 
they have participants who are regularly equivalent.  To simplify their analysis, Everett 
and Borgatti dropped four women (8, 16, 17 and 18).  The remaining 14 women were 
partitioned into two regular equivalence classes, and, at the same time, the events were 
partitioned into three classes:  Any women who attended any of events 1 through 5 and 
also any of events 6 through 9 were assigned to one class.  Those women who attended 
any of events 6 through 9 and also any of 10 through 14 were assigned to the other class.  
The resulting partitioning of the fourteen women assigned women 1 through 7 along with 
9 to one group and women 10 through 15 to the other.  No assignments to core or 
peripheral positions were made.   

4.11 Two Groupings Resulting from Freeman’s Use of a Genetic Algorithm (FR193 
and FR293) 

 Freeman (1993) produced another one-mode analysis of the DGG data.  He began 
with the definition of group proposed by Homans (1950) and Sailer and Gaulin (1984).  
They defined a group as a collection of individuals all of whom interact more with other 
group members than with outsiders.   

 To explore this idea, Freeman used the same one-mode woman-by-woman matrix 
of frequencies that he had used in his earlier analysis of G-transitivity.  He assumed that 
the women who co-attended the same social events would almost certainly have 
interacted.  So he took this matrix as an index of interaction. 

To find groups, then, one might examine all the possible partitionings of these 18 
women and find any that meet the Homans-Sailer-Gaulin condition.  But, in the 
discussion of the approach used by Phillips and Conviser above, the impossibility of 
searching through all the partitionings was established.  Phillips and Conviser avoided the 
problem by limiting their search to only a small subset of the possible partitionings.  
Freeman (1993) took another approach.  He drew on a search optimization algorithm to 
enhance the probability of finding partitionings that yield groups. 

 Freeman search was based on Holland’s (1962) genetic algorithm.  This approach 
emulates an actual evolutionary process in which pseudo-organisms “adapt” to the 
demands of an environmental niche.  In this case, each pseudo-organism was associated 
with a particular partitioning of the 18 women.  The niche was defined in terms of the 
Homans-Sailer-Gaulin definition of group.  And the “fitness” of each grouping was 
evaluated in terms of the extent to which it approached that condition.   

The search for an optimum partitioning was enhanced by allowing those 
partitionings with the highest fitness to crossbreed.  In that way they produced another 
generation of “offspring” partitionings, each with some of the traits of their two parents.  
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And, to avoid getting the whole process locked into some less than optimal pattern, each 
partitioning in the new generation was subjected to a small chance of a mutation that 
would vary its structure. 

 The DGG data were entered into the genetic program and 500 runs were made.  
Two solutions that met the Homans-Sailer-Gaulin criterion were uncovered.  The first, 
that occurred 327 times, found the same optimum revealed in the corrected Phillips and 
Conviser analysis.  It grouped women 1 through 9 together and women 10 through 18 
together.  The second pattern occurred less frequently.  It turned up 173 times and 
assigned women 1 through 7 to one group and women 8 through 18 to the other.  These 
were the only partitions that displayed more interaction within groups than between 
groups.     

4.12 Two Solutions Provided by Freeman and White’s Galois Lattice Analysis 
(FW193 and FW293) 

 Freeman and White (1993) drew on another algebraic tool.  They used Galois 
lattices to uncover groups and positions in the DGG data.  Mathematically, a Galois 
lattice (Birkhoff, 1940) is a dual structure.  It displays the patterning of women in terms 
of the events that each attended.  And at the same time it shows the patterning of events 
in terms of which women attended each.   Moreover it shows the containment structure of 
both the women and the events.  A woman A “contains” another B if never attends an 
event where A is not present.  And an event X contains event Y if no woman is present at 
Y who is not also present at X.   

A Galois lattice, therefore, permits the specification of classes of events.  And it 
allows us to define subsets of actors in terms of those event classes.  Overall, it allows an 
investigator to uncover all the structure that was displayed in the earlier algebraic work by 
Breiger (1974) and Bonacich (1978), without the necessity of choosing arbitrary subsets 
of events in order to classify the women. 

 Freeman and White first reported the structure that was revealed by examining the 
overall lattice.  Those results assigned women 1 through 9 and 16 to one group and 
women 10 through 18 to the other.  Woman 16, then, was a member of both groups.  Core 
and peripheral positions were assigned according to the patterning of containment.  At the 
core of the first group were women 1, 2, 3 and 4.  Women 5, 6, 7, and 9 were in the 
middle.  And woman 16 was peripheral.   The core of the second group contained women 
13, 14 and 15.  Women 10, 11, 12, 17 and 18 were in the middle, and again woman 16 
was peripheral. 

Freeman and White’s second analysis was based on examining the two sub-
lattices of women that were generated by the partitioning of events in the overall lattice.  
Two sets of events, 1 through 5 and 10 through 14 shared no common actors.  So 
Freeman and White examined the sub-lattices generated by considering only these events.  
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This is exactly the event set that Breiger used in his matrix algebraic analysis described 
above.  And its overall results are similar to those produced by Breiger.   

This second analysis excluded women 8 and 16 who had not attended any of these 
ten events.  It produced two non-overlapping groups that contained the remaining sixteen 
women.  One group included women 1 through 7 along with 9.  And the other included 
women 10 through 15 along with 17 and 18.  Woman 1 was at the core of her group, 
followed by 2, 3 and 4 at the next level, then 5, then 6, and finally 7 and 9 together at the 
periphery.  Woman 14 was at the core of her group, followed by 12, 13 and 15 at the next 
level, 11, 17 and 18 next, and finally by woman 10 at the extreme periphery. 

4.13 Borgatti and Everett’s Three Analyses (BE197, BE297 and BE397) 

 As part of a broad examination of techniques for the analysis of two-mode data, 
Borgatti and Everett (1997) used three procedures for finding groups in the DGG data.  
They began by constructing a one-mode bipartite matrix of the DGG data.  A bipartite 
matrix represents a graph in which the nodes can be partitioned in such a way that all the 
ties in the graph connect nodes that fall in one partition with nodes that fall in the other; 
there are no within partition ties.  The bipartite matrix produced by Borgatti and Everett is 
shown in Figure 5.  The partition is between women and events.  All the ties go from 
women to events or from events to women.  There are neither woman-woman ties nor are 
there any event-event ties. 

 

Figure 5.  One-Mode Bipartite Representation of the DGG Data 
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 Borgatti and Everett defined an object on this matrix called an n-biclique.  Like an 
n-clique, an n-biclique is a maximal complete subgraph in which no pair of points is at a 
distance greater than n.  In this case, they were interested only in such bicliques where n 
= 2.  

Since women are connected to events, a 2-bicliques must include both women and 
events.  It could include a one-step connection from at least one woman to at least one 
event and another one-step connection from those events to at least one other woman.  Or 
it might include a one-step connection from at least one event to at least one woman and 
another one-step connection from those women to at least one other event.  Originally, 
Luce and Perry (1949) had required that a clique contain at least three objects.  Borgatti 
and Everett generalized that requirement and specified that their 2-bicliques must contain 
at least three women and at least three events.   

Of the 68 2-bicliques, only 22 contained 3 or more women and 3 or more events.  
Women 8, 16, 17 and 18 were not included in any of these bicliques.  Everett and 
Borgatti recorded the pattern of overlap among the 22 cliques and then used the average 
method of Johnson’s (1967) hierarchical clustering to define groups, cores and 
peripheries on the matrix of overlaps.  Their results reveal two groups.  One contains 
women 1 through 7 and 9.  The other contains women 10 through 15.  Women 3 and 4 
are the core of the first group.  They are followed by 2, 1, 7, 6, 9 and 5 in that order.  
Women 12 and 13 are the core of the second group.  They are followed in order by 11, 14 
10 and 15.   

 Borgatti and Everett used the same bipartite data in a second approach.  There 
they used a search algorithm to find the two-group partitioning that maximized the fit 
between the observed data and an idealized pattern.  In their idealized pattern all within-
group ties are present and no between-group ties are present.  An optimal partition is 
sought using Glover’s (1989) tabu search algorithm, and the fit of any partition is 
measured by correlation between that partition and the ideal.  The result was a simple 
partition of all the women and all the events.  The positions of individuals were not 
calculated.  The tabu search found that the best two-group partition for the women was 1 
through 9 and 10 through 18. 

 In their third analysis Borgatti and Everett used the regular two-mode DGG data.  
Here again they sought an optimal partitioning.  And again the criterion for an optimum 
was correlation between a particular partitioning and the ideal that contained solid blocks 
of zero ties between groups and one ties within groups.  Like Freeman (1993), Borgatti 
and Everett used a genetic algorithm to search for an optimum.  But, while Freeman’s 
search was made on the one mode woman by woman data, Borgatti and Everett searched 
the two mode, woman by event data.  The result of their application of the genetic 
algorithm assigned women 1 through 9 to one group and 10 through 18 to the other. 
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4.14 Skvoretz and Faust’s p* Model (S&F99) 

Skvoretz and Faust (1999) explored the ability of p*, a family of structural models 
proposed by Wasserman and Pattison (1996) to uncover the important structural 
properties of the DGG data.  Skvoretz and Faust developed several models in which 
various conditioning factors were used in the attempt to reproduce the patterning of the 
DGG data from a small number of parameters.  Their best fitting model embodied three 
key parameters, all concerned with bridging ties.  One parameter was based on the 
number of triads in which two actors were linked by an event.  The second was based on 
the number of triads in which two events were linked by an actor.  And the third took into 
account the distances between pairs of events as measured by the number of actors on the 
shortest path linking them.   

Together, these parameters did a good job of capturing the tendency of these 
women to attend those events that brought the same sets of individuals together, again 
and again.  These three factors, then, were included in a model that predicted the 
likelihood that each woman attended each event.  In effect, Skvoretz and Faust used the 
p* model to produce an idealized version of the DGG data, one that removed minor 
perturbations and—hopefully—captured the essence of the overall pattern of attendance.  
They produced, in effect, an “improved” version of the DGG data.   

In order to uncover the group structure in this idealized data set, I clustered the 
data produced by the model using Johnson’s (1967) complete link hierarchical clustering 
algorithm.  That algorithm produces an ordering among sets of women by linking first 
those who were assigned the closest ties according to the p* model, then proceeding to 
the next lower level and so on.  The results divide the women into two groups, and they 
assign core and peripheral positions in those groups.  One group included women 1 
through 9 and the other women 10 through 15 as well as 17 and 18.  Woman 16 was not 
included in either group.  The two positional orderings were: 1 and 3, 2, 4, 5, 6, 7, 9, 8 for 
the first group and 12 and 13, 14, 15, 11, 10, and finally 17 and 18 together at the extreme 
periphery for the second. 

4.15 Roberts’ Singular Value Decomposition of Dual Normalized Data (ROB00) 

Roberts (2000) calculated a “marginal free” (Goodman, 1996) two-mode analysis 
of the DGG data.  He pre-processed the data using the classical iterative proportional 
fitting algorithm (Deming and Stephan, 1940).  This produced a “pure pattern” 
(Mosteller, 1968) in which all differences in row and column marginals were eliminated.  
The two-mode data transformed to constant marginals are shown in Figure 6. 
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Figure 6.  DGG Data After Roberts’ Iterative Proportional Fitting   

 Roberts then subjected the transformed data to a singular value decomposition.  
The result is a procedure like correspondence analysis or principal components analysis, 
but one in which all of the marginal effects have been removed.  The groups produced 
linked women 1 through 9 and 10 through 18.  Women 1 and 12 are in the cores of the 
two groups.  Woman 1 is followed by 2, 3 and 4 who are tied at the next level.  They are 
followed by 5, 6, 7, 9, and 8 in that order.  Woman 12 is followed by 13, 14, 11, 15, 10 
and 16 in that order.  And finally women 17 and 18 are grouped together at the extreme 
periphery of the second group. 

4.16 Osbourn’s VERI Procedure for Partitioning (OSB00) 

Osbourn (1999) is a physicist who conducted experimental research on visual 
perception.  His experiment examined how individuals perceived collections of points 
presented on a two-dimensional plane and categorized them into clusters.  His empirical 
results suggested that individuals rescale a dumbbell-shaped area around each pair of 
points in the plane.  An individual clusters a pair of points together if and only if no other 
point falls in the dumbbell-shaped area between them.  That result was used to determine 
the threshold for grouping as a function of variations in the separation of pairs of points.  
That threshold was called the visual empirical region of influence (VERI).   

Osbourn generalized these results and they have been used to produce an all-
purpose clustering and pattern recognition algorithm.  The algorithm turns out to have 
important applications that deal with a wide range of complex phenomena.  The model 
has successfully been applied in a number of areas. Among them it has been applied to 
interpretation of inputs of odors reported by mechanical “noses,” and it has been used to 
interpret pictures of brain tissue produced by magnetic resonance imagery (MRI).   

The publications include general descriptions of the VERI procedure, but they do 
not specify the details.  So when, in the year 2000, I met Osbourn I asked him if I might 
try VERI on the one-mode woman-by-woman version of the DGG data.  Because my 
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data were not based on measured physical data, he concluded that it would be necessary 
to develop a special form of the algorithm.  He did exactly that and sent me a program 
that was specifically designed to tolerate data that were not scaled. 

I tried his adapted algorithm on the DGG data, but it was limited.  It could only do 
one partitioning—splitting the women into two groups at a point that, according to the 
VERI criterion, provided the most dramatic separation.  That partitioning assigned 
women 1 through 16 to one group and women 17 and 18 to the other. 

4.17  Newman’s Weighted Proximities (NEW01) 

In analyzing data on co-authorship, Newman (2001) constructed a weighted index 
of proximity for two-mode data.  He assigned each author of a publication a weight 
inversely proportional to the number of co-authors he or she had in that publication.  This 
weighting was based on the assumption that a large collection of co-authors might be less 
well connected to each other than a small collection. 

Newman had reported his general approach, but, like Osbourn, he had not spelled 
out the details of his weighting scheme.  But I had already noticed that the bridging events 
in the DGG data (E6 through E9) were larger than the other events, therefore such 
weighting had intuitive appeal for those data.  Therefore, I asked Newman to run his 
weighting algorithm on the DGG data, and he obliged.  The results were a transformation 
of the DGG data that took his differential weighting into account.   

As in the case of the Skvoretz and Faust result described above, I needed a way to 
convert the Newman data into groups and positions.  Just as I did above, I used the 
complete link form of Johnson’s (1967) hierarchical clustering to do that conversion.  The 
clustering algorithm divided the women into a group containing women 1 through 7 and 9 
and another with woman 8 along with women 10 through 18.  It placed women 1 and 2 at 
the core of their group.  They were followed, in order, by 3, 4, 6, 5, and 7 and 9 tied for 
the peripheral position.  The core of the other group contained 13 and 14.  They were 
followed by 12, 11, 15 and 10 in that order, then 17 and 18 were placed together and 
finally 8 and 16 were together at the extreme periphery.      

That completes the review of 21 analyses of the DGG data.  All of those 
analyses—either directly or indirectly—have specified groups among the women.  In 
addition, 11 of them have indicated women’s positions in the core or periphery.  The 
question for the next section, then, centers on an examination of what we can learn by 
considering all of these results together and conducting a meta-analysis. 

5. Meta-Analysis of the Results 

In Section 4, twenty-one analytic procedures produced two kinds of substantive 
results when they were applied to the DGG data.  In every case, groups were specified 
and individuals were assigned to those groups.  And eleven procedures went on to specify 
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various levels of core and peripheral positions and to assign individuals to those 
positions.  The next two sections will review and analyze these two kinds of results.  
Section 5.1 will deal with groups and Section 5.2 will examine positions. 

In each of these sections, meta-analysis will be used to try to answer the two 
questions posed in Section 1 above: (1) By considering all of the results together, can we 
come up with an informed description of the group structure revealed in the DGG data?  
And (2), can we distinguish between those analytic tools that were relatively effective and 
those that were less effective in producing that description? 

5.1 Finding Groups 

The classifications of women into groups by each of the 21 procedures described 
in Section 4 yields a 21 by 153 matrix.  The 21 rows represent the analytic procedures and 
the 153 columns represent the unordered pairs of women [(1,2), (1,3) . . . (17,18)].  But, 
since there is a good deal of agreement among the procedures and since no procedure 
generated more than two groups, we can simplify their presentation.  Figure 7 shows the 
whole pattern of assignment of women to groups. 

In Figure 7 the 18 columns represent the 18 women.  And the 21 rows refer to the 
21 analytic procedures.  A woman in each cell is designated by a “W.”   Groups are 
designated by colors.  All the red “Ws”�in a given row were assigned to the same group 
by the procedure designated in that row.   All the blue ones were assigned to a second 
group.  And in the fourth row there are green “W’s” that�were assigned to a third group. �
Any woman who was assigned to two groups by the procedure in question, received a 
pair of color codes.   

 

Figure 7.  Group Assignments by 21 Procedures 
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What we need here is a way to evaluate the pattern displayed in Figure 7.  
Batchelder and Romney (1986, 1988, 1989) developed a method called consensus 
analysis that will do just that.  Consensus analysis was originally designed to analyze data 
in which a collection of subjects answered a series of questions.  It is based on three 
assumptions:  (1) there is a “true” (but not necessarily known) answer to each question, 
(2) the answers provided are independent from question to question and (3) all the 
questions are equally difficult.  Given these assumptions, consensus analysis uses the 
patterning of agreements among subjects to estimate both the “true” answer to each 
question and the “competence” of each subject.  “True” answers are determined by the 
overall consensus of all the subjects.  And the “competence” of a given subject is a 
function of the degree to which that subject provides answers that are close to the 
consensual answers.   

For each pair of women, each analytic tool was, in effect, asked a kind of 
true/false question: does this pair of women belong together in the same group?  And 
each analytic tool answered that question—yes or no—for each of the 153 pairs of 
women. 

Thus, consensus analysis can be used to address both questions of interest in the 
current context.  It can determine the “true” answers and it can determine the 
“competence” of each procedure.  It uses an iterative maximum likelihood procedure to 
estimate the “true” answers.  For these data, the answer sheet is shown in Figure 8.  
There, a woman are in a row is classified as a member of the same group as a woman in a 
column if there is a 1 in their cell.  The bold entries show complete agreement among the 
21 procedures.  All in all, there are 25 pairs of women where all 21 analytic procedures 
agreed that they should be placed together.  But even in those cases where there was less 
than total agreement, the probability of misclassification approached zero very closely.  
The very worst case was the estimate that woman 8 and woman 9 belonged together; in 
that case the maximum likelihood probability of error was .0008.  According to this 
figure, then, the consensus of the analytic procedures is to assign women 1 through 9 to 
one group and women 10 through 18 to the other.   
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Figure 8.  The Groupings Estimated by Consensus Analysis 

Estimates of the “competence” of the 21 analytic procedures are obtained using 
factor analysis.  First, the number of matches in the answers to the 153 questions is 
calculated for each pair of procedures.  Then the covariance in those answers is calculated 
for each pair.  And finally, loadings on the first principal axis are determined using 
singular value decomposition.   

 

The first axis of each—matches and covariance—provides an index of 
competence.  These two indices are useful in estimating the competence of procedures 
only if they are in substantial agreement.  In this case the correlation between the axis 
based on matches and that based on covariances was .967.  This suggests that the 
patterning of agreements is robust and that the results are not simply an artifact of the 
computational procedures.  

 

The estimates of competence based on matches are shown in Figure 9.  These are 
probably overestimates because of the large number of zeros in the data matrix.  
Nonetheless, because of their high correlation with covariances, they can be taken as 
monotonically linked to the success of each procedure in approximating the consensus 
classifications shown in Figure 9.  
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Figure 9.  The “Competence” Scores of the 21Analytic Procedures  

Figure 9 shows variation in the degree to which the various methods produce 
group assignments that meet this new criterion.  Method 20, Osbourn’s VERI algorithm 
is dramatically poorer than any of the others.  And at the opposite extreme, six of the 
methods, 3 (Phillips and Conviser’s information theory), 8 (Bonacich’s correspondence 
analysis), 15 (Borgatti and Everett’s taboo algorithm), 11 (Freeman’s first genetic 
algorithm solution), 16 (Borgatti and Everett’s tabu search), 16 (Borgatti and Everett’s 
genetic algorithm) and 19 (Roberts’ correspondence analysis) are tied for the best 
performance.  They are followed very closely by two additional methods, 18 (Skvoretz 
and Faust’s p* analysis) and 14 (Freeman and White’s Galois sub-lattice).  All in all, 
then, we have eight methods that perform very well.  They all assigned individuals to 
groups in a way that is in substantial agreement with the assignments uncovered by 
consensus analysis. 

One area in which the analytic devices displayed no consensus at all has to do 
with overlap in-group memberships.  Only four of the methods reviewed displayed 
overlapping groups.  DGG and Homans both relied on intuition, so they could easily 
specify women who bridged between the groups they reported.  DGG proposed that 
woman 9 was a member of their two groups: women 1 through 9 and 9 through 18.  
Homans saw woman 8 as a bridge between a group that included women 1 through 8 and 
one containing women 8, 11, 12, 13, 14, 15, 17 and 18.  Breiger’s analysis was based in 
part on cliques.  Thus, it could, and did allow overlaps.  His method suggested that there 
were three groups, two of which overlapped.  One group involved women 1 through 9, a 
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second involved women 10 through 15.  And his third group included women 14 and 15 
again, along with 17 and 18.  Finally, the lattice analysis also allowed overlaps.  Freeman 
and White found that, in lattice terms, woman 16 bridged between their two groups 
(women 1 through 9 plus 16 in the first, and women 10 through 18 in the second). 

Clearly, there is nothing resembling a consensus in these reports of overlap.  In 
fact, the closest thing there is to agreement can be found in the reports by DGG and 
Homans on one hand and the two solutions by Freeman using the genetic algorithm 
(FR193 and FR293).  The two Freeman solutions agreed that women 1 through 7 were a 
group, as were women 10 through 18.  Women 8 and 9 were assigned to the first group by 
one solution and to the second group by the other.  One possible interpretation of these 
results is that women 8 and 9 were both bridges between groups.  This suggests that the 
lattice analysis supports both the DGG designation of woman 9 and the Homans 
designation of woman 8 as bridges.  But beyond that, little can be generalized about these 
results.  When it came to dealing with group overlap, these analyses certainly did not 
agree.   

5.2 Specifying Positions: Core and Periphery 

Next we turn to the question of the assignment of individuals to core and 
peripheral positions.  In this case we are limited because only 11 of the analytic 
procedures produced such assignments.  The designation of core and peripheral positions 
by those 11 procedures is shown in Figure 10.  In each procedure, core and peripheral 
orders were assigned within each group.  The first groups are shown on the left and the 
second groups on the right.  Within each group, core/peripheral positions are shown left 
to right.  The vertical lines show the divisions specified by the procedure.  In the case of 
DGG41, for example, women 1, 2, 3 and 4 were at the core.  They were followed by 5, 6 
and 7.  And finally, 8 and 9 were farthest from the core. 

 

Figure 10.  Core/Periphery Assignments by the 11Analytic Procedures  
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In dealing with groups, consensus analysis was used to determine the “true” 
assignment of women to groups.  That grouping drew upon the information provided by 
all the analytic devices considered simultaneously.  In dealing with core and peripheral 
positions, it would be useful to be able to establish a similar criterion for the “true” 
positions in which to place individuals.  But, unfortunately, consensus analysis could not 
be used here.  The analytic devices displayed too much variability in assigning core and 
peripheral positions.  Moreover, with only 11 analytic tools making assignments, there 
were fewer data points from which to generate reliable estimates.   

As an alternative, I used two analytic tools.  One is canonical analysis of 
asymmetry (Gower 1977; Freeman, 1997) and the other is dynamic paired-comparison 
scaling (Batchelder and Bershad, 1979; Batchelder, Bershad and Simpson, 1992; 
Jameson, Appleby and Freeman, 1999).   

These two tools offer alternative ways of establishing the “true” or “best” ordering 
of individuals given something less than complete agreement among the eleven methods.  
The problem is simplified somewhat by partitioning the original 18 by 18 matrix.  The 
“answer sheet” in Figure 8 above defined women 1 through 9 as one group and 10 
through 18 as another.   The assignments to core and peripheral positions reflect this 
division.  All in all the eleven methods compared 537 ordered pairs of women in terms of 
which woman was nearer the core.  Of these, 533 comparisons involved women from the 
same group; only four compared women from different groups.    Therefore, since the 
overall pattern reflects the presence of the same groups that were specified above, I 
analyzed core/periphery positioning separately for each of those two groups.  The 
core/periphery matrix for the first group is shown in Figure 11.  That for the second is 
shown in Figure 12. 

 

Figure 11.  Matrix of Frequencies of Assignment to a “Closer to the Core” Position 
by 11 Analytic Procedures for the First Group of Nine 
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Figure 12.  Matrix of Frequencies of Assignment to a “Closer to the Core” Position 
by 11 Analytic Procedures for the Second Group of Nine 

These two data sets were first subjected to canonical analysis of asymmetry.  As it 
is used here, the canonical analysis is based on an on/off—all or none—model.  Each cell 
Xij in the data matrix is compared with its counterpart Xji.  Whichever is the larger of the 
two is set equal to ½ and the smaller is set equal to -½.  If the two are equal, both are set 
to 0.  Thus, either woman i is closer to the core than woman j, woman j is closer than i, or 
neither is closer.   

The resulting matrix is called skew-symmetric.  A skew-symmetric matrix displays 
an important property when it is analyzed using singular value decomposition.  If a linear 
order is present, the first two axes of the output form a perfect arc around the origin.  The 
arc arranges the points from the one at the extreme core to the one at the most extreme 
periphery.   

The results for the data of Figures 11 and 12 both formed perfect arcs.  They 
ordered the women in each of the two groups as shown in the third column of Figure 13.  
Those results show that the canonical all or none approach produces clear results.  
Women 5 and 6 fall at the same level, as do women 17 and 18.  Other than these two 
positional ties, the canonical analysis displays a linear order for each of the two groups.  It 
places woman 1 in the first group and woman 13 in the second in the extreme core 
positions.  And it places women 8 and 16 in the extreme peripheries of their respective 
groups. 

The other procedure, paired-comparison scaling, is not based on an all or none 
model.  Instead, it provides real valued dominance scores that are sensitive to the 
proportion of judgments in which each woman is assigned a position nearer the core than 
each of the others.  This approach is based on Thurstone’s (1927) method of paired 
comparisons.  Again we begin by comparing each cell Xij in the data matrix with its 
counterpart Xji.  Only this time we do not convert the numbers to dichotomous values.  
Instead, we convert them to probabilities: 
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Pij=Xij/(Xij+Xji). 

These probabilities, then, are used to determine the core/periphery order. 

Normal distribution assumptions are used to assign an initial level to each woman.  
Her initial level is determined by the number of others with whom she was compared, and 
the number of those comparisons in which she was determined to be nearer the core.  
These initial levels are then used in a recursive equation to assign each woman a final    

 

Figure 13.  The Core-Periphery Rankings Assigned to Each Group of Women by the 
Two Scaling Procedures  

level in the hierarchy.  These final levels depend on the same two factors listed above.  
And, in addition, they depend on the number of comparisons in which a given woman 
was judged farther from the core and the average level of all those with whom she was 
compared 

These calculations are repeated, again and again, each time adjusting for the 
changed values of the average levels of others.  Finally, they converge and further 
computations are unnecessary.  The final result is a scaling.  Each woman is assigned a 
numerical score that represents her position in the continuum from core to periphery.  The 
rank orders produced by this scaling are shown in the fourth column in Figure 13. 

These two calculations involve approaches that are quite different.  So it is 
heartening to discover that they order the women almost identically.  The only difference 
is found in the first group.  The canonical analysis shows a tie between woman 5 and 
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woman 6, but the paired-comparison analysis places woman 5 closer to the core than 
woman 6.   

To evaluate the effectiveness of each of the 11 orders provided by the analytic 
procedures, I used gamma.  Gamma provides an order-based measure of agreement.  I 
compared each of the orders suggested by the procedures with the idealized orders 
provided by canonical analysis and paired-comparison analysis.   

Because the two idealized orders are so similar, their gammas with the orders 
produced by the analytic procedures were, of course, nearly identical.  The results for 
both the canonical and the paired-comparison standards are shown in Figure 14.   

For both model-based standards, Homans’ order produced the highest gamma.  
One must be careful, however, in looking at these values because different gamma 
calculations may be built on vastly different numbers of observations.  In this case, the 
value of 1.0 associated with Homans’ work was based on only 17 comparisons in the 
order of the women.  In contrast the values associated with the two analyses by Newman 
were based on 58 and 59 comparisons respectively.  Because Homans’ report contained 
relatively less information about who was in the core and who was peripheral, it 
generated fewer predictions about positions.  The predictions it did make happened to 
agree with the positional information produced by both criteria.  But the Newman 
analyses both produced large numbers of predictions, and they were still mostly in 
agreement with those produced by the criteria.    

Beyond Newman, the orders produced by Davis, Gardner and Gardner 
themselves, by Doreian, by Freeman and White in their first analysis, and by Skvoretz 
and Faust are consistently in agreement with the criteria.  Their gammas are all above .9 
and they are all based on at least 43 comparisons.  At the opposite extreme, both 
Bonacich analyses and the Borgatti and Everett bi-clique analysis do not agree very well 
with the criteria.   

 

Figure 14.  Gammas Showing the Degree to which 11 Analyses Agreed with the Two 
Standards in Assigning Individuals to Core and Peripheral Positions 
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So again, we have been able to uncover something close to a consensus—this time 
with respect to core and peripheral positions.  And we have again been able to find out 
something about the extent to which each of the analytic procedures approaches that 
consensus.   

6. Summary and Discussion 

6.1 Assignment to Groups 

Each of the 21 analyses reported here assigned the DGG women to groups.  
Consensus analysis determined the agreement among the assignments.  It turned out that 
there was a strong core of agreement among most of the analytic devices.  The agreement 
was substantial enough to allow the model to be used specify a partition of the women 
into groups—one that captured the consensus of all the analyses.  At the same time, the 
consensus analysis was also able to provide ratings of the “competence” of each of the 
analytic procedures.   

The consensual assignment of women to groups and the “competence” ratings 
of the analytic methods were reported above.  The “competence” scores were reflected in 
the first axis of an singular value decomposition of the matches generated by the methods 
in assigning pairs of women to the same or to different groups.  In that earlier 
examination I reported only the first axis.  But here, it is instructive to examine the 
second and third axes.  They are shown in Figure 15. 

 

Figure 15.  Axes 2 and 3 Produced by the Singular Value Decomposition of the 
Matches in the Assignments of Women 
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The arrangement of points representing the analytic methods in Figure 15 tells a 
good deal about both the partitioning of women to groups and the competence of the 
methods.   The consensus put women 1 through 9 in the first group and women 10 
through 18 in the second.  In Figure 15, the basis for determining why this was the “best” 
partition becomes apparent.  That partition was specified exactly by six of the analytic 
procedures: P&C72 (The corrected version of Phillips and Conviser’s information 
theoretic algorithm), BCH91 (Bonacich’s correspondence analysis), FR193 (Freeman’s 
first genetic algorithm solution), BE297 (Borgatti and Everett’s taboo search), BE397 
(Borgatti and Everett’s genetic algorithm) and ROB00 (Roberts’ correspondence analysis 
of normalized data).  These analyses are all placed at a single point at the upper right of 
the figure.   

Other analyses that produced results that were quite close to that ideal pattern 
are clustered closely around that point.  For example, BBA75 and NEW01 produced the 
same pattern with only one exception.  They both assigned woman 8 to the second group.  
FR292 assigned both women 8 and 9 to the second group.  DGG41 put woman 9 in both 
groups.  And FW193 put woman 16 in both.  Finally, S&F99 deviated only by failing to 
include woman 16 in either group.  Thus, in addition to the six “perfect” partitionings, six 
additional procedures came very close to the ideal and are clustered in the region 
surrounding these “perfect” solutions.  This clustering is the key.  It shows a clear 
consensus around the 1-9, 10-18 division.  This consensus is really remarkable in view of 
the immense differences among the analytic procedures used. 

Figure 16 re-labels all the points such that their departure from the “perfect” 
partitioning is displayed.  Note that the 1-9, 10-18 partition is labeled “PERFECT.”  
Note also that departures from that ideal are generally placed farther from the PERFECT 
point as the degree of their departure grows.  They are, moreover, segregated in terms of 
the kinds of departure they embody.  All the points that fall on the left of the vertical axis 
involve methods that failed to assign two or more of the women to groups.  Overall, those 
points are arranged in such a way that those falling further to the left are those that are 
missing more women.  Immediately to the right of the vertical, are the methods that 
located women in the “wrong” group.  And their height indicates the number of women 
classified in “error.”  All the way to the right are the methods that assigned women to 
both groups.  And, to the degree that they assigned more women in that way, they are 
farther to the right.  Finally, it should be noted that there are two analyses that assigned 
women to multiple groups on the left.  But it is clear from their placement that this 
analysis was more responsive to their inability to place women in groups than it was to 
their dual assignments. 
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Figure 16.  Axes 2 and 3 of the Matches Labeled by Structural Form 

Overall, then, it is clear that there was a consensus about assigning women to 
groups.  Six methods agreed, and most of the others departed relatively little from that 
agreed-upon pattern.   

6.2 Positions in Groups 

In assigning positions to individuals, I used two, quite different, scaling 
techniques.  One was based on a dominance model.  For each pair of women A and B, the 
model placed A closer to the core than B, if and only if more procedures placed A closer 
to the core than B.  The other was probability-based.  It placed A closer to the core than B 
with some probability based on the proportion of procedures that placed A closer to the 
core than B. 

Despite their differences, the results of these two methods turned out to be 
almost identical.  They were similar enough that either could be taken as providing 
something very close to an optimum assignment of individuals to positions.  The 
effectiveness of each of the analytic procedures was evaluated by their monotone 
correlations with these optima.  The results were very similar; the correlation between the 
gammas produced by the dominance model and those produced by the probability model 
was .983.  So, even with without consensus among the procedures, I was able to find the 
agreed-upon order—core to periphery—and to evaluate the ability of each method to 
uncover that order.     

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


 33

6.3 A Final Word 

As a whole I believe that this meta-analysis has been productive.  As far as 
assigning women to groups was concerned, the results were dramatic.  When it came to 
assigning women to positions, the results were less dramatic, but still fairly convincing.  
We end, then, with four strong results:  (1) We have a consensual partitioning of women 
into groups.  (2) We have a consensual assignment of women into core and peripheral 
positions.  (3) We have a rating of the methods in terms of their competence in assigning 
women to groups.  And (4) we have a rating of the methods in terms of their ordinal 
correlations with the standard positional assignments.  

I would like to wind up with two additional comparisons of the analytic 
procedures examined here.  These final comparisons will be restricted to the published 
analyses of the DGG data; they will not include the unpublished analyses involving my 
use of Osbourn’s VERI or the analysis Newman ran at my request.   

The first comparison is based on time.  Figure 17 shows the average competence 
ratings of procedures published at various points of time.  The data in Figure 17 show an 
interesting secular trend.  There has been a slow but consistent trend toward increasing 
competence through time.   Thus, the overall tendency in published reports using the 
DGG data is clearly in the direction of greater competence. 

In addition, it is possible to make some generalizations about the adequacy of the 
various kinds of analytic procedures that have been used to find groups and positions 
using the DGG data.  Six procedures (BGR74, BCH78, DOR79, E&B93, FW193 and 
FW293) all took essentially algebraic approaches.  Five (P&C72, FR193, FR293, BE197 
and BE297) used various algorithms to search for an optimal partition.  Three analyses 
(BBA75, BCH91 and ROB00) employed various versions of singular value 
decomposition.  Two (DGG41 and HOM50) were based simply on the authors’ 
intuititions.  And three developed unique approaches.  One (FRE92) looked at a kind of 
transitivity.  A second (BE197) dealt with overlapping bicliques.  And the third (S&F99) 
developed a statistical model. 
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Figure 17.  Competences of the Procedures Over Time 

All in all, then, we have used seven distinct classes of procedures in analyzing the 
DGG data.  Figure 18 shows the relative success of each class in terms of its average 
competence. 

 

Figure 18.  Average Competences of the Various Classes of Procedures 

A number of features of Figure 17 are worth noting.  First, the statistical model of 
the DGG data developed by Skvoretz and Faust was the winner.  It won despite the fact 
that, unlike most of the other procedures, it was not explicitly designed to uncover 
groups.  Group structure emerged as a sort of bi-product of a broader structural analysis. 
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The statistical model is not, however, the undisputed champion.  It is followed so 
closely by the three singular value decomposition analyses, that it has to share the crown 
with them.  And the five partitioning programs are right up there near the top.   

There seems to be a step between all those procedures and the next three.  Clearly 
transitivity, bicliques and the algebra-based approaches did not do as well.  And, finally, 
the intuitive judgments fall at the bottom.   In part that position is due to the vagaries of 
Homans’ report, but DGG themselves did very little better.  This result is particularly 
interesting given the fact that Davis, Gardner and Gardner’s interpretation of their own 
data is often taken as privileged.  The assumption has been that because they had a huge 
amount of ethnographic experience in the community, DGG had an edge—they somehow 
knew the “true” group structure.  But, particularly in the light of the present results, there 
is no compelling reason to award DGG any special exalted status vis-à-vis their ability to 
assign individuals to groups.  Indeed, their very intimacy with these 18 women might 
have led to various kinds of biased judgments.   
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Autonomy vs. Equivalence Within Market Network Structure? 
 

Harrison White --Notes,  November 2002 
 

Results from three authors—Burt, Podolny, and White— 
will be melded, yielding surprising answers to this title question. 

 
 

PART I.  SETUP 
 
Structural Holes proposes formulae for direct and indirect constraints, and back-constraints, upon 
dickering of ego with all alters in ego's observed network.  With dollar volume of transaction as tie 
strength, Ron Burt adapts these principled formulae for log regression fitting across the 500 or so four-
digit SIC markets in the 1970s American economy.  The constraints are gathered into an overall measure of 
structural autonomy—Straut—and entrepreneurial success is measured by net income to ego market.  His 
Figure 2.8 illustrates the worst, nightmare context for ego. 
 
Podolny theorizes the conditions in which single producers (in a finance market) will seek status in this 
market of theirs versus when instead they will dicker à la Burt—around their alters' anxiety of being 
constrained versus ego's uncertainty in choosing a right offer.  Figure P is his 2x2. 
 
Markets from Networks predicts emergence of a ranked set of producers as a market to subdue their 
Knightian uncertainty of sales downstream, when their cost schedules stack in the same order as buyers' 
valuations of their qualities.  The producers must offer equally good tradeoffs of their quality status versus 
the volume committed to, and then each can find a unique optimum niche along the observed schedule of 
producer revenue by volume across that market.   
 

So I cannot apply Burt's formulas for Straut, since I fold into a cost schedule all the charges for 
procurements from diverse markets upstream to the volume y delivered across all buyers 
downstream by a producer, in return for revenues, call them worth W(y).  Whereas Burt aggregated 
the producers as a market, even though he can keep the flows from markets upstream separate from 
flows to markets downstream. 

 
On the other hand I predict, I don't assume as given, the sizes of the ties to ego once these are 
aggregated into total inflow and outflow to that producer.  And I predict, not just observe, the 
profitability to each producer. 

 
Both my predictions draw simultaneously on measures from upstream, from 
downstream, and from the producer set in between, not just from buyer and seller as 
two “sides.” 

 
In Structural Holes, Burt (his Chapter 6) applies an approximate, aggregate version of this 
White model, alongside his Straut measures, to the industry data and concludes that they fit 
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together, partially.  I offered a very crude version of Burt's entrepreneur (my Chapter 5), 
with the same conclusion.   
 
But the phenomenologies remain unreconciled:  the joining is ad hoc.  Podolny provides the 
insight to meld them:  That is the goal of this paper. 
 

PART II.  COMBINING INSIGHTS 
 
Podolny like Burt deals with just two sides and invokes complementary uncertainties of 
egos and alters. 
 
Crucial groundwork comes from the earlier Burt book (1983), where he still troubles to 
keep procurement ties and sales ties distinct instead of symmetrizing the ties as he does in 
Structural Holes.  From his fittings there (Table 2.5) to the national data: 
 
(1) The contribution to Straut from market procurement ties with upstream is much less so 
that Podolny's looking only at alters downstream is a reasonable fit. 
 
(2) The backlash, against ego Straut, from alters exploiting weak binding among the firms 
within ego market is as substantial as the exploiting of structural holes downstream by ego 
market.  So this market is shown to be a distinct operative level of actor—albeit 
untheorized, merely ad hoc insertion, in Burt. 
 
This justifies calling on Podolny's framing, Figure P. 
 
Markets from Networks lays out varieties of market not as a 2x2 table but as a two-
dimensional MAP:  see the diagram, where the vertical axis parameter, call it v, scales 
valuation of volume y by downstream over against valuation of y by ego as cost from 
upstream for volume produced.  The horizontal axis parameter, call it u, analogously is 
ratio of valuation downstream of distinctive quality of product versus cost upstream required 
for that level of quality. 
 

The market mechanism runs off a profile of worth W by volume y committed to as 
choice set by producers.  Feedback from observations by producers and others is the fuel.  
The mechanism is sited with appropriately simple descriptions of cost and attraction schedules.  
Producers engage in a self-consistent search for optimal niche on a viable schedule. 

 
Predictions of robustness of the profile vary with location in MAP, as do the volumes and 
profitabilities predicted across any particular set of qualities for producers. 

 
(1) The outcome profile, being an equilibrating between competing variabilities, each local, 

necessarily is path dependent, which fits well with the Burt vision of dickering a la Straut.  The 
path index, k, is a single number, which may be plus or minus. 
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(2) Only for one median path, indexed by k = 0, can closed formulae replace messy numerical 
algorithms, guiding qualitative exploration. 

 
(3)  In this special case k = 0, each producer has the same profitability percentage (though not 
revenue), which also makes for easy comparison with Burt's treatment only of aggregate markets. 

 
Four regions of MAP are demarcated by the line at v = 1 together with the diagonal for v = u.  So just these 
two parameters, v and u, tell much about outcomes even without knowing the producers particular locations 
on quality, effected through different investments for facilities.  Descriptors for the general sort of market 
found in each region are entered in MAP. 
 
Now we can apply to Podolny for guidance. 
Alter uncertainty—that is downstream uneasiness about their deal-making, is surely going to increase with 
the extent of their being more eager for given quality than producers are to supply it at that volume.  Thus 
the diagonal should be the split line with alter uncertainty high on the lower diagonal region.  So Podolny 
would have (Hypothesis 1) a rank based market form such as W(y) activated down and right from the 
diagonal. 
 
Ego uncertainty—that is producers' concerns about how best to handle their business—surely will be 
exacerbated when v is greater than unity which means that downstream eagerness for volume is not 
conveniently kept in check by cost-based reluctance of producers.  So Podolny would have (Hypothesis 2) 
ad hoc Burt maneuvering take over markets in contexts in the region above the horizontal line v = 1. 
 
Presto, we replicate the topology of Poldolny's insightful 2x2, but with changed 
interpretation of cells:  see the second MAP.   
 

The Low-Low cell Podolny has as pure competition, say wheat markets without 
much structuring by either rank or maneuver.  But the W(y) feedback rank model 
has it as the basic ordinary sort of production market—and yet exposed also, for 
path indexed b negative value of k, to dissolution into chaotic maneuver a la Burt. 

 
The lower right cell, High-Low, Podolny argues is premier context for rank market, 
such as his house roofing. But White locates regional road haulage as prototype 
there and shows a contradiction between context, which indeed favors rank market, 
and feedback mechanism, which is prey to cheating by low-quality aspirants for 
producer slots and thus induces some Burt dickering. 

 
The upper left cell, Low-High, Podolny has as premier context for Burt maneuver. 
The W(y) feedback model agrees, but with the proviso that for a limited class of 
paths, a rank market can establish itself, disciplining producers. 

 
These insights can refine results from Burt, too.  Note the huge scatter in Burt's graphs 
of market outcomes versus Straut. 
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According to Burt's results, constraint on alters is heavily increased by perceived 
extent of joint action by the producer set that they confront—Burt uses the 
conventional Four Leading Firms' share of market as measure. 

 
And Markets from Networks derives how such concentration (using the more general 
Gini index) will vary with location in MAP.  It is opposite in the bottom half from 
the top half!:  the sort of result one can expect from non-linear feedback. 

 
More basic still, Burt has the profitability of ego and its four-firm concentration 
going up together.  Whereas the W(y) model says they vary oppositely, though with 
opposite polarity for v>1 and v<1.  

 
I suggest that if markets that do go primarily with W(y) are separated from those that are 
“catch as catch can” entrepreneurial, the scatter in Burt's results will lessen because these 
opposite predictions are segregated out of overall results. 
 

PART III.  A THIRD DIMENSION 
 
However, the deepest results concern the remaining cell:   

 
The High-High upper right box maps into the upper right triangle labeled 
CROWDED:  This is in W(y) terms a viable stable market, and yet also a super-
market in outcomes, rather than the unstable market intuited by Podolny with High-
Risk Debt as example. Podolny's two hypotheses clash for this cell, whereas the W(y) 
feedback model shows that the two tendencies can reinforce—but only in terms of a 
further, third dimension to MAP not mentioned earlier. 
 

This third dimension both explicates the CROWDED triangle of MAP and thus the 
High-High cell for Podolny. And at the same time it rescues a contribution of Burt's 
from his own discard pile. 
 
The third dimension, labeled x, measures aggregate impacts on valuations by buyers 
downstream of the ego market from their awareness of other markets lying cross-stream.  
Both the markets upstream from a given market and the markets downstream are reflected 
in the MAP dimensions u and v. There are, besides, maybe hundreds of markets with no 
discernible influence, direct or indirect, on the given one.  But there usually are a number of 
others which are to some extent structurally equivalent to the given one:  that is have a 
somewhat similar pattern of what producers and/or markets they buy from and sell to—call 
them “cross-stream.” 
 

Cross-stream markets are a weakened form of the structural equivalence exhibited by 
the set of producer firms being ranked by quality within the given market. 

 
So it makes sense to call x a measure of generalized substitutability. 
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Now comes my claim:  This x substitutability has impact upon W(y) market size 
analogous to the impact of secondary structural holes upon Straut in Burt's theory of 
markets.   
 

Burt is ingenious and persistent in formulating this leveraging upon dickering through 
intermediary ties:  see Figure 2.8 and associated formulae. Yet Burt largely discards 
such impacts on several grounds: 
 
It is hard to trace networks completely enough to permit measurement, except for 
government generated censuses of ties: in the chapters where Burt treats individual 
managers rather than markets of firms, Burt could not come up with any of the needed data. 
 
It is not clear conceptually how to model impact of secondary structural holes upon his 
dependent variable of profitability. 

 
So prediction from W(y) of the impact of substitutability x upon market size can suggest how 
much Burt is missing by discarding secondary holes. 
 
After all, the really extraordinary outcome is that W(y) markets can ever be stable in the High-
High cell, the CROWDED triangle in MAP.  The prediction is that markets in this region are 
stabilized only through an appreciable degree of substitutability x induced by cross-stream 
markets. 
 

In other words, my challenge to Podolnys' characterization of High-High context comes only 
through effects of cross-stream markets, analogous to Burt's second-order structural holes.  
Once again this shows how a feedback model can deepen and enrich insights. 

 
Substitutability is being included in only a crude and approximate way, as seen by use of just 
one parameter as sufficient descriptor.  The benefit is that explicit prediction formulae can be 
derived.  This is a complex and multi-stage procedure, which is laid out fully in my ISERP 
Working Paper 02-02, available on the Web from the Columbia site. 

 
There are two final surprising predictions. 
 

(1) For most of the contexts laid out as points in the parameter space MAP, as the 
substitutability x from cross-stream markets grows, the aggregate size of the W(y) 
market (assuming it is reachable by a viable path and so can exist) actually 
increases!!   

 
But the quantitative impact generally is slight, which is conformable with Burt's discard. 

 
(2) There is however an exception for much of the High-High cell, that is, for CROWDED 
markets.  Figure 8 from my Working Paper 02-92 shows the two possible curves for aggregate 
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market size (sum of revenues across producers) versus substitutability x.  The upper, exceptional curve 
applies within MAP in and only in a central cone within High-High, CROWDED region.  In this cone 
the aggregate market size decreases as substitutability increases, just as one might intuit from the 
siphoning away by the cross-stream markets.  But surprise #1 above shows that the intuition is not 
generally reliable for such complex feedback situations. 
 
Putting all this together, the larger surprise is that the most distinctive, profitable and 
possibly common market—especially, as it turns out, for new product markets—is 
sustainable only through the hidden support of cross-stream markets, Burt's second 
order holes.  That is, the CROWDED markets (analyzed at length in Chapters 6 and 7 
of White, 1992) exist by sufferance, predictable sufferance, of second order 
maneuvering. 
 
There is much else to explicate. Besides k, there is another historical descriptor (tau) built 
into the W(y) model, and each should impact on predictions about dickering versus market 
profile discipline, plus there are other extensions and generalization, including possible to 
Small World analyses.  There are hosts of other directions to explore in Burt's writings and 
in a cascade of articles by Podolny and co-workers.  And each of us point to still other 
authors contributing to the emerging network based sociology of markets and firms.   
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Social Influence Network Theory: Toward a Science of Strategic Modification of
Interpersonal Influence Systems1

Noah E. Friedkin
Department of Sociology

University of California, Santa Barbara

Abstract

Social influence network theory is a mathematical formalization of the process of interpersonal influence
that occurs in groups, affects persons’ attitudes and opinions on issues, and produces interpersonal
agreements, including group consensus, from an initial state of disagreement. The theory also may be
employed to predict the consequences of particular modifications of a social influence system. A
description of social influence network theory is presented. Using network data from a field study of a
policy group, simulated modifications of an influence system and the consequences of these
modifications are described. The illustration introduces a large subject: the development of a scientific
basis for constructing and modifying the social structures of groups so that the expected outcomes of the
influence system of a group will be close to desirable optimal outcomes for the group with some pre-
specified degree of reliability. Toward the development of such a science and within the framework of
social influence network theory, some key lines of research are outlined that are related to the operation
and structural dynamics of interpersonal influence networks and that, in my view, would advance the
development of a science concerned with the strategic modification of interpersonal influence systems.

                                                
1 Direct all correspondence to Professor Noah E. Friedkin, Department of Sociology, University of
California, Santa Barbara, CA 93106. Email: friedkin@soc.ucsb.edu.
URL: http://www.soc.ucsb.edu/faculty/friedkin/
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1.1 INTRODUCTION

In this paper I briefly describe a formal theory of the formation of attitudes and opinions, including the
production of consensus, in a network of interpersonal influences. This theory has been advanced in
successive generalizations from the 1950s to the present by social psychologists and mathematicians
concerned with developing a formal model of how consensus is produced in groups through
interpersonal interactions (DeGroot 1974; French 1956; Friedkin and Johnsen 1990; 1999; Harary
1959). The theory incorporates an assumption on which there has been a remarkable convergence of
independent theoretical work: that persons integrate conflicting attitudes and opinions as if they were
utilizing a “cognitive algebra” of weighted averaging (Anderson 1981). The integration is triggered by
the display of differences of opinion and the susceptibility of persons to interpersonal influences (in
essence, a social comparison trigger) in which the pursuit of  “correct” or “satisficing” positions on an
issue takes into account the current positions of others on the issue.  Persons’ efforts to integrate
discrepant influences and to form socially validated positions on issues often occur in a structural
context, that is, in a more or less complexly configured network of interpersonal influences. This
network has profound effects on the course of the opinion change process and the revised positions that
persons may settle on.  The content of persons’ equilibrium positions on an issue, the efficiency with
which this content is produced, and the relative net influence of each group member on others depend
on the structure of the influence network in the group. Social influence network theory describes how a
network of interpersonal influence enters into the process of interpersonal influence on attitudes and
opinions in a group, and it allows an analysis of the way in which the structure of the influence network
of the group has shaped individual and group-level outcomes.

Social influence network theory offers a distinctly sociological perspective on the attitude and
opinion change process; it is a realization of a structural social psychology that was at the core of social
psychological work in psychology in the 1950s and 1960s, during the flowering of the group dynamics
field, but that currently is not being addressed by the more cognitively-oriented generation of
psychologists.  Festinger, French, Newcomb, and Cartwright, among other founding members of
modern social psychology, were social network analysts who sought to build a theoretical foundation
for social psychology in which network structures figured prominently; these social psychologists
understood the potential importance of social networks in the development of a science of group
dynamics but their agenda was derailed by the cognitive revolution in psychology. Social network
analysis has grown rapidly since the 1970s, especially in sociology and anthropology and, most recently,
in schools of business. The line of work on social influence network theory that is the focus of the
present paper is a continuation of the classical agenda of the group dynamics field to understand the
mechanisms and structures entailed in the process of attitude and opinion change and consensus
production in groups.

The present paper is a first effort to bring social influence network theory to bear on the
development of a scientific basis for constructing and modifying the social structures of groups so that
the expected outcomes of the influence system of a group can be made close to desirable optimal
outcomes for the group with some pre-specified degree of reliability.  My treatment is schematic and
introductory.  First, I briefly describe social influence network theory. Second, using network data from
a field study of a policy group, I describe several simulated modifications of an influence system and the
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consequences of these modifications.  Third, within the framework of social influence network theory,
lines of research are outlined that are related to the operation and structural dynamics of interpersonal
influence networks and that, in my view, would advance the development of a science concerned with
the strategic modification of interpersonal influence systems.

1.2 SOCIAL INFLUENCE NETWORK THEORY

There are several lines of work in social psychology on so-called “combinatorial” theories of consensus
formation and group decision-making that focus on how agreements are formed in groups when there is
an initial state of disagreement on an issue (Davis 1973; Friedkin and Johnsen 1990; 1999; Latane
1981; 1996; Laughlin 1980; Stasser, Kerr, and Davis 1989; Witte and Davis 1996).  My colleague,
Eugene Johnsen, and I have developed one of these combinatorial theories—social influence network
theory  (Friedkin 1991; 1998; 1999; Friedkin and Johnsen 1990; 1997; 1999).

Social influence network theory includes as special cases French’s formal theory of social power
(French 1956; Harary 1959) and DeGroot’s consensus formation model (Berger 1981; Chatterjee and
Seneta 1977; DeGroot 1974). The theory has close formal relationships with the rational choice model
of group decision making proposed by Lehrer and Wagner (Lehrer and Wagner 1981; Wagner 1982;
1978), the social decision scheme model for quantitative judgments proposed by Davis (1996),  and the
information integration model of group decision making proposed by Graesser (1991). The theory is
formally consistent with Anderson’s weighted averaging model of information integration (Anderson
1981; Anderson 1991; Anderson and Graesser 1976).  It also has a close formal relationship with an
interdisciplinary tradition in statistics that includes work in geography, political science, and sociology on
models of the interdependence of persons and spatial units (Anselin 1988; Doreian 1981; Duncan and
Duncan 1978; Duncan, Haller, and Portes 1968; Erbring and Young 1979; Friedkin 1990; Marsden
and Friedkin 1994; Ord 1975).

Social influence network theory describes an influence process in a group of N persons in which
the members’ attitudes and opinions on an issue change as they revise their positions by taking
weighted averages of the influential positions other members:

y a w y w y w y a yi
t

i i
t

i
t

iN N
t

i i
+ = + + + + −1

1 1 2 2
11b g b g b g b g b ge j b g... (1)

for t = 1 2, ,K  and each of the N persons in the group, i N= 1 2, ,..., .  The opinions of persons at time t
are y y yt t

N
t

1 2
b g b g b g, ,...,  and their initial opinions are y y yi N

1
2
1 1b g b g b g, ,..., .  The set of influences of the group

members on person i is w w wi i iN1 2, , ,Kl q , where 0 1≤ ≤wij , and wijj
=∑ 1 .  The susceptibility of

person i to the influence of others is ai , where 0 1≤ ≤ai  and a wi ii= −1 . Thus, a person’s

susceptibility is equated to the aggregate weight of the interpersonal influences on him or her  (i.e.,
a wi ij

j i

=
≠

∑ ). Social influence network theory rests on a model of how individuals cognitively integrate

conflicting opinions, Eqn. (1), but the outcome of this process depends on the social structure in which
the process occurs. This social structure consists of the set of members’ initial positions, interpersonal
influences, and susceptibilities to influence.

In a group of N persons, the system of equations described by Eqn. (1) can be represented as
y AWy I A y( ) ( ) ( )t t+ = + −1 1b g (2)
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for t = 12, , ,K where y( )t  is a N × 1 vector of persons’ opinions on an issue at time t , W = wij  is a

N N×  matrix of interpersonal influences, and A = diag a a aN1 2, , ,Lb g  is a N N×  diagonal matrix of

persons’ susceptibilities to interpersonal influence on the issue.
Under suitable conditions, this process transforms persons’ initial opinions into a set of equilibrium

opinions:
y Vy( ) ( )∞ = 1 (3)

where V = vij  is a matrix of reduced-form coefficients, describing the total or net interpersonal effects

that transform the initial opinions into equilibrium opinions. The coefficients in V are nonnegative

0 1≤ ≤vijc h  and each row of V sums to unity vijj∑ = 1e j . Hence, vij  gives the relative weight of the

initial opinion of person j in determining the final opinion of person i for all i and j.  If  I-AW is

nonsingular, then from Eqn. (2)  V I AW I A= − −−b g b g1
.  More generally, since

V AW AW I At t k

k

tb g b g b g b g= +
L
NM

O
QP −

=

−

∑
0

1

, for t = 1 2, ,K , V can be estimated numerically for a sufficiently

large t when lim
t

t

→∞
Vb g  exists.

All equilibrium opinions will be in range of the group members’ initial opinions. Equilibrium opinions
may settle on the mean of group members’ initial opinions; they may settle on a compromise opinion that
differs from the mean of initial opinions; they may settle on an initial opinion of a group member; or they
may settle on altered opinions that do not form a consensus. When a consensus is formed in a group, V
will commonly have the form of a stratification of individual contributions,

V =

L

N

MMMM
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v v v
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L

,

in which each person’s initial opinion makes a particular relative contribution to the emergent consensus.
The production of consensus is a special case of a larger domain of group outcomes encompassed by
social influence network theory, in which stable patterns of disagreements may be formed. Thus, the
theory satisfies Horowitz’s criterion that "any serious theory of agreements and decisions must at the
same time be a theory of disagreements and the conditions under which decisions cannot be reached"
(1962, p. 182).    

Abelson (1964) was frustrated to find that consensus was an inevitable outcome in the broad
class of mathematical models that he examined, and he turned to simulation models in order to account
for equilibrium disagreements. Similarly, the most prominent combinatorial theories in psychology today
either do not deal with an account of disagreement (Davis 1996) or they rely on simulation models
(Gigone and Hastie 1996; Latane 1996; Stasser 1988). I believe that it is one of the more useful
prejudices of the scientific community that simulation models should be maintained as a last resort, after
analytical approaches have been exhausted or appear to be intractable. Thus, I abandoned work on a
simulation model of attitude and opinion change when it became apparent that a simpler mathematical
model would suffice. In this light, an important contribution of social influence network theory is its

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


5

demonstration that both consensus and disagreement are consistent with an analytically tractable
mathematical model.

1.3 ILLUSTRATIVE MODIFICATIONS OF THE INFLUENCE SYSTEM OF A
POLICY GROUP

I now briefly report some findings from a study of school board policy groups that will illustrate one way
in which influence systems may be modified to change the systems’ outcomes (Friedkin Forthcoming).
In this application, the formal model described by Eqn. (1) was adapted for an account of a binary
opinion—the preferences of school board policy group members for a flat or compensatory allocation
of a school district’s resources to schools that differ in the average academic achievement of the
students. The flat preference stipulates that schools should receive resources proportionate to the
number of students in a school regardless of their average academic performance. The compensatory
preference stipulates that schools with low average academic performance should receive more
resources than some schools with a higher average performance. Relational, attitudinal and demographic
data were collected on five policy groups. In each group,  the membership was defined on the basis of a
snowball sampling procedure that included all persons (school board members, school district
personnel, and community members) who were reported to be influential in school board decisions
during the year preceding our inquiry. Among the 267 policy group members who were surveyed, the
sample was roughly evenly split between persons who preferred a compensatory or a flat allocation
pattern; there was virtual consensus that high performance schools should not be over-rewarded at the
expense of low performance schools.

With data on social network relations (discussion, advice, friendship ties) occurring among the
policy group members, I employed a technique described in Friedkin (1998) to obtain a measure of the
influence network, W. Given a measure of the influence network and equilibrium opinions, Y ∞b g ,
“backward” estimates were obtained for the unobserved initial resource allocation preferences of the
group members, Y 1b g .  More precisely, estimates of the unobserved preferences were obtained for the
small subgroup of members whose opinions were influential in determining equilibrium preferences.  The
preferences of non-influential members cannot be estimated with this approach and, in any case, are
irrelevant to an understanding of group outcomes. The core subgroup of influentials in each of the policy
groups was comprised mainly of key central office staff members in the school district (the
superintendent and other high-level school district administrators), and among these administrators there
was disagreement on the preferred resource allocation pattern for the district. The interpersonal
influences of the core members were projected throughout the network to the other members, including
most of the school board members, and the cross-pressures from the disagreement among the
influentials produced, in each group, a distribution of resource allocation preferences that was roughly
evenly split between a flat and compensatory preference.

I was able to show with a simulation that the equilibrium distribution of allocation preferences is
susceptible to substantial modification; i.e., that a change in the initial preference of a core influential
could produce a substantial shift in the equilibrium distribution of group members’ resource allocation
preferences; see Table 1.  The simulated modifications were of two sorts: (a) a neutralization of a
person’s preference in which the person became indifferent rather than positive or negative about a flat
or compensatory pattern,  and (b) a reversal of preference in which a person switched positions from
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positive to negative, or vice versa. Of course, reversals of positions had stronger impacts than
neutralizations, but it is surprising how much of an impact neutralization sometimes had on the
equilibrium distribution.

Table 1. Effects of a Simulated Change in the Estimated Initial Position of Each Core Member on the Expected Proportion of the
Group Favoring the Flat (F) versus Compensatory (C) Allocation at Equilibrium

Core Member’s
ID # & Role

Estimated
Initial

Position

Observed
Equilibrium

Position

Effect of a
Neutralization of

ID’s Position on the
Distribution of Issue

Positions

Effect of a
Switch of

ID’s Position on the
Distribution of Issue

Positions

                              % Flat
Group A (61% Flat)

  4 School Board   -7.28 C 76 85
15 Central Office   -5.76 C 82 92
29 Central Office -3.60 C 75 84
21 Central Office    5.82 F 39 21
34 Central Office  10.25 F 21   6
40 Community    7.10 F 53 44
Group B (46% Flat)
  4 Central Office   -2.00 C 52 58
15 Central Office   -2.66 C 57 67
41 Central Office   -2.22 C 55 63
46 Central Office   -1.92 C 54 61
49 Central Office   -2.32 C 52 58
60 Principal  -11.39 C 57 67
17 Central Office   12.98 F 10   2
Group C (54% Flat)
32 Central Office -132.28 C 93 95
36 Central Office   -5.78 C 78 90
50 School Board   -7.21 C 69 80
51 Central Office  -23.04 C 93 95
39 Central Office   45.10 F   1   0
43 Principal    8.55 F 42 31
Group D (67% Flat)
25 Central Office   -3.79 C 86 95
49 Central Office -267.44 C 98 98
  8 Central Office    1.18 F 66 64
26 Central Office   10.35 F 24   8
58 School Board   26.95 F   3   2
Group E (49% Flat)
  9 School Board   -7.97 C 58 65
20 Central Office   -3.67 C 62 73
22 Central Office  -23.91 C 92 95
51 Central Office   -2.50 C 59 68
66 Principal   -3.51 C 60 69
19 Central Office    3.00 F 40 31
65 Community   44.51 F   3   2
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1.4 TOWARD A SCIENCE OF STRATEGIC MODIFICATION OF INTERPERSONAL
INFLUENCE SYSTEMS

A science of strategic modifications of influence systems requires clarity on desirable goals, a technology
for producing structural modifications, an understanding of the possible multiple unintended effects of a
modification on the relevant structure of the situation, and a confident grasp on the theoretical
underpinnings of the dynamic features of the influence system. I now turn to a discussion of various
outcomes of influence systems that might be optimized, the modifications of influence systems that might
be feasible, key problems that need to be addressed, and lines of research that might be developed on
these key problems.

1.4.1 Manipulatable Outcomes

Some influence networks are not consistent with the production of consensus, or even with the
production of a degree of agreement (e.g., a majority opinion) that is sufficient to allow a collective
decision. Strategic modifications of an influence system can be designed that will produce a consensus
across a variety of issues, or at least a sufficient amount of agreement to allow decisions to be made.

Some influence systems will produce consensus with great difficulty over a range of issues that
arise. Holding constant the initial relative positions of group members on issues, the efficiency of
consensus production in a group depends on the structure of the influence network. Strategic
modifications of an influence structure can be designed that will produce consensus more efficiently
across a variety of issues, or at least with a sufficient degree of efficiency as the circumstances warrant.

Some groups reach consensus too quickly, short-circuiting a careful consideration of alternative
positions on an issue. The overly-rapid convergence to agreement has been referred to as groupthink
(Janis 1982), and it appears to be associated with centralized influence networks and homogeneous
distributions of initial positions on an issue. Social influence network theory predicts that equilibrium
opinions are always in the range of the distribution of initial opinions; hence, some heterogeneity of initial
positions is crucial to a thorough vetting of an issue. In groups that regularly deal with judgmental issues,
for which proper deliberation is important,  strategic modifications of a group’s influence system can be
designed to slow down the process of convergence to consensus and to maximize the degree of initial
diversity of opinion, consistent with a sufficient degree of efficiency.

In some groups, issues of control by a person or subgroup are crucial. Control loss in
organizational hierarchies is a ubiquitous  phenomenon that occurs whenever influence is transmitted
indirectly from a single authoritative source to a large number of persons via a series of subordinate
authorities. We have recently analyzed this phenomenon from the perspective of social influence
network theory and shown how control loss may be mitigated by the addition of lateral lines of influence
among subordinates (Friedkin and Johnsen 2002).   The general point is that strategic modifications of
an influence structure can be designed that will produce a  consensus that is more closely representative
of the initial preferences of authoritative sources.

The influence system of a group may be made more robust in the sense that its outcomes are less
sensitive to minor changes in the influence structure or initial opinions.  For instance, if the goal were to
develop a robust influence system that is insensitive to a switch or neutralization of the position of any
one person, then the strategic problem would be to find a feasible change in the influence structure of
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the group that would make its influence system less sensitive to such idiosyncratic opinion changes.  For
a fixed pattern of interpersonal influence among the initial positions of group members, the influence
network can be made more robust so that net relative effects of initial positions are less sensitive or
vulnerable to minor perturbations of initial opinion or interpersonal influence.

The foregoing outcomes are illustrative of goals that might be viewed as desirable under particular
circumstances. In this brief treatment, I do not believe that I have come close to exhausting the potential
number of manipulatable outcomes.

1.4.2 Feasible Modifications

Modifications of an influence system can be made in different ways. The initial attitudes and opinions,
Y 1b g , of one or more members may be modified.  The direct interpersonal influences, W, including
susceptibilities, A,  may be modified, holding the structure of nonzero weights in W constant; that is, this
type of modification would not alter who influences whom, but only the relative weight of some of these
influences.  Feasible structural modifications also include changes in the persons who are involved in the
influence network: the addition of one or more new members who have particular configurations of
interpersonal influences or the loss of one or members. Structural modifications also include changes in
the pattern of nonzero interpersonal influences: the addition of new lines of influence, or the loss of
extant lines. In some influence systems, slight changes may have large effects; in other systems, obtaining
a different outcome from the system might require gross restructuring. Any single set of modifications
may affect outcomes other than the particular outcome that is being optimized.

1.4.3 Key Problems

Sets of applied and theoretical problems need to be addressed in order to develop a scientific basis for
modifying influence systems. I describe three problems.

First, there is the practical problem of developing a technology for generating particular
modifications of persons’ initial attitudes or opinions and their susceptibilities and interpersonal
influences. Some of the structural components of influence systems may be more feasible to manipulate
than others.

Second, there is the problem of ascertaining the precision and reliability of the model and measures
that are employed to predict attitude and opinion changes in interpersonal influence networks.  Models
and measures need not be precisely accurate, but they should not be seriously misleading; hence we
must have a priori estimates of the reliability and precision of the predictions that the model and
measures allow.

Third, there is the problem of building a model of structural interdependency that can be dovetailed
with social influence network theory. The social structural components of a group may be
interdependent, so that making a change in one component (e.g., an initial position, a susceptibility, an
interpersonal influence) may generate changes in other parts of the structure. If ceteris paribus is not a
feasible assumption, then we must have a reliable prediction of the consequences of making changes in a
structure for the other relevant parts of the structure.
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1.4.4 Lines of Research

Certain lines of research are suggested by the problems that I have just sketched. I do not intend to
make a global assessment about what lines of work are most important in the field of social network
analysis. The lines of work that I describe are important only in the context of an application of social
influence network theory to the development of a science of strategic modification of influence systems.

First, there should be fundamental work on the mathematical framework of social influence
network theory that would test and refine its assumptions about the influence process. My colleague,
Eugene Johnsen, and I have published some work on this problem (Friedkin 1999; Friedkin and
Johnsen 1999), and we are hoping to continue to do more work on it. Second, methodological work
needs to be done on the measurement of persons’ susceptibilities and interpersonal influences.  March
and Simon’s work  (March 1955; 1956; Simon 1953) on the measurement of interpersonal influence
has not been pursued, and my call for more work by social psychologists on the measurement of
influence networks (Friedkin 1990) has not had much of an effect either. I regard the structural
measures of susceptibility and interpersonal influence that I have developed (Friedkin 1998) as the
beginning of what should be a concerted effort to fill an arbitrarily large N N×  matrix with valid and
reliable measures of persons’ susceptibilities and interpersonal influences.

Third, theoretical and empirical work on structural interdependencies also is important, because
such work shows how a change in one component of a social structure generates changes in other
components.  There are extant research programs that deal with interdependency but interdependency
is a vague concept that can be defined in different ways, not all of which bear on the application of
social influence network theory.  In terms of the application of social influence network theory, the
relevant interdependencies are defined by two constructs Y 1b g  and W and concern the effects of a
change in any part of these constructs on the other parts of either or both of these constructs. My
collaborator and I have recently completed a project (Friedkin and Johnsen Forthcoming) in which the
evolution of an influence network is described in terms of persons’ initial set of sentiments about one
another as attitudinal objects.  Hence, changes in the initial sentiment structure, Y 1b g , may affect the
entire structure of W.

A research program on an applied science of influence networks cannot be pursued without a
broad appreciation of the various types of work that are important in its development. The program
includes applied work on the technology of making modifications, methodological work on the
development of measures of persons’ susceptibilities and interpersonal influences, mathematical work on
model development and refinement, experimental work that probes the merits of basic assumptions, and
field studies that allow an assessment of the reliability and precision of the model’s predictions.       

1.5    CONCLUSIONS

The broad line of research that is represented by social influence theory, involving the formal modeling
of interpersonal influence processes as they are played out in a social network, is in the classical
tradition of group dynamics that was initiated by Festinger, French, Newcomb, and Cartwright, among
others. It was a tradition, I might add, that was very strongly supported at one time by the Office of
Navel Research (Guetzkow 1951), one of the sponsor’s of the present symposium on social networks.
Thus, an applied science of influence of networks is not a new or odd proposal in any sense; it is an
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attempt to revisit and revitalize a line of work on influence networks in social psychology that has been
sidetracked by the cognitive revolution in psychology and by the “cultural turn” in sociology. My hope is
that the present paper will serve as a useful platform for the future development of an applied science of
influence networks that is based on a formal theory of how influence networks operate to shape
persons’ attitudes and opinions.

Although the mathematical structure of social influence network theory is simple, the specified
process is consistent with a number of previous independent efforts to model the process of
interpersonal influence. Indeed, the theoretical convergence on roughly the same mechanism is a
remarkable development in the social sciences.  For this reason, it is important to find out whether or
not this basic mechanism is correct and, if not, whether it can be refined or should be replaced.  The
potential domain of application of social influence network theory is large. My collaborator and I are
presently engaged in developing the theory’s applications to the literature on group dynamics in
psychology and sociology. Some of this work has already appeared (Friedkin 1999; 2001; Friedkin
and Johnsen 1999).  The present paper outlines a largely undeveloped potential application in which the
theory would be employed, in an Operations Research mode (Hillier and Lieberman 1995),  to analyze
and control extant social structures.  In the practical world, theoretical tools are rarely entirely correct,
but they may be applied with the understanding that the friction and stress generated by unexpected
results provide an opportunity for learning new things about fundamental mechanisms, and that trial-and-
error is usually implicated in the development of any good theory.
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Information and Innovation in a Networked World1 
David Lazer 

John F. Kennedy School of Government 
 
 

 The potential for the diffusion of information regarding successful governmental 
(international, national or subnational) innovation has increased enormously in recent 
years.  Information from geographically distant locales is often simply a click away, 
where networks of intergovernmental information exchange are spontaneously emerging. 
The intertwining of information technology and globalization – extends the pool of 
accessible innovations and lowers the barriers for their diffusion. (Bernstein & Cashore, 
2000; Coleman & Grant, 1998; Coleman & Perl, 1999; Evans & Davies, 1999) 
 This diffusion process has enormous potential for increasing public welfare, by 
allowing location B to adopt the successful innovation in location A.  There is, however, 
a potential dark side to the increased diffusion of information.  First, as information 
diffuses more efficiently, it becomes more of a public good.  As the publicness of 
information increases, so does the likelihood of free riding.  There is an incentive for each 
government to allow another government to take the risks of innovation, and then to 
simply adopt the successful innovations.  Second, in complex policy areas, the diffusion 
process may be too efficient:  resulting in either premature convergence on a non-optimal 
policy, or eliminating policy alternatives that while not optimal in the present, might be in 
the future.  
 The governance implication is that in the networked world special attention must 
be given to increase governments’ incentives to experiment and innovate. (Moon & 
Bretschneider, 1997) 
 This paper will be organized as follows.  First, it will briefly discuss some 
distinctive features of the diffusion process in the public sector.  Second, it will analyze 
the “informational efficiency” of different types of networks.  Third, it will examine the 
potential for informational free riding in the networked world.  Fourth, it will study the 
paradoxical possibility that the more efficient the system is at spreading information, the 
less information the system might contain.  Finally, it will discuss the implication for 
governance:  how does one design a system that is efficient at “spreading the word” while 
encouraging experimentation? 
 
Inter-organizational diffusion of innovation 

Networked governance is in vogue (e.g., O’Toole 1997, Rhodes 1997).  By 
“networked governance” I mean a system of interdependent sovereign units.  Thus, one 
might think of the relationships among nations as networked governance (although 
typically with the threat of violence removed—Keohane and Nye 2000;  Slaughter 2000).  
One might also think of the relationship among local governments as “networked”, and 
                                                 
1 This material is based upon work supported by the National Science Foundation under 
Grant No. 0131923.  Any opinions, findings, and conclusions or recommendations 
expressed in this material are those of the author(s) and do not necessarily reflect the 
views of the National Science Foundation.   
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even agencies within the federal government as effectively “networked” in that that 
hierarchy within the federal government intrudes little on the basic independence of 
federal agencies—especially where it comes to issues around coordination and 
cooperation with other agencies.   In the US, due to both shared powers within the federal 
government, and a system of dual sovereignty between state and federal government, the 
networked nature of government has been an accepted feature of governance since the 
founding of the republic (although not with that vocabulary).  As we move into the 21st 
century there is an increased awareness that the networked nature of governance is 
universal—in systems that heretofore might have been considered models of hierarchy 
(e.g., the British—Rhodes 1997) or anarchy (i.e., the international system). 

Elsewhere I have argued that three strands of interdependence are coordinative, 
cooperative, and informational (Lazer 2001;  Lazer and Mayer-Schoenberger 2002).  For 
each of these interdependencies there are large literatures which can and should be 
mapped into the ideas around networked government, and descriptive and normative 
theories of “networked government” developed.  In this paper I will develop the 
informational dimension. 

The presence of the informational aspect of networked government is that policy 
generates potential informational externalities.  When a policy actor adopts a policy, that 
adoption and subsequent experience conveys information to other policy actors.  Some of 
those choices may be a matter of public record (statutes and regulations) and in principle 
accessible to all, and other important information will remain private.  Policy actors thus 
simultaneously suffer from information overload and information deprivation.  Actors 
need to adopt both network strategies—selective attention to help sift the public 
information and access private information—and internal filtering strategies to eliminate 
the large majority of information that is publicly available. 

One may therefore usefully construe the universe of policy actors as a set of nodes 
among which there is a set of evolving connections.  Over these connections flows 
information and attention about adoption success and failure, and just raw data.  It is the 
assertion of this paper that this architecture matters, that some architectures are better at 
facilitating information transfer than others, and that it is necessary to understand how 
this structure emerges.  The next section of the paper discusses the general processes by 
which networks emerge, and what the likely consequences for information diffusion in 
the emergent structure. 

There exists, of course, a substantial body of literature on the diffusion of policy 
innovations –  and adjacent topics such as policy networks, policy transfer, and policy 
convergence. (e.g., Abrahamson & Rosenkopf, 1997; Bennett, 1991; Berry, 1994; Berry 
& Berry, 1992; Coleman, 1994; Coleman & Grant, 1998; Dolowitz, 2000; Dolowitz & 
Marsh, 1996 & 2000; Evans & Davies, 1999; Gray, 1973 & 1994; Hubner, 1996; Kogut 
& Zander, 1995; Mintrom, 1997a & 1997b; Mintrom & Vergari, 1998; Robertson, Swan, 
& Newell, 1996; Savage, 1985; Schenk, Dahm, & Sonje, 1997; Seeliger, 1996; Stone, 
2000; Valente, 1995 & 1996; Walker, 1969, Weenig, 1999)  

Similarly, there is a large literature on the diffusion of innovations through inter-
organizational networks within and between corporations.  (Atkinson & Bierling, 1998; 
Coleman & Grant, 1998; Dolowitz & Marsh, 2000; Dyer & Nobeoka, 2000; Evans & 
Davies, 1999; Gupta & Govindarajan, 1991; Kogut & Zander, 1992 & 1995; Liebeskind 
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et al., 1996; Nooteboom, 1999; Radaelli, 2000; Robertson, Swan, & Newell, 1996; Rom, 
Peterson, & Scheve, 1998; Seeliger, 1996; Weale et al., 1996)  This literature suggests 
that a tremendous amount of information flows through inter-organizational networks 
(typically measured through overlap of corporate boards).  

This voluminous research examines the process of diffusion, how innovation 
evolves as it diffuses, the characteristics of early versus late adopters, etc. (Rogers 1995).  
The objective of this paper is to consider what are the generic processes by which the 
architecture of diffusion of emerges—the network;  what the normative implications of 
different architectures;  and what is distinctive about diffusion among public 
organizations.  Information diffusion through intergovernmental networks is quite 
different on certain dimensions from diffusion in the private sector.  First, in the private 
sector, many innovations are proprietary, thus increasing both the cost of adopting an 
innovation, as well as the likelihood of the innovation in the first place, since the 
innovator may extract most of the benefits of that innovation.2  The profit motive also 
means that the innovator has an incentive to spread information about the innovation.  
Second, where innovations are not proprietary, a corporation has an incentive to keep 
information secret from competitors as long as possible.  The public sector, in contrast, 
has relatively little incentive to suppress information about successful innovations.  Third, 
with survival less of an issue, and relative performance more difficult to measure, 
bureaucratic inertia is likely a greater barrier to adopting successful innovations in the 
public sector than in the private.   Fourth, many policy makers are likely “proselytizers”—
moved to innovate and to spread the word in order to increase their impact on society.  
 There is therefore substantial potential for diffusion of successful policy 
innovations, both intra and internationally.  The question asked here is what is the impact 
of the shift from local to global informational networks.  The next section examines the 
role that the structure of the informational network plays in the speed with which 
information spreads in a system. 
 
The architecture of the network 
 First, a few definitions:  A node is a unit which may contain and pass on 
information.  It may be an individual or an organization.  In this paper, I will largely focus 
on public sector actors, but at the end will speculate what the implications are for public-
private partnerships.  A connection between two nodes means that there is some passing 
of information between those nodes.  At its broadest definition, it may mean that some 
actors are just selectively paying attention to other actors (e.g., everyone is paying 
attention to California’s experience in electricity deregulation).  At its narrowest (and 
more typical) definition, it means that there is a private exchange of information among a 
subset (at least two) actors.  An informational network is a set of connections among 
nodes.  It is useful to distinguish among three kinds of informational networks:  spatial, 
organizational, and emergent. 

                                                 
2 Although spillovers occur not just in the public sector but in the private as well, despite 
the protection of intellectual property law.  Baumol (1999) for example, estimates that 
innovators retain only approximately 10% of the gains from their innovations.   
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A spatial network is a network whose dyadic connections are determined by 
proximity:  each actor speaks exclusively to other actors in its neighborhood.  For 
example, in figure 1, A communicates only with its four immediate neighbors to the 
north, south, east, and west. 
 
     
     
  A   
     
     
Figure 1: Example of a spatial network 
 
 The probability of communication between any two actors is strongly related to 
how close they are to each other.  The relationship between distance and communication, 
of course, is vastly more complicated than characterized by the lattice in figure 1.  As 
noted above, the Great Plains excepted, geography is typically not as smooth as  
characterized in figure 1.  These irregularities affect the costs of communication between 
any two nodes. Distance is also partially a social construct.  The probability that two local 
jurisdictions communicate is probably affected by whether they are in the same state, for 
example.   

Finally, communication frequency is not a linear function of distance.  As a 
general matter, communication drops off precipitously with distance (McPherson 2001).   
 An organizational network is simply the communications that result from the 
groupings within the organization (Mintzberg 1992).  That is, the formal organizational 
chart is typically related to the architecture of the informational network.  If faculty, for 
example, are grouped into departments, communication will typically be higher within 
those departments, in part because of a functional interdependence, in part because the 
institution then structures serendipity—departments will often be grouped together, 
departmental meetings guarantee that paths will cross, etc.   
 Both of these network archetypes are flawed at spreading information.  Spatial 
networks are often broken by spatial “chasms”— mountains, rivers, or climate in a 
geographic context, buildings in an organizational context, railroad tracks and highways 
within communities—  between which little information flows.  Further, even in the 
absence of these discontinuities a purely grid-type of network, such as in figure 1, would 
only slowly (if inexorably) spread information.  If one assumed that it takes one period to 
spread information to a node’s immediate four neighbors, it would take eight periods for 
a piece of information to spread from one corner of the system to the other. 
 Similarly, organizational networks are often characterized by dysfunctional 
chasms—communication within stovepipes but not between.  In fact, the “networked” 
organization, cross-functional teams, the matrix form, etc, etc, is often seen as an antidote 
to the stovepipes of the organizational chart.  However, as discussed below, organic 
(emergent) network structure have their own disfunctions. 
 Serendipity is the underlying principle of emergent networks.  Emergent networks 
result from the myriad of decisions by individual nodes to pay attention or not pay 
attention, by pairs of nodes to form a relationship, and by larger numbers of nodes to 
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create formal or informal groupings that then form the basis for larger scale 
communication.  The assumption I make here is that these decisions are made on an 
egoistic basis, made in a boundedly rational fashion.  It is this “think locally, act locally” 
assumption that can result in outcomes that at the systemic level are suboptimal.  There 
are a number of fairly robust patterns that have been observed in a wide range of social 
networks:  the emergence of cliques, power-laws of connectedness, homophily, powerful 
core-periphery tendencies, each of which is discussed in the context of governance 
networks. 

Cliques:  Networks often break down into cliques, where there is a much higher 
density of communication within cliques than between.  Thus, for example, a tie between 
A and B and a tie between B and C predicts a tie between A and C (Davis 1967).  There 
are a variety of reasons why cliques might emerge.  For example, B’s tie to A and C 
might facilitate a tie between A and C.  Cliques might also emerge out of a functional 
need to collectively produce something that all benefit from, and for which a certain scale 
is required (e.g., a pick up softball game).  Informationally, it might also be more efficient 
to share information within a group than dyadically (reducing repetition and redundancy). 
 Cliques might also be epiphenomenal:  the result of homophily or proximity.  As 
discussed below, similarity and proximity predict communication.  If A is similar/close to 
B and C, then it is likely that B and C are similar and close to each other. 

Scale free networks:  Notably, in networks where nodes have no constraints on 
communication the frequency at the node level of any given level of connectedness of a 
node is proportional to the inverse of that level of connectedness, raised to some power 
(i.e., “power law” distributed, also known as scale free networks—see other contributions 
to this volume).  In essence, the more connected, the less frequent.  In a power law world, 
the well connected are vastly more connected than the average connected nodes, and thus 
play a vastly disproportionate role in the flow of information in the system.   Such a 
power law distribution has been observed with respect to websites, citation frequencies 
(Price 1976), and, surprisingly, number of sexual partners.  One suspects, in the policy 
world, that particular exemplar policies emerge with the bulk of attention;  thus, 
policymakers look disproportionately at California’s experiences in deregulation, 
Wisconsin’s experiences with welfare reform, etc. 

Power law frequency distributions tend to emerge from stochastic growth 
processes, where the growth of any particular observation is proportionate to its size (e.g., 
the growth rate of small units is about the same as large units—e.g. Simon 1956).  
 These hubs, in a power law world, play a disproportionate role.  One could 
imagine (as discussed below) that they help systems overcome problems in diffusing and 
processing information that would likely result from the other types of processes 
enumerated here (and probably do, to a certain extent—see small world section below).   
One could imagine that hubs are the nodes with the highest processing capacity, and serve 
as instruments to aggregate and re-disseminate information (and they probably do, to a 
certain extent—see information aggregation section below).  However, the conditions 
under which they typically arise limits their potential as conduits of information—since 
for most of the cases enumerated above, the well connected nodes only send information, 
and do not receive.  That is, one might imagine a power law world where the 
exceptionally well connected received as much as they sent;  however, in the policy 
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world, it seems unlikely, for example, that California pays as much attention (and then 
retransmits) the experiences of others as much as others pay attention to California.  

Homophily:  It does turn out that birds of a feather do tend to flock together.  
Similarity turns out to be a strong predictor of communication across a wide variety 
settings (McPherson 2001).  There are a number of likely explanations for this.  First, 
similar actors will be more likely to have useful information for each other.  Imagine 
moving to a new city:  would it make any sense to talk to someone who had a much larger 
income than you, and thus could afford a much more expensive house?  Similarly, one 
might expect that policymakers would do best to pay attention to those in similar 
circumstances.  Second, especially in political contexts, there are strategic reasons to 
share information more with those with similar preferences.  Information assists actors in 
achieving their goals.  If the goals of another individual are opposed to your goals, you 
would be unlikely to share information with them. 

Cores and peripheries: Emergent networks often will have a “rich get richer” 
dynamic.  Assume that nodes have unequal access to private information.  Those nodes 
with more private information will be more desirable as partners with which to exchange 
information.  If all nodes have constraints on how much they communicate (this does not 
apply to attention networks, for example) then the node with the most information will be 
in the greatest demand to form ties with.  It would presumably choose ties with those who 
have the most private information.  Those with less information would be in a less of a 
position to be so picky.  Out of a process where the most informed choose the most 
informed, the moderately informed will be left with each other to choose to communicate 
with, and the least informed to choose each other.  That is, the network will have a well-
informed core, that distributes information internally, and a less-informed periphery, with 
occasional leakage of information from core to periphery.  Thus, while the diffusion of 
information has the potential to reduce informational inequalities in a system, it will 
potentially just replicate those inequalities. 

This tendency will be exacerbated by the fact that nodes that are the most 
informed will often have the capacity to form more connections.  If connectedness were 
roughly proportional to the informedness of nodes, it is conceivable that the spread of 
information would (while raising the absolute informedness of everyone) actually 
exacerbate the informational inequalities in the system.  One would expect that out of 
such a scenario would emerge a highly informed and interconnected core, and a highly 
uninformed and unconnected periphery. 
 
Small worlds 
 Emergent networks thus tend to result in clusters of nodes which are highly 
similar to each other, within which there are many connections, and between which there 
are very few connections.  Clearly, this is not an effective architecture for spreading 
information.  Might networks automatically adjust themselves so as to reduce the worst 
effects of this inefficient configuration?  For example, Burt (1995) enumerates the 
competitive advantage actors can achieve by bridging these “structural holes” in the 
network.  One might imagine the larger the advantage, the greater the likelihood that 
actors will seek to close these holes.  There are a number of obstacles to this, however, 
especially in the public sector.    The combination of cheap intra-clique communication 
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and lack of property rights may discourage such communication. By their very nature, 
cliques allow for accidental (and inexpensive) collisions.  The lack of property rights 
means that a node that seeks extra-clique communication that brings novel information 
may pay a high price for novel information, where the benefits quickly diffuse to the 
entire clique.3  Those nodes that do not attempt to bridge the structural holes will actually 
fair better, under these circumstances, than those that do.  An additional deterrent to inter-
clique communication is that inter-clique information may be less reliable, because the 
communicators have fewer reputational concerns.  If they pass on inaccurate information, 
there are few/no consequences, since the two nodes are not embedded in the same social 
structure (Granovetter 1985, Uzzi 1996). 
 The above analysis suggests that it is likely that organizational, spatial, and 
emergent informational networks in the public sector world will tend to be inefficient at 
spreading information.  However, what may be true of each of these networks may not be 
true of the networks together, as the “small world” findings of Watts and Strogatz (1998) 
illuminate.  What these findings demonstrate that is that while a highly structured 
network (e.g., the lattice) is not effective at spreading information, and a purely random 
network (e.g., where the probability of a tie between A and B is uncorrelated with the 
probability of a tie between any other dyad in the system), an overlay of structure and 
random networks is very effective at spreading information.  This is indicative of a more 
general phenomenon:  cross-cutting types of networks are typically more effective at 
spreading information than equally dense networks of a single type. 
 A simple illustration will demonstrate why.  Consider the network represented by 
figure 2, where each actor communicates with its immediate four neighbors. 
 
           
           
           
           
           
           
           
           
           
           
           
Figure 2:  11 x 11 world 
 
Assume, now, that the actor in the middle of the chess board has a successful innovation, 
which is then adopted by its four neighbors, which is in turn adopted by each of their 
neighbors, and so on.  It will take 10 rounds of communication before the whole system 
has adopted the innovation. By comparison, a “random-collision” network, where actors 

                                                 
3 Obviously, this is a critical assumption that will differ in different systems.   
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randomly “collide” with four other actors each round, will take just 4 rounds before the 
whole (99+%) system has adopted the innovation.4 
 A spatial network is inefficient at spreading information simply because the 
informed are spending most of their time communicating with other informed actors.  
Only at the periphery of the informed set of actors is information actually spreading. 
 An overlay of an emergent network on a spatial network is potentially far more 
effective at spreading information than just a spatial network, for the simple reason that 
the emergent network will provide bridges between the regions (or, alternatively, the 
spatial network will provide bridges between the cliques), thus increasing the proportion 
of the uninformed in communication with the informed.5 
 A minor elaboration of the above example will illustrate why.  Imagine, now, that 
while all actors still communicate with all other actors, the actor in the middle of the 
chessboard communicates also with an actor in the distant corner.6  What impact will 
adding just this one tie to the 242 that already exist have on the speed with which the 
innovation spreads?  It will take 40% less time for innovation to spread.  Alternatively, 
what is the impact of simply accentuating the existing spatial network by doubling the 
neighborhood with which an actor communicates?  Increasing the number of 
neighborhood ties by 242 is only slightly more effective than adding one non-
neighborhood tie-- the time it would take for an innovation to spread drops by 50%. 
 Figure 3 presents the rate of diffusion for four diffusion models:  random-
collision, spatial with 4 neighbors, spatial with 8 neighbors, and spatial with 4 neighbors 
+ one non-spatial tie. 

                                                 
4 Note that this is a very different notion of a “random network” than Watts and Strogatz 
(1998) use. 
5 Note that this general observation works with any cross-cutting networks—e.g., two 
emergent networks, two organizational networks, etc.  The key is that each network have 
a logic that is orthogonal to the other network. 
6In this scenario I am assuming that the chess board “wraps around”;  i.e., the actors on 
the top communicate with the parallel actor on the bottom;  actors on the left 
communicate with the parallel actor on the right. 
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 Figure 3:  Four modes of diffusion 
 
 The above analysis highlights how even the slight overlay of one network on 
another can dramatically increase the rate of the diffusion of information in that network.  
It also demonstrates how technologies that reconfigure the logics of the networks in a 
system can have effects disproportionate to their use. 
 
Producing information 

The second key dimension of an informational network is the production of 
information by the network nodes.  Does the architecture of the network affect the 
incentives to produce information?  Yes—and there is a potential downside to a more 
informationally efficient system, however.  Generally, the absence of property rights 
discourages investment in producing information in the public sector (although see 
caveats to this general proposition below).7  A system that is more effective at spreading 
information may further aggravate this.  Specifically, governments may become more 
complacent with respect to innovating, in the hope that someone else will bear the costs 
of a successful innovation.   

An  illustration highlights why this might happen.  Imagine a potential innovation 
that yields $1.10 worth of benefits and costs $1.00 to produce if a government produces 
the initial innovation, or is free if some other government produces the innovation.  
Assume, further, that there are 100 governments.  In the absence of any information 
diffusion (call this the “island scenario”), every government will spend $1.00, and 
produce $1.10 worth of benefits, for a total of $110 of benefits for $100 of costs.  In the 
networked world where there is rapid diffusion of information, assume that there is an 
initial innovator, that spends the initial $1.00, and reaps $.10 worth of net benefits.  All 
other states then adopt the innovation, for $1.10 worth of net benefits.  From the systemic 
                                                 
7 See Strumpf forthcoming;  Rose-Ackerman 1980. 
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point of view, that $1.00 of cost has yielded $109.10 of net benefits, as compared to just 
$10 in the previous scenario.  From a systemic point of view, this is an enormous success.  
From 99 governments point of view, this is an enormous success.  For the 100th 
government, this is, in absolute terms, exactly the same as the island scenario. 
 The networked world scenario is therefore pareto superior to the island scenario.  
However, it is not a stable scenario if you assume that the choice to innovate is 
endogenous.  If you assume (1) that each government is choosing whether to innovate;  
and (2) that governments are in part benchmarked by each other’s performance (Beslsy 
and Case 1995) and that therefore the innovation decision, over the long run, is itself 
modeled on the decisions of the governments that produce the highest net benefits, the 
equilibrium scenario is zero innovation by any government-- 0 net benefits.8 
 The impact of free riding is particularly acute because the benefits of an 
innovation would be so much greater in the networked scenario-- in fact, innovations that 
result in net absolute losses for an innovator could result in welfare gains for the system.  
If one assumes that the initial costs of an innovation are F, the costs of adoption for each 
government after the initial innovator are c, the benefits for each government from that 
innovation are B, and N governments benefit from that innovation, then the innovation 
would result in net benefits if N*(B - c) - F > 0.  For example, if N = 100, c = 0, B = 
$1.10, that innovation would produce net systemic benefits even if F = $109.  The 
innovator, however, would face net losses of $107.90.  If the innovator retained rights to 
its information, then it could, in principle, extract many of the benefits that everyone else 
in the system receives. 
 The danger of free riding is determined, in part, by whether governments have 
different underlying preferences with respect to a potential innovation.  Free riding is a 
great danger where “one size fits all”-- governments have identical preferences.  It is no 
danger if each government requires a unique solution (of course, in this latter scenario, 
there is no benefit to the networked world either). 
 The possibility of free riding may be reduced to the extent that policy makers are 
“proselytizers”, valuing the possibility that their innovation will spread.  If one assumes 
that, rather than being egoists, policy makers are proselytizers, then the rate of innovation 
in the networked scenario will be greater than the rate of innovation in the island 
scenario.  That is, those who seek to maximize their impact on the world rather than their 
jurisdiction will have greater opportunities to affect a networked world. 
 
The Rabbit and the Hare   
 A second danger in the highly networked world is that some diversity of policy 
solutions will be lost, to the detriment of the system.  The decision to attempt an 
innovation will rely in part on a government’s assessment of the innovations adopted by 
other states, and whether there is a consensus in the system as to what best practice is.  In 
a poorly networked world, a government will occasionally look at what a small number of 
other governments are doing-- if none have a clearly superior alternative, that government 
may experiment.  A successful innovation somewhere in the system will spread slowly, 

                                                 
8More technically, “no innovation” is an evolutionarily stable strategy-- see Axelrod 
1984. 
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resulting in continued experimentation in the rest of the system during a slow “take off” 
period.  If that innovation is the optimal solution this is clearly dysfunctional;  however, if 
it is not, the continued experimentation in the rest of the system may uncover a better 
solution. 
 Alternatively, even if the successful innovation is optimal, it may not be optimal 
in the future, and maintaining a diversity of approaches would therefore be healthy.  
Heterogeneity is a systemic property that may yield benefits to all within a system.  
Adherence to unconventional and suboptimal policies today may provide diversity in the 
system for all to benefit from tomorrow.  It also serves as a platform to experiment from.  
Excellent policy solutions may only differ from policy disasters on a few dimensions. A 
world where everyone rapidly converges to “best practice” will likely have better policy 
outcomes in the short run than a world where everyone experiments in different 
“neighborhoods” of the policy space and then only slowly converge to best practice.  
However, the latter world will have more experimentation and may be more likely to 
produce better policy outcomes in the long run.9 

A classic example of premature convergence is the convergence on the QWERTY 
layout of keyboards.  Early in the typewriter industry, there was substantial diversity of 
key layout.  The QWERTY layout was originally designed to slow typing to prevent the 
mechanical jamming of the typewriter, and, over time, through a diffusion process, the 
QWERTY layout became standard.  While the mechanical jamming of typewriters is no 
longer a problem, the QWERTY standard remains.10  One might hypothesize that 
QWERTY-type of outcomes are more likely in an informationally efficient system. 
 The likelihood of A adopting B’s innovation should drop as the similarity of A 
and B’s policy objectives drops, since B’s innovation would presumably be tailored to its 
policy objectives.  Heterogeneity in underlying policy objectives should therefore help 
maintain a diversity of policy approaches (although limit the benefits to policy diffusion 
as well). 
 
Aggregating information 
 The third dimension to thinking about informational networks is how well that 
network aggregates information.  Bad information as well as good spreads in 
informational networks.  A more efficient network at spreading information is also a 
more efficient network at spreading fads, manias, etc.  As the information cascade 
literature demonstrates, in a system where adoption is the only thing that one actor can 
observe about another can easily result in the spread of misinformation (Strang and Macy 
2001).  Essentially, if one imagines that each node in the system has private information 
about the value of an innovation, but that this private information can be outweighed by 
the observation of the adoption decisions of others, then all it might take for the system to 
get rolling in the wrong direction is for a few of the initial adopters to have incorrect 
signals.  At that point, the private information of subsequent adopters is outweighed by 

                                                 
9 See March (1991) more generally on the trade off between exploration and exploitation. 
10 See David 1986.  Also see Liebowitz and Margolis (1990) for a critique of David’s 
analysis, which debunks Dvorak as a superior alternative to QWERTY (although does not 
demonstrate that QWERTY is an optimal layout of keys). 
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what they observe others to have adopted, resulting in a potential bandwagon going in the 
wrong direction.   
 These potential bandwagon effects might be ameliorated by a number of potential 
dynamics.  First, potential adopters could pool their private information regarding an 
innovation.  Given a large enough set of nodes sharing their private evaluations, this 
pooled knowledge could outweigh the information conveyed by a “bandwagon” (since, 
actually, bandwagons do not convey that much information).  Second, adopters might 
send information about their experiences.  That is, not only is adoption information 
conveyed, but success/failure information.  This would vastly increase the amount of 
information conveyed in the adoption process;  and every bandwagon would contain the 
seeds of its own destruction since the bandwagon would create a body of data about its 
failings.  The potential of success/failure information to eliminate bandwagons depends 
on (1) the lag between adoption and success/failure data;  (2) whether such data are even 
generated by the process (as noted above).  It is in fact not in the interest of adopters to 
produce data that demonstrate that they chose failing policies.  There is an incentive to 
suppress negative feedback, and, even worse, to suppress any feedback at all in fear that it 
could be negative. 
 
Parallel processing 
 The vision sometimes conveyed of networks is that they distribute the 
informational load over the many nodes within the system, as compared to an hierarchical 
system, which overloads the top node.  It is not at all clear that such a network would 
emerge organically, however, or that the ideal configuration differs greatly from an 
hierarchy.  Imagine the following scenario:  each node receives a signal about the state of 
the world—let’s say a quantitative estimate of something of importance to the system.  
Each node has a certain processing capacity—let’s say a capacity to “average” its 
information and the information of 10 other nodes.  What would be the most efficient 
organization of the system?  An hierarchy, where at the bottom of the hierarchy nodes 
were grouped by 10, each communicating with one node above it, which averaged the 10 
bits of information along with its own.  This layer would be identically organized in 
groups of 10 passing information upwards.  This structure would continue iteratively 
upwards, until the single top node averaged the information from its immediate 10 
subordinates. 
 Would such structures emerge organically, without centralized intervention?  It 
seems unlikely.  The hierarchical structure described above is, arguably, at best, a very 
hard to reach equilibrium, if one posits that the nodes are seeking to maximize their own 
informedness.  The reason for this is that there is little reason for nodes to communicate 
with the nodes below them, as compared to the nodes above them, or at their own level.  
Consider the nodes one level down from the top.  A pair of nodes at this level, given  the 
opportunity to switch one communication from one of their subordinates each to each 
other, would certainly improve the quality of information they were receiving.  The one 
caveat here (and the reason why the hierarchy is a potential equilibrium) is that if one 
assumes that the top node “broadcasts” its solution once it has calculated it, none of its 
subordinates will have the incentive to deviate from their communication pattern, since it 
would be detrimental to the quality of this signal.  However, there is no smooth path to 
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that equilibrium, because the actors that emerged as more central would have an incentive 
to drop their ties to less central nodes, which would undermine the hierarchical structure 
outlined above. 
 
Institutions in the middle 

There are potential institutions that can play an aggregating role.  In particular, 
one might imagine institutions that have both high processing capacity and high levels of 
connectedness.  For example, the federal government might play the role of a central node 
that processes the experiences of the states, develops and disseminates best practices.  
However, arguably, the federal government focuses more of its analytical capacities on 
developing its own mandates, rather than enabling state and local governments develop 
their policies. 

There are also a variety of national organizations of local and state governments 
(the National Governors Association, the National Conference of State Legislatures, the 
National District Attorneys Association, etc).  There exist also various international 
organizations that serve (in a network sense) a similar function, such as the Organization 
of Economic Cooperation and Development, the World Bank, etc.  In the US context, 
however, these organizations often have a somewhat limited desire to serve as a conduit 
of information, in significant part because they really act as industry associations—
representing their collective needs to the outside world, rather than facilitating the smooth 
flow of information among their members.  In fact, the reason for this is that these two 
objectives are at odds:  facilitating the smooth flow of information, aggregating 
information into studies of best practice, etc, in fact means picking the practices of a 
small number of members as winners and the rest as losers.  Such a strategy might 
quickly undermine the support of such an organization.11 

Finally, academia plays a potential role as a central node—collecting, comparing, 
and critically examining the practices of many jurisdictions. 
 
The organizational nexus:  networks, markets, and hierarchies 
 Markets, networks, and hierarchies offer different mechanisms to deal with the 
issues around information diffusion, creation, and aggregation.  Networks rely on 
reciprocity and embeddedness to regulate the behavior of their members.  They are 
relatively poor at dealing with complex chains of exchange—for example, where A has 
something B needs, and C has something A needs, and B has something C needs.  In this 
scenario, the network cannot be sustained by reciprocity or reputation, but instead may at 
best be supported a complicated system of arbitrage.  Networks, in the absence of markets 
and property rights, may do poorly at encouraging significant investment in new 
information, because of the lack of control of that information once it is produced. 

Markets institutions standardize goods along salient dimensions, offer a standard 
for exchange (money).  Supporting institutions, such as property rights, also encourage 

                                                 
11 I thank Robert Behn for this point.  Notably, some of the international organizations are 
exceptions.  Arguably, this is in part because of the political irrelevance of those 
organizations.  Further, in many of these cases—the international development 
organizations—critical examination is not of donor countries, but of recipients. 
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production of information (although at the cost of efficiency in the monopoly rights 
conveyed).  People thus write books, develop new medicines, create new software, in the 
expectation that the properties of the goods will somehow be captured by dimensions that 
have emerged as salient in the market (of course, these dimensions are themselves highly 
contested).   Markets work less well at supporting transactions where the properties of the 
good is not easily captured by the dimensions that the market has defined.  Consider the 
vast array of little bits of information, gossip, etc, exchanged in informational networks:  
“the biggest difficult we encountered in implementation was…” “the next division chief 
is going to be…” etc.  These non-standard bits of information, essential to the operation 
of any system, would be impossible to put valuations on (or far too costly).  Instead, this 
type of information exchange is governed by reciprocity, norms, etc. 

Hierachies (by which I mean authority structures), have a variety of mechanisms 
to deal with the issues raised above.  At the simplest level, information sharing and 
information production can simply be commanded.  Thus, if A is in a position to discover 
something, A is ordered to do so.  If A has information B would find useful, A is ordered 
to share information.  Of course, such a system would typically put demands that would 
quickly outstrip the capacity of the apex an organization. 

There are other, less blunt, authority tools.  Hierarchies standardize behavior and 
information, facilitating information flow.  Hierarchies also create the public goods for 
information exchange—e.g., infrastructure.  Hierarchies can also recognize and reward 
information production and information sharing ex post, a less difficult task than doing it 
a priori.   
 A particular system will generally operate by multiple institutional logics.  The 
prescriptive question is whether there is a match between what a particular institutional 
logic is effective at, and what it is being asked to do. 
 
Conclusion:  how to maintain innovation.gov? 
 The objective of this paper has to be view the intergovernmental network as an 
informational network:  each node producing information and potentially transferring 
information to other nodes.  The shift from relatively geographically bound networks to 
global networks should greatly increase the informational efficiency of international 
policy networks.  Yet, by increasing the rate at which successful innovations spread 
through the system, globalization may discourage policy experimentation due to free 
riding and premature policy convergence.  This suggests a counter-intuitive governance 
prescription:  as governments receive more information regarding what other 
governments are doing, incentives for all governments to continue experimenting (and 
thus creating information) should be increased. 
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Informal Social Roles and the Evolution and Stability of Social Networks1 

 
Jeffrey C. Johnson, East Carolina University 
 
Lawrence A. Palinkas, University of California San Diego 

 
James S. Boster, University of Connecticut 
 
Introduction 
 
From a series of cross-cultural studies on the evolution of group or network structure in Antarctic research 
stations it is evident that despite similarity in natural environments (e.g., cold, isolation), organizational 
goals (e.g., conducting science), formal organizational structure, physical settings, group size, and 
duration of isolation across years group dynamics can vary dramatically from one group to another even 
within the same physical and cultural settings (Johnson et al. in press; Johnson et al. 2002). Thus, network 
dynamics are largely a function of both formal and informal factors (e.g., the emergence of informal 
social roles) that have variable effects on the patterns of interaction and connection among network actors 
and ultimately on such things as performance, productivity, morale, and individual psychological well-
being.             
 
An important distinction needs to be made between formal, informal, and latent social roles in networks. 
Formal social roles are those proscribed by groups, organizations, or cultures and are reflected in the 
designation of formal positions (e.g., manager, CEO). Although formal aspects of groups are certainly 
important, much of network dynamics are the result of informal influences and the interaction between 
formal and informal processes.   Although early work in organization studies recognized a link between 
latent and informal roles in organizations (Gouldner 1957; Becker and Geer 1960) there is a fundamental 
difference between the two. Whereas all latent roles are informal, not all informal roles are latent. In this 
sense there are informal, as well as formal social roles, that are visible and active throughout a group’s 
existence.  On the other hand, there are informal social roles that can be dormant or hidden emerging only 
when circumstances or conditions warrant (e.g., due to external or internal events).  The presence or 
absence of informal social roles and the nature of hidden, dormant, or latent roles all have an impact on a 
network’s emergent properties. Emergent properties here refer to the emergence of higher level group 
phenomena, such as cohesion or other global structural properties, that stem from the characteristics of 
lower level constituent entities, such as the mix of individual actors. The focus of this this paper is the 
relationship between these emergent properties and the evolution of network structures as they relate to 
such things as network stability, adaptability, and robustness.    
 
In a study of the relationship between informal social roles and emergent properties of networks Johnson 
et al. (in press) found that the evolution of globally coherent networks in Antarctic winter-over groups 
was associated with group consensus on the presence of critically important informal social roles (e.g., 
expressive leadership) where global coherence is the extent to which a network forms a single group 
composed of a unitary core and periphery as opposed to being fragmented into two or more subgroups.  
Conversely, the evolution of multiple subgroups was associated with the absence of consensus on 
informal social roles, above all the critically important role of instrumental leader and the lack of role 
redundancy in expressive leadership.  Thus the nature, multiplicity, and coincidence of both formal and 
informal social roles in networks can have an impact on the evolution and stability of network structures. 
More importantly, however, these network structures all have implications for such group outcomes as 
productivity, group morale, efficiency, individual psychological well-being, group communication, and 
group conflict (Johnson et al. 2002).   
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Although there are a wide range of informal role properties and structural correlates we will concentrate 
on 5 primary forms. Table 1 summarizes these properties in terms of the implications of their presence or 
absence for group functioning in terms of their effect on network structure.  Each of these properties will 
be discussed in more or less detail in the examples that follow. Briefly, role complementarity is important 
for diminishing role competition and conflict.  Whereas we may want homogeneity in the backgrounds of 
group members in order to diminish any bases for intra-group divisions (white collar vs. blue collar), role 
complementarity or  heterogeneity is desirable since it helps ensure that group member’s roles fit in with 
one another (Johnson et al. in press).  Role consensus, or agreement on informal roles, reflects a lack of 
role competition and conflict in that there is agreement on the set or sets of actors performing such roles. 
For some of these informal roles, redundancy is important in that removal of a single actor in a set of 
multiple roles still ensures proper role function. As later examples will show, lack of replacement may 
leave groups structurally vulnerable due to the loss of critically important roles that function to foster 
group coherence or cohesion. Similarly, unforeseen internal or external events that threaten groups may 
require latent or hidden informal roles that function to maintain structural integrity during these events, in 
a sense informal roles in reserve being called on in times of need.  Finally, the overlap between formal 
and informal leadership is important for producing group consensus on the group’s instrumental goals and 
objectives and for reducing role competition for leadership.  A more in-depth discussion of these 
properties can be found in Johnson and Finney (1986) and Johnson et al. (in press). 
 
Table 1.  Consequences of the presence or absence of network informal role properties. 
 
Informal Role Properties Presence Absence 
Role Complementarity People fit in with one another Role Homogeneity: Role 

competition/conflict (“Too many 
chiefs and not enough Indians”) 

Role Consensus Agreement on individual status, 
role, and function 

Role collisions leading to group 
divisions 

Role Redundancy For certain informal roles can 
enhance network adaptability 

Structural Vulnerability 

Role Latency Promotes adaptive responses to 
unforeseen events 

Structural Vulnerability 

Formal/Informal Role 
Isomorphism 

Promotes agreement on group 
goals and objectives 

Role collisions leading to group 
divisions 

 
 
 Informal Roles and Emergent Properties: Examples of the Ties That Bind 
 
In a dynamic world there is no guarantee of group or network stability over time despite the best 
intentions of formal organizational efforts (Johnson and Parks 1998).  Groups are, in a sense, constantly 
under attack from both within and from the outside.  Interpersonal tensions, for example, always have the 
potential to tear at the very fabric of group structures from within, inhibiting adaptation to changing 
circumstances and thereby have the potential to lead to divisive and less cohesive or coherent groups 
(Johnson et al. in press). Different forms of deviance can work to either integrate or divide group structure 
(Johnson and Miller 1983; Johnson et al. in press; Dentler and Ericksen 1959). Outside events or 
organizations can also present threats in terms of such things as withholding resources or outside 
meddling in internal group affairs that can also impact a group’s ability to adapt to changing conditions. 
Although these outside influences can sometimes serve as group reference points that can foster group 
cohesion (i.e., internal group alliance to fight outside threats in an us versus them mentality) such 
phenomena tend to be short-lived, and once such threats are diminished tend to exacerbate preexisting 
tensions and conflicts (Johnson and Finney 1986).  In either case, the ability of a group to respond to such 
challenges depends on number of important factors. 
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Example 1: The Emergence of the Latent Informal Social Role of ‘Court Jester’  
 
We now turn to an example of a latent informal social role that contributed to positive group function 
during a time of external threat.  Johnson and Miller (1983) and Johnson and Finney (1986) described the 
function of the informal social role of ‘court-jester’ for fostering group cohesion during periods of stress 
in both fishers in an isolated fish camp in Alaska and in Antarctic expeditions.  What makes these 
examples important is the presence of informal latent social roles that fostered the emergence of group 
coherence during a stressful event.                         
 
Every spring fishermen travel to Bristol Bay, Alaska in the pursuit of king, sockeye, and dog salmon, 
among other species.  The fishing is crowded, competitive, and has historically been very lucrative.  
Bristol Bay, an arm of the Bering Sea, is extremely isolated and the purchasing, processing, and 
marketing of salmon has traditionally been dominated by a small set of oligopolistic firms.  Within recent 
times, however, fishers have gained more power due to increasing competition from outside firms and the 
organization of fishers under the Alaska Independent Fishermen’s Marketing Association. Most fishers 
are associated with large firms staying in bunkhouses within canneries or in fish camps during the salmon 
season (2-3 months).  One such fish camp was owned and operated by a large, powerful firm.  The fish 
camp was multi-ethnic but dominated by a large group of Italians who had mostly emigrated from Sicily 
to the U.S in the 1960’s.  The network of interest consists of 16 Italian boat captains. A more detailed 
ethnographic background for this example can be found in Johnson and Miller (1983).      
 
In a multidimensional scaling of unconstrained judged similarity pile sort data among the 16 captains (not 
shown) two distinct groups were clear based mostly on bunkhouse residence with the group from 
bunkhouse 2 being highly among residents while those from bunkhouse 1 had moderate density (Johnson 
and Miller 1983).  There were a number of important exceptions including a fisher who lived in 
bunkhouse 1 but who interacted most frequently with fishers in bunkhouse 2 and a fisher who lived in 
bunkhouse 2 but socialized in bunkhouse 1.  Another important actor is “fisher 1” who was described by 
captains during the pile sort task as “the bridge between the two groups” and “belonging to everyone”.  
Fisher 1 is the focal point in this example.   
 
Table 2 shows the timeline of events leading up to the emergence and disappearance of the role of court 
jester over the course of the fishing season. Initially fishers are extremely busy during the period before 
the opening of sockeye season preparing boats and gear.  During this period there is little free time and 
fishers work throughout the long Alaskan days (daylight until after midnight).  Just prior to opening, the 
fishers begin to negotiate season prices with firms.  If prices have not been settled prior to season 
opening, the fishers will strike until a satisfactory price can be negotiated.  In the year of this study, the 
strike was quite bitter and protracted (2 weeks of a 4 week season) creating an extremely stressful 
atmosphere (e.g., captains could gross more than $10,000 a day).  With the preparations for the season 
mostly completed the fishers had little to occupy their time during the strike, contributing further to 
potential conflicts among and between fishers and management.   
 
Table 2.  Timeline for the emergence and disappearance of the role of court jester.   
 
Preparation 
for salmon 
season 
(May-June) 

Strike 
Begins 
(approx 1 
week before 
season 
opening) 

Season 
Opens, 
Strike Still 
in Effect 
(Tension, 
Boredom) 

Court Jester 
Role 
Emerges 

Strike 
Ends/Fishing 
Begins (just 
prior to the 
season peak) 

Court Jester 
Role 
disappears 

Role 
Rewarded 
with over 
limit fish 
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During this strike period fisher 1 emerged in the role of court jester and provided hours of comic relief for 
the fishers of both bunkhouses.  Fishers from bunkhouse 1, for example, would come to bunkhouse 2 to 
engage in a number of activities one of which included a mock funeral and burial in the tundra for fisher1 
(Johnson and Miller 1983).  Thus, fisher 1 provided comic relief and brought fishers together in positive 
face to face interactions thereby diminishing chances for intra-group conflicts during this particularly 
stressful period.  
 
Once fish prices were settled, the role of court jester receded as fishers immersed themselves in their 
fishing activities.  However, despite the lack of need, for this role the role was still recognized as being 
important to the function of the group.  During the remainder of the season fisher 1 received over limit 
fish transfers from a wide range of fishers as a reward for his role as court jester. The receivers were 
primarily from bunkhouse 2 with the exception of fisher1 (i.e., reflecting the relative status of members of 
the respective bunkhouses).  Among receivers, fisher 1 had a unique status and role in the group reflected 
in his high indegree centrality in the fish transfer network.  Although he received fish from a wide range 
of fishers he tended to receive small amounts, generally being at the bottom of the list behind those 
related by kinship to the giver.  This network of Italians was highly interconnected through kinship, and 
fisher 1 had no kinship relation to any other members of the group, either captains or crew (Johnson and 
Miller 1983).      
 
There are a number of structural factors and actor characteristics that facilitated the emergence of role of 
court jester with respect to fisher 1: 

• Lower Status actor living in the higher status bunkhouse, 
• Worst fisher in the camp (deviant in terms of productivity norms ala Homans (1974)), 
• No kinship relations to the group, 
• Willingness to be the brunt of jokes and pranks 

These structural and individual features allowed fisher 1 to play the role of court jester without the fear of 
violating norms, despite his formal status as fishing captain.  What was important in this case was his 
informal position and role as court jester bridged the gap between the two bunkhouses during a time of 
extreme stress, thus significantly contributing to the group’s structural integrity.  Although there were 
certainly other forces, such as extensive kinship relations, that also fostered group cohesion, the role of 
court jester encouraged actual face-to-face interactions at a particularly critical time.      
 
Example 2: The Bridging Informal Role of Clown in Antarctic Groups 
 
The next example of a bridging informal role comes from research on the group dynamics of Antarctic 
winter-over crews at the Amundsen-Scott South pole Station.  Three separate years at the station were 
studied throughout the Austral winter in which station crews were isolated for approximately 9 months.  
Network data, informal role data and morale and psychological data were collected on a monthly basis 
throughout the 9 months of the winter.  Similar to the example above we concentrate on the role of 
‘clown’. However, in this case the informal role of clown was recognized throughout winter in each of the 
three years studied.  The role term itself was derived from in-depth interviews with former winter-overs 
prior to the beginning of the study (see Johnson and Weller 2002 for a discussion).  This term and 10 
other informal role terms (e.g., social director, work leader, peacemaker) were a part of a informal role 
sentence completion task in which respondents were asked to associate each of his or her fellow winter-
over crewmembers with each of the 11 informal role terms.    
 
Figure 1 shows a series of graphs revealing the connections among winter-over crew from year A in the 
middle of winter (July) one of the most stressful periods of the winter-over period (Palinkas et al. 1998, 
2000a, 2000b, 2001, 2002; Johnson et al. 2002). The series of network graphs reveals the important 
bridging function of the clown role during this year (more than 67 % of the crew nominated this actor for 
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the role of ‘clown/comedian’).  This role was particularly important in maintaining connections between 
trades crew (i.e., the contractors) and scientists (i.e., primarily NSF grantees).  The trades and scientists, 
often jokingly referred to by the trades crew as “beakers” (as in laboratory beaker), a distinction that has 
historically been a potential source of intra-group conflicts in Antarctic winter-over groups.      
 
What this series dramatically reveals is that the clown role functioned to bridge relations between the two 
major social categories in the station.  The crewmember who played this role was central to a wide range 
of both trade and science crew.   With respect to trade crew he linked different segments among members 
of the trades themselves, particularly the two isolates to the lower left in graph II.  Similarly, he provided 
a link between the major cluster of scientists in the upper right of the graph both with other scientists, 
particularly the isolated science personnel, and the primary trades contingent.     
 
 
 

 
 I. 

 

Clown

 
II.  
 

 

Clown
 

III. 
 

Figure 1. The network structure in the middle 
of the winter (July) derived from a stacked 
correspondence analysis of the ratings of 
social interaction during each of the 9 winter 
months.  Edges are shown for rij > 4, where r 
ranges between 0 and 10. The graphs show (I) 
ties among scientists in the middle of winter 
for year A, (II) ties among trades in the 
middle of winter with clown role highlighted, 
and (III) ties between scientists and trades in 
the middle of winter with clown role 
highlighted 

 
In addition to the clown noted in Figure 4, there were several other crewmembers who were nominated as 
clowns by winter’s end in year A, 2 with high consensus (consensus c>0.66) and 4 with moderate 
consensus (0.33<c<0.67). Of the remaining 2 years, year B had high consensus on 3 individuals in the 
role of clown while year C had only moderate consensus on one crew member in this informal role. 
Further, year C had high consensus on one crew member in a negative deviant role, while the remaining 2 
years had limited negative deviance with the exception of moderate consensus on one deviant role in year 
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A.  Thus, Years A and B displayed a high degree of role redundancy with respect to the informal role of 
clown. This stands in stark contrast to year C where this informal role was largely absent.           
 
Example 3: Expressive Leadership, Role Redundancy, and Adaptability 
 
In this example we examine the consequences of the degree of expressive leadership available to groups.  
What separates expressive from instrumental leadership is the arena in which each operates.  Whereas 
instrumental leadership generally deals with achieving organizational goals and objectives related to 
work, expressive leadership, as its name entails, involves leadership and direction in a variety of mostly 
non-work realms. Expressive leaders, referred to in the study as social directors, organized events that 
were primarily expressive or leisure oriented (e.g., dinner parties, theme costume parties, sports 
competitions, dance lessons, etc.).  These events brought people of various backgrounds together in face-
to-face interactions that were of a positive nature.         
 

Expressive Leader (April)

 

Expressive Leader (October)

 
Figure 2a. Graph showing the position of the 
single expressive leader two months after the start 
of the Austral winter for year C.  Edges are shown 
for rij > 4, where r ranges between 0 and 10. 

Figure 2b. Graph showing the position of the 
earlier nominated expressive leader at the end 
of the winter for year C.  Edges are shown for 
rij > 4, where r ranges between 0 and 10. 

 

 
 
Figure 2c. The network structure in the middle 
of the winter (July) for year A derived from a 
stacked correspondence analysis of the ratings 
of social interaction during each of the 9 winter 
months.  Edges are shown for rij > 4, where r 
ranges between 0 and 10. The graph shows the 
position of the 3-crew members who were 
highly nominated as expressive leaders.    
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Figures 2a & 2b show the position of the single expressive leader for year C in the beginning and end of 
the Austral winter.  In the beginning of the winter this actor is central to the group bridging connections 
between science and trades crewmembers.  However, by the end of the winter this crewmember had 
become less central and the group had fragmented into several subgroups with two primary divisions 
being between science and trades crew.         
 
This single expressive leader for this year dropped out of most group interactions in about the middle of 
winter because of problems with harassment, particularly from one crewmember (see discussion on 
negative deviant roles above).  Whereas this expressive leader was an organizer of social events and 
dinner parties in the earlier months of the winter, by mid-winter this crewmember had dropped out of 
most social activities, particularly as the important organizer of events that functioned to bring group 
members together in face-to-face interactions.  Thus, just at the time when the integrating functions of 
expressive leadership were most needed (mid-winter), this crewmember went into relative social isolation 
and the expressive leadership role was lost with no one to fill that important informal role.  Paralleling 
this decline in the presence of expressive leadership, the group structure began to fragment into various 
subgroups (see discussion below on instrumental leadership). 
 
In contrast to year C, year A had 3 crewmembers in the role of expressive leader (Figure 2c). In each case 
these expressive leaders provided crucial bridges between science and trades crewmembers.  For 
example, the expressive leader at the top left (a science crew member) was central to the science subgroup 
and connected to the clown role (a trades crewmember) at the center of the network.  In any event these 3 
crew members helped in organizing events, dinner parties, sports competitions, dance lessons, card 
games, etc., all activities that increased chances for face-to-face interactions across all crew members.  Of 
the 3 years of the study, this winter-over crew had the most extra-work related activities of any year.  It 
should also be noted that role redundancy in this case lessened the potential vulnerability of this important 
role in that elimination of a single expressive role still afforded chances for the remaining expressive 
leaders to perform this critically important function. Thus, this year had a number of informal roles in 
reserve that could be called on in times of need. 
  
 
Example 4: Isomorphism Between Formal and Informal Instrumental Leadership 
 
In the final example we look at the important relationship between informal and formal instrumental 
leadership. Johnson et al. (in press) discuss the importance of the overlap in the formal and informal 
instrumental leadership roles for proper group function. The idea is that the overlap between the two roles 
diminishes chances for role competition within a group for the important leadership role, whether formal 
or informal.    
 
Figure 3 shows the final group structures for the three years and the position of the formal station 
managers in each of the networks in the final month of the winter.  There are a number of striking features 
with respect to the placement of formal managers in the network structure.  For year A, the station 
manager is embedded in the middle of a rather cohesive network.  The station manger for year B is also 
central to the structure but in a much less cohesive or coherent structure.  Finally, year C finds the station 
manager less central in the network that is divided into three primary network subgroups.   
 
As might be expected from the differences of the network positions of the three station mangers there are 
also differences on the overlap between formal and informal instrumental leadership.  By winter’s end 
100 percent of the crew in year A nominated the formal station manager as the informal work leader with 
moderate consensus on informal work leadership for two other crewmembers.  For year B, there was high 
consensus for the station manager as also filling the role of informal work leader with moderate consensus 
on one other crewmember.  For year C, however, there was a lack of high consensus on an informal work 
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leader and there was moderate consensus on three crewmembers including the station manager. Thus, in 
years A and B in terms there was high agreement with respect to the station manager as informal work 
leader, reflecting a considerable degree of role consensus. The moderate agreement for three crew for 
year C, on the other hand, reflects role competition for instrumental leader that included the station 
manager.  It should be noted that initially year C had high consensus on the station manager as the 
exclusive informal instrumental leader.  This is important in that the lack of extensive informal role 
properties in this year allowed for potential problems in the future stemming from interpersonal conflicts 
and external threats of various kinds. Good leadership alone cannot produce stable, productive groups.  It 
requires a combination of informal roles, all improving the chances for the evolution of cohesive and 
productive groups. 
             
   

Manager

A B

Night Shift

Couples

Couch Group

Manager

 

Biomed Group

Library Group

Bar Group

Manager

outlier

C 

Figure 3. Final (October) group structures for 
winter-over crews for the 3 showing the position 
of station manager and the delineation of groups 
as determined by the winter-overs in in-depth 
interviews (from a correspondence analysis of the 
ratings of interaction). Year A formed a single 
group (global coherence), while years B and C 
had varying degrees of subgroups.  Year C had 
subgroups determined primarily on the basis of a 
science versus trades split.  The library group 
consisted mostly of scientists while the bar group 
consisted of trades crew members (e.g., 
carpenters, plumbers, mechanics, etc.) [from 
Johnson et al., in press]   

 
 
Informal Role Properties and Group Outcomes 
 
In this section we examine the consequences of the informal role properties discussed above.  In an earlier 
paper, Johnson et al. (in press) demonstrated that informal role properties of these winter-over groups 
were important for understanding the evolution of coherent group structures. Globally coherent structures 
were associated with role consensus, role heterogeneity, expressive leadership, functional deviance, and 
an overlap between formal and informal instrumental leadership, while local coherence (presence of 
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network fragmentation) was associated with the lack of extensive informal social roles, negative 
deviance, and role competition for instrumental leadership.  In this case, year A’s structure evolved to be 
highly coherent over time, year B’s structure was moderately coherent, while year C’s structure became 
locally coherent over time, fragmenting into several subgroups (Figure 3). Aside from these structural 
consequences of informal role properties, what effect do these factors have on such things as group 
morale, psychological well-being, and group productivity?       
 
Figure 4 is a graph of changes in ‘overall morale’ of group members over the 9 months of the winter.  
Whereas there is no significant difference between years initially [F=2.297, p<0.2] there is a dramatic 
decline in morale for year C over the 8.5 months of the winter.  Although each year experiences a 
downward trend in morale as mid-winter approaches, year C shows a much more dramatic decline 
relative to the other two years.  In a two way repeated measures analysis of variance there is a significant 
difference between years [F=19.375, p<0.0001] in overall morale. More importantly, however, there is an 
interaction effect between year and month [F=2.495, p<0.002] indicating significantly different linear 
trends in morale over the winter.  Although year A declines slightly in morale as the winter progresses, by 
August (when the sun first appears) the trend is upward.  This is in contrast to the other two years that 
experience further downward movements in morale only rebounding at the end of the winter-over in 
anticipation of station opening.  However, this trend is much larger for year C than year B.         
 
A further example of the consequences of differences in informal role structures across the 3 years can be 
seen in a comparison of anger and tension/anxiety over the winter. Figure 5 is a scatter plot of the 
relationship between group means for tension/anxiety and anger over the winter gained from the profile of 
mood states (POMS) instrument that was administered on a monthly basis (Palinkas et al. 1998, 2000a, 
2000b, 2001, 2002; Johnson et al. 2002). A 68 percent confidence ellipse is shown for each of the years.  
Year A has the least variation in these psychological measures over the course of the winter and has the 
lowest overall values across the three groups. Year C has somewhat more variability in these 
psychological indices over the winter and is the most extreme overall in values over the winter months.  
Year B has a high degree of variation over the winter and is in between the other years in terms of the 
magnitude of psychological indices. 
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Figure 4.  Comparison of 
“overall morale” over the 
Austral winter across the 
three years of South Pole 
crews (intervals shown as 
standard errors) 
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Figure 5.  Relationship 
between anger and 
tension/anxiety over the 8 
months for the three years 
studied (years are 
encompassed by 68 
percent confidence level 
ellipses).   
 

          
 
Table 3 summarizes the comparison between the three years with respect to the informal role properties 
discussed above.  Year A had by far the richest combination of role properties, followed by year B.  Year 
C lacked many of the informal role properties that are hypothesized as important for the proper 
functioning of groups.  It is clear from this analysis that the presence of informal role properties lead to 
more desirable group outcomes. Year A had higher levels of morale and lower levels of tension, anxiety, 
and anger. This was followed by year B that had more moderate levels of informal role properties and 
correspondingly lower levels of morale and higher levels of anger, tension, and anxiety.  Year C actually 
started with the most coherent structure of the three years at the beginning of winter (Johnson et al. in 
press) but the structure fragmented into several subgroups over the course of the winter that mostly 
reflected the trades versus science categories.  Although year C initially displayed a cohesive structure, it 
lacked the informal role properties needed to effectively deal with the inevitable internal and external 
threats faced by groups (e.g., negative deviance, interpersonal conflicts, meddling from outside agents or 
agencies).              
 
Table 3. Summary of informal role properties present in the 3 years at the South Pole Station by 
winter’s end. 
    
Informal Role 
Properties 

Year A Year B Year C 

Role Complementarity High Moderate Low 
Role Consensus High  High Low 
Role Redundancy High High-Moderate Low*  
Role Latency Moderate Moderate Low 
Role Isomorphism High Moderate Low 
*Redundancy is low in terms of expressive leadership but high in terms of instrumental 
leadership leading to role competition for the work leadership position 
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Concluding Remarks: Informal Roles and Implications for Network Evolution, Stability, and 
Adaptability  
 
This paper provided a brief discussion and examples of the importance of the recognition of the informal 
and latent role properties of networks for understanding network evolution and change particularly with 
respect to the direction of change (i.e., the evolution of network fragmentation or coherence).  The 
examples above have suggested that groups that have a rich mix of informal role properties fair better in 
terms of both the evolution and stability of group cohesion or coherence. In addition, these properties 
appear to enhance the ability of groups to adapt to a number of both internal and external threats to group 
structure and function.  Whereas this research has largely been interested in the factors that keep networks 
together (e.g., cohesion, coherence) and productive, such an understanding can similarly be used to 
achieve just the opposite, the fragmentation or disruption of network structures.  Steve Borgatti (this 
conference) has been concerned with the removal of nodes and its effect on network fragmentation and 
inter-node distances. Kathleen Carley has recently examined the importance of node insertion in 
disrupting network structures and the importance of extra-network information in predicting network 
change and adaptability (e.g., a talk at the Cambridge Colloquium Complexity and Social Networks in 
December 2001). In either case, an understanding of the relationship between structural properties and 
role properties of the kind discussed here can aid in producing more informed theories on network 
fragmentation and disruption.  It is important, for example, to know not only the network or nodal 
properties of actors, but also their informal role properties.  Such combined information can lead to a 
deeper understanding of the potential impacts of both node removal (e.g., the removal of expressive 
leaders that bridge various categories of actors) and insertion (e.g., increased role competition for 
instrumental leader) on network structures. This entails knowledge of related but distinctly different forms 
of social structural data.                  
 
The examples described here have been relatively simplistic in that they involved well-bounded and 
enduring groups with little or no movement in or out of the network. Despite their simplicity, however, 
such examples can help inform us about the importance of informal role properties across a wider range 
of network contexts.  Further research is needed on the types of informal role properties at work in 
networks in other settings (e.g., terrorist networks).  In addition, we need a better theoretical 
understanding of the structural correlates of these informal role properties and their ultimate effect on 
network evolution and stability.         
 
 
 
 
Footnotes 
 
1. This research was supported by the National Science Foundation grants BNS-9011351 and OPP-
9610231.  In addition, a portion of this work was sponsored by a grant from the National Aeronautics and 
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South Pole Station for their kindness, friendship, and generous cooperation.     
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Dynamic Network Analysis 
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Institute for Software Research International 

Carnegie Mellon University 
 
 

Abstract 
 
Dynamic network analysis (DNA) varies from traditional social network analysis in that it can 
handle large dynamic multi-mode, multi-link networks with varying levels of uncertainty.  DNA, 
like quantum mechanics, would be a theory in which relations are probabilistic, the measurement 
of a node changes its properties, movement in one part of the system propagates through the 
system, and so on.  However, unlike quantum mechanics, the nodes in the DNA, the atoms, can 
learn.  An approach to DNA is described that builds DNA theory through the combined use of 
multi-agent modeling, machine learning, and meta-matrix approach to network representation. A 
set of candidate metric for describing the DNA are defined.  Then, a model built using this 
approach is presented.  Results concerning the evolution and destabilization of networks are 
described. 
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Dynamic Network Analysis 
 
Terrorist organizations have network structures that are distinct from those in typical 

hierarchical organizations – they are cellular and distributed. While most commanders, 
politicians and intelligence agents have at least an intuitive understanding of hierarchies and how 
to affect their behavior, they have less of an understanding of how to even go about reasoning 
about dynamic networked organizations (Ronfelt and Arquilla, 2001).  It is even more difficult 
for us to understand how such networks will evolve, change, adapt and how they can be 
destabilized.   

Clearly social network analysis can be applied to the study of covert networks (Sparrow, 
1991). Many are stepping forward suggesting that to understand these networks we just need to 
“connect the dots” and then isolate the “key actors who are often defined in terms of their 
“centrality” in the network.  To an extent, this is right.  However, it belies the difficulty of 
“connecting the dots” in terms of mining vast quantities of information, pattern matching on 
agent characteristics for people who go under multiple aliases, and still ending up with 
information the may be intentionally misleading, inaccurate, out-of-date, and incomplete. 
Further, this belies the difficulty in “knowing” who is the most central when you have at best 
only a sample of the network.  Finally, and critically, this approach does not contend with the 
most pressing problem – the underlying network is dynamic.  Just because you isolate a key 
actor today does not mean that the network will be destabilized and unable to respond.  Rather, it 
is possible, that isolating such an actor may have the same effect as cutting off the Hydra’s head;  
many new key actors may emerge (Carley, Lee and Krackhardt, 2001). 

To understand the dynamics of terrorist, and indeed any, network we need to understand the 
basic processes by which networks evolve.  Moreover, we have to evaluate isolation strategies in 
the face of an evolving network and in the face of missing information.  To ignore either the 
dynamics or the lack of information is liable to lead to erroneous, and possibly devastatingly 
wrong, policies.  Taking in to account both the dynamics and the lack of information should 
engender a more cautious approach in which we can ask, “if we do x what is likely to happen?” 

 

Limitations to Traditional SNA 
 
Traditionally, social network analysis (SNA) has focused on small, bounded networks, with 

2-3 types of links (such as friendship and advice) among one type of node (such as people), at 
one point in time, with close to perfect information.  To be sure there are a few studies that have 
considered extremely large networks, or two types of nodes (people and events), or unbounded 
networks (such as inter-organizational response teams); however, these are the exception not the 
norm.  However, such studies are still the exception not the rule.  Further, while it is understood, 
at least in principle how to think about multi-modal, multi-plex, dynamic networks, the number 
of tools, the interpretation of the measures, and the illustrative studies using such “higher order” 
networks are still in their infancy relative to what is available for simpler networks.  Finally, 
many of the tools do not scale well with the size of the network or degrade gracefully with errors 
in the network; e.g., they may be too computationally expensive or too sensitive to both type 1 
and 2 errors.  What is needed is a dynamic network analysis theory and toolkit.  We are working 
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to develop such a tool kit and the associated metrics and decision aids.  In this paper, one such 
tool, DyNet is described and used to examine various isolation strategies. 

 

Dynamic Network Analysis  
 
Recently there have been a number of advances that extend SNA to the realm of dynamic 

analysis and multi-color networks. There are three key advances: 1) the meta-matrix, 2) treating 
ties as probabilistic, and 3) combining social networks with cognitive science and multi-agent 
systems.  These advances result in a dynamic network analysis. 

Meta-Matrix:  Carley (2002) combined knowledge management, operations research and 
social networks techniques together to create the notion of the meta-matrix – a multi-color, 
multiplex representation of the entities and the connections among them.  The Meta-matrix is an 
extension and generalization of the PCANS approach forwarded by Carley and Krackhardt 
(1999) that focused on people, resources and tasks.  For our purpose, the entities of interest are 
people, knowledge/resources, events/tasks and organizations – see table 1.  This defines a set of 
10 inter-linked networks such that changes in one network cascade into changes in the others; 
relationships in one network imply relationships in another.  For example, co-membership in an 
organization or co-attendance at an event for two people suggests a tie in the social network 
between these two people.  A group, such as a terrorist network, can be represented in terms of 
an overtime sequence of such networks.  In fact, any organization or group can be represented in 
this fashion and we have used this representation on numerous occasions to characterize actual 
organizations and to predict their ability to adapt.   

All graph theory and network measures can be defined in terms of whether they can or have 
been applied to which cells. Further, on the basis of this meta-matrix new metrics can be 
developed that better capture the overall importance of an individual, task, or resource in the 
group.  An example of such a metric is cognitive load – the effort an individual has to employ to 
hold his role in the terrorist group  - and it takes in to account, who he interacts with, which 
events he has been at, which organizations he is a member of, the coordination costs of working 
with others in the same organization or at the same event or in learning from an earlier event or 
training for an upcoming event.  A large number of such metrics have been developed and 
analyzed in terms of their ability to explain the evolution, performance, and adaptability of 
dynamic networks. 

A key difficulty from a growth of science perspective, is that as we move from SNA to DNA 
the number, type, complexity, and value of measures changes.  A core issue for DNA is what are 
the appropriate metrics for describing and contrasting dynamic networks.  Significant new 
research is needed in this regard.  To date, our work suggests that a great deal of leverage can be 
gained in describing networks by focusing on measures that utilize more of the cells in the meta-
matrix.  For example, cognitive load, which measures the cognitive effort and individual has to 
do at one point in time has been shown to be a valuable predictor of emergent leadership (Carley 
and Ren, 2001).   Cognitive load is a complex measure that takes into account the number of others, 
resources, tasks the agent needs to manage and the communication needed to engage in such activity.  
In addition, we find that for any of the cells in the meta-matrix, particularly for large scale networks,  
many of the standard graph level measures have little information content as the network grows in 
size (Anderson, Butts and Carley, 1999) and/or are highly correlated with each other.  A set of 
measures that are generally not correlated, scale well, and are key in characterizing a network are the 
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size of the network (number of nodes), density (either as number of ties or the typical social network 
form number of ties/number of possible ties), homogeneity in the distribution of ties (e.g., the 
number of clusters or subcomponents, the variance in centrality), rate of change in nodes, and rate of 
change in ties.  The point is not that these are the only measures needed to characterize dynamic 
networks.  The point is that these are a candidate set that have value and that as a field we need to 
develop a small set of metrics that can be applied to networks, regardless of size, to characterize the 
dynamics. 

 
Table 1. Meta-Matrix 

 People Knowledge/Res
ources 

Events/Tasks Organizations 

People Social network Knowledge 
network 

Attendance 
network 

Membership 
network 

Knowledge/Res
ources 

 Information 
network 

Needs network Organizational 
capability 

Events/Tasks   Temporal 
ordering 

Institutional 
support or 
attack 

Organizations    Inter-
organizational 
network 

 
Probabilistic Ties: The ties in the meta-matrix are probabilistic.  Various factors affect the 

probability, including the observer’s certainty in the tie and the likelihood that the tie is manifest 
at that time. Bayesian updating techniques (Dombroski and Carley, 2002), cognitive inferencing 
techniques, and models of social and cognitive change processes (Carley, 2002; Carley, Lee and 
Krackhardt, 2001) can be used to estimate the probability and how it changes over time.   We are 
in the process of exploring techniques for combining the cognitive inferencing with the cognitive 
change process models. 

Multi-Agent Network Models: A major problem with traditional SNA is that the people in 
the networks are not treated as active adaptive agents capable of taking action, learning, and 
altering their networks.  There are several basic, well known, social and cognitive processes that 
influence who is likely to interact with whom: relative similarity, relative expertise, and co-
worker.  Carley uses multi-agent technology in which the agents use these mechanisms, learn, 
take part in events, do tasks to model organizational and social change.  The dynamic social 
network emerges from these actions.  The set of networks linking people, knowledge, tasks and 
other groups or organizations co-evolve.  Carley, Lee and Krackhardt (2001) use simple learning 
mechanisms to dynamically adjust networks as the agents in them attended events, learned new 
information, or were removed from the network.  In DyNet, described herein, additional 
mechanisms center on agent isolation are also considered. 

DNA has a wide range of applications.  For example, this approach is being used to examine 
the likely impact of unanticipated events in the VISTA project (Diedrich et al, forthcoming), the 
possible effects of biological attacks on cities in BioWar (Carley et al, 2002), in evaluating CIO 
response strategies to denial of service attacks (Chen, 2002), and evaluating information security 
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within organizations – ThreatFinder Project (Carley, 2001).  See also www.casos.ece.cmu.edu 
current projects and working papers. 

 

Dynamic Network Theory 
 
To move beyond representation and method, we need to ask, “How do networks change?”  

What are the basic processes?  From the meta-matrix perspective, the processes are easy – things 
that lead to the adding and dropping of nodes and/or relations – see table 2.  Again, no claim is 
being made that the processes listed in table 2 cover the complete spectrum; rather, they illustrate 
the types of node change processes that need to be postulated.  A full theory of dynamic 
networks needs to speak to such mechanisms.   

 
Table 2.  Basic Change Processes for Nodes in the Meta-Matrix 
People Knowledge/Resources Events/Tasks Organizations 
Birth 
Death 
Promotion 
Mobility 
Recruitment 
Incarceration 
Isolation 
 

Innovation 
Discovery 
Forgetting 
Consumption 
 

Goal Change 
Re-engineering 
Development of new 
technology 
Stop usage of 
technology 

Organizational birth 
Organizational death 
Mergers 
Acquisitions 
Legislation of new 
entity 

 
Similarly, there are a set of processes that lead to the addition and removal of relations.  

Basic processes are cognitive, social and political in nature.  Cognitive processes have to do with 
learning and forgetting, the changes that occur in ties due to changes in what individuals know.  
Social changes occur when one agent or organization dictates a change in ties, such as when a 
manager re-assigns individuals to tasks.  Finally, political changes are due to legislation that 
effect organizations and the over-arching goals.  To illustrate what is meant, a limited number of 
such processes are described in Table 3.  Further, and this should be obvious, processes that add 
or eliminate nodes also affect relations to/from that node.  For example, if all individuals in a 
society forget a particular piece of information that knowledge node, no longer exists and all 
connections from people to it are now eliminated. 
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Table 3. Change Processes for Relations in the Meta-Matrix 

 People Knowledge/ 
Resources 

Events/ Tasks Organizations 

People Motivation to 
Interact 
Change in 
access 

Learning 
Acquisition 

Re-assignment Mobility 
Recruitment 

Knowledge/ 
Resources 

 Discovery 
Analogical 
reasoning 
 

Innovation 
 

IP development 

Events/Tasks    Re-engineering 
Out-sourcing 

Organizations    Alliances 
Coalitions 

 

DyNet 
 
The purpose of the DyNet project is to develop the equivalent of a flight simulator for 

reasoning about dynamic networked organizations.  Through a unique blending of computer 
science, social networks and organization theory we are creating a new class of tools for 
managing organizational dynamics. The core tool is DyNet – a reasoning support tool for 
reasoning under varying levels of uncertainty about dynamic networked and cellular 
organizations, their vulnerabilities, and their ability to reconstitute themselves.  Using DyNet the 
analyst would be able to see how the networked organization was likely to evolve if left alone, 
how its performance could be affected by various information warfare and isolation strategies, 
and how robust these strategies are in the face of varying levels of information assurance.   
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Figure 1. DYNET:  A desktop tool for reasoning about dynamic networked and cellular 
organizations. 

 
DyNet is intended to be a desktop system that can be placed in the hands of intelligence 

personnel, researchers, or military strategists.  Through hands-on what if analysis the analysts 
will be able to reason in a what –if fashion about how to build stable adaptive networks with high 
performance and how to destabilize networks.  There are many applications for such a tool 
including: threat assessment; assessing information security risks in corporations; intel training; 
simulation of the red team in a gaming situation, and estimation of efficacy of destabilization 
policies.  Currently an alpha version exists as a batch program (no visualization) and it has been 
used to evaluate simple isolation strategies.  The system can handle data on real networks.  

The DyNet tool is a step toward understanding how networks will evolve, change, adapt and 
how they can be destabilized.  The goal will be to incorporate all of the evolutionary mechanisms 
previously discussed.  DyNet, which is a computer model of dynamic networks, can also be 
thought of as the embodiment of a theory of dynamic networks.  The focus of this theory is on 
the cognitive, and to a lesser extent, social processes by which the networks in the meta-matrix 
evolve.  The basic cognitive forces for change in DyNet are learning, forgetting, goal-setting, and 
motivation for interaction.  The basic social forces for change are recruitment, isolation, and to a 
limited extent the initiation of rumors and training. 

The basic motivations for interaction are relative similarity, relative expertise or some 
combination of the two.  Relative similarity is based on the fundamental finding of homophilly, 
the tendency of interacting partners to be similar.  Arguments surrounding this fundamental 
process include the need for communicative ease, comfort, access, and training.  Relative 
expertise is based on the fundamental finding that when in doubt people will turn they view as 
experts for information.  Arguments surround this fundamental processes include the need to 
acquire, desire to minimize search, desire to optimize information, and so on.  Other basic 
motivations such as the need to exhibit competence and the need to coordinate have also been 
identified and will be added to DyNet but are not in the current system. 

Among the attrition strategies are removal of the most “central” individual, removal of the 
individual with the highest cognitive load, and removal of individual’s at random.  User’s can 
control the frequency and severity of such attrition strategies.  Previous studies using this system 
have shown that a) it is difficult to completely destabilize a network, b) that the best strategy 
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Highest  CentralityHighest  Centrality

Highest Cognitive LoadHighest Cognitive Load

Random

depends on the structure of the network, and c) attrition strategies vary in whether there 
effectiveness is enhanced or diminished by removing multiple agents at once or sequentially 
(Carley, 2002).  

Agents can be distinguished based on fixed characteristics such as race, family and gender, 
and on knowledge (or training).  Further, the agents can operate in a world without information 
technology or augmented by access to email, web pages, or manuals.  Access to others can be 
restricted, as might be the case when operatives live in different countries.  Performance metrics 
include task completion, accuracy, energy for tasks, information diffusion, and group cohesion.  
Finally, the basic networks can be extracted continually in order to see the system evolve.  
Among the networks that can be extracted are the knowledge network, the overall social 
network, the emotive or “friendship” networks, and the acquisition or “advice” network. The 
network evolutionary strategies include learning (during interaction), forgetting, personnel 
attrition, misinformation, and changing task demands.  DyNet offers the user the choice of 
entering specific networks or entering network characteristics (such as size and density).   

Results 
Using DyNet a series of virtual experiments were run.  These experiments were designed to 

examine the interaction between network structure, dynamics (particularly in response to 
isolation), and the information that the observer has on which to base the isolation strategies.  In 
figure 2, a very high level conceptualization of these differences is shown.  Three possible 
isolation strategies:  isolating individuals at random, isolating those who are the most central 
(degree centrality), and isolating those with the highest cognitive load are shown relative to a 
specific organization and networks within it.  Given that the networks are evolving at issue is 
which of these strategies will be the most effective?  Further, we might ask, if the social network 
was different, e.g., less hierarchical, would that matter? 

                                                             
 

 

 

 

 

 

 

 

 

 

 

Figure 2.  Structure, Isolation and Dynamics 
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The Structure of the Network Matters 
 
The first finding, and it is quite robust, is that the structure of the network matters.  That is, 

random networks in which the relations are distributed in an independent and identical fashion, 
hierarchies, and cellular networks all evolve quite differently, require different strategies to 
destabilize, have different abilities to diffuse information, and exhibit different performance for 
the same task.  In Figures 3 and 4, this difference is illustrated with respect to the networks 
ability to recover from isolation strategies.  In figure 3 we see the impact of the three isolation 
strategies on a random iid network and in figure 4 the impact of the same strategies on a cellular 
network.  As an aside, the particular cellular network simulated here is one whose features map 
onto available information about covert networks, such as the cells are completely connected 
internally and cell size ranges from 3-10 members.  In these figures not only do we see that the 
isolation strategies vary in their effectiveness based on the structure of the network they are 
attacking, but in addition, cellular networks are able to recover from the attacks. 
 

 

 

Networks Can Heal Themselves 
 
A second key finding is that networks are generally able to heal themselves.  That is isolation 

of a node that links disparate groups together typically does not leave those groups disconnected.  
Rather the basic social and cognitive processes outlined lead individuals to seek alternative 
contact points to interact with.  For example in Figure 5 we see on the left a network where the 
person with the highest cognitive load, the emergent leader was isolated.  A consequence is that 
multiple new leaders emerge, each of whom ends up being more directive than the original 
leader.  Healing is not guaranteed and in fact depends on the underlying structure, the cultural 
basis for interaction, the degree of isolation, the frequency of isolation, and the strategy for 
isolation.  For example, as was seen in Figure 4, cellular networks heal themselves regardless of 
which isolation strategy is used against it.  In this case, the cell structure of the network enables 

Figure 3: Impact of Isolation Strategy on 
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Figure 4: Impact of Isolation Strategy on 
Performance for Cellular Network
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the network as a to engage in what appears as “meta-learning,” i.e., learning how to recover from 
unanticipated attrition.  Cellular networks, which are the structure most like those used by 
terrorist organizations, are very difficult to destabilize.  The reasons are complex, but a key 
factor is that such network structures are able to heal relatively faster than other structure both in 
terms of the re-emergence of leaders and in terms of performance recoveries after personnel have 
been removed.  

 
Full Information is Not Necessary 

 

In the foregoing two examples, we saw the impact of destabilization strategies on network 
without considering “how is it that we know what we know?”  Or in other words, “if we are not 
sure what the underlying network looks like, how confident can we be in our predictions about 
how to destabilize it?”  Notice, that in traditional SNA, typically we have close to full 
information.  For covert networks we do not.  Information may be missing because we don’t 
know some of the nodes – the people involved, or because we don’t know some of the relations.   

 

Figure 5.  The network before (left) and after (right) the isolation of the leader. 
 
Figure 6.  The impact of incomplete information about who is in the network. 
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(across the three isolation strategies) under conditions of full information, knowing 90% of the 
nodes, 75% and only 50%.  Clearly having close to perfect or perfect knowledge means that 
more effective isolation strategies are found.  Note, however, that any isolation is better than 
none, assuming our goal is to degrade the performance and that we don’t need perfect 
information to be quite effective. 

Now, consider the case where we don’t have perfect information about the relations.  One 
way for this to occur is if we don’t know all the knowledge or resources that are available to the 
network.  In figure 7 we see the impact of having imperfect knowledge of the relations as a 
function of how much do we know about the other entities, in this case what there is for the other 
to know.  Here we see that we actually do better knowing less.  This is due to the interaction 
between what we know and the isolation strategy.  Essentially, when we don’t really know the 
underlying social and knowledge network we may overestimate the primacy of a person, who 
although not the key in terms of degree centrality, is more central in terms of cognitive load.  
Thus, in effect, less knowledge makes both the centrality and the cognitive load strategies more 
similar resulting in on average lower performance due to the fact that cellular networks are more 
devastated by the extraction of such emergent leaders, at least in the short run.  Further, reduced 
information about relations makes all isolation strategies more mixed thus inhibiting the ability 
of the opponent to engage in meta-learning. 

 
Figure 7.  The impact of incomplete information about what people know. 

 

Summary 
 
Thinking about networks from a dynamic perspective is absolutely essential to understanding 

the modern world. An approach toward dynamic networks has been outlined.  There are several 
distinctive hallmarks to this approach.  First, in contrast to other multi-agent work, the agents we 
describe are in actual social networks.  Here, the networks and the agents co-evolve. Secondly, 
the web of affiliations connects not just agents, but agents and other entities such as knowledge, 
tasks and organizations.  The agents described here in are more cognitively realistic than the 
typical a-life agents.  They are also more socially realistic in terms of interaction than the typical 
e-commerce agents as the agents we use are boundedly rational rather than optimizers.  Another 
distinction compared to most systems is that DyNet can take real networks as input. 
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In contrast to traditional SNA, DNA considers the role of the agent in terms of processes and 
not just position.  That is, the agents can do things – communicate, store information, learn.  
Further, the networks are dynamic and changing even as the agents change.  The links are 
probabilistic, the networks multi-colored and multi-plex to the extent that the set of networks 
combine in to one complex system where changes in one sub-network inform and constrain 
changes in the others, often leading to error cascades.   Finally, DNA explores the sensitivity of 
the measures and the impacts to error.   

The approach, theory, and results described here are illustrative.  Clearly much work needs to 
be done before we have a complete understanding of network dynamics.  Are there likely to be 
other change mechanisms than those currently in DyNet – to be sure.  However, since all human 
action is cognitively mediated – it is unlikely that such mechanisms will not be derivable, at a 
basic level from what the physical and physiological constraints, what the agent knows, the basic 
learning and information processing mechanisms, and the way in which groups, organizations 
and institutions store such information.  To create a truly dynamic network theory we need to 
create the equivalent of a quantum dynamics for the socio-cognitive world, where the 
fundamental entities, the people, unlike atoms, have the ability to learn. 
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Abstract

Degrees (the number of links attached to a given node) play a particular
and important role in empirical network analysis because of their obvious
importance for expressing the position of nodes. It is argued here that there
is no general straightforward relation between the degree distribution on one
hand and structural aspects on the other hand, as this relation depends on
further characteristics of the presumed model for the network. Therefore
empirical inference from observed network characteristics to the processes
that could be responsible for network genesis and dynamics cannot be based
only, or mainly, on the observed degree distribution.

As an elaboration and practical implementation of this point, a statistical
model for the dynamics of networks, expressed as digraphs with a fixed vertex
set, is proposed in which the outdegree distribution is governed by parameters
that are not connected to the parameters for the structural dynamics. The
use of such an approach in statistical modeling minimizes the influence of
the observed degrees on the conclusions about the structural aspects of the
network dynamics.

The model is a stochastic actor-oriented model, and deals with the de-
grees in a manner resembling Tversky’s Elimination by Aspects approach. A
statistical procedure for parameter estimation in this model is proposed, and
an example is given.

∗Tom A.B. Snijders, ICS, Department of Sociology, Grote Rozenstraat 31, 9712 TG
Groningen, The Netherlands, email <t.a.b.snijders@ppsw.rug.nl>. The preparation
of this work has profited from stimulating discussions with Philippa Pattison and Mark
Handcock and from participation in NIH grant 1 R01 DA12831-01A1, “Modeling HIV and
STD in Drug User and Social Networks”. I am very grateful to Jeffrey Johnson for putting
at my disposal the data used in the example, and giving permission to use them here.
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I. Introduction

Consider a social network with the focus on one relation represented by a
directed graph (digraph), referring to the nodes as actors (which could be
individual humans or other primates but also, e.g., companies or websites).
In such a network, the degrees represent an important aspect of network
structure. The outdegree of an actor, defined as the number of ties from this
actor to other actors, reflects the total amount of activity of the actor in this
network, which could be dependent on the importance of the network for
this actor, the average costs and benefits for this actor of having outgoing
ties, and, if the outgoing ties are based on self-reports, the actor’s response
tendencies or constraints of the data collection methods. The indegree of an
actor, defined as the number of ties from others to this actor, will reflect the
importance and easiness for the others of extending a tie to this particular
actor, etc. The importance of the degrees as an aspect of network structure is
generally recognized (e.g., Wasserman and Faust, 1994; Albert and Barabási,
2002). Degrees refer directly to the individual actors, which gives them an
interesting position combining structural and individual relevance. Degrees
often are constraints in, but also consequences of, the processes that generate
networks and determine network dynamics.

This has led to various proposals to control for degrees in the statistical
evaluation of networks. One possibility for doing this is to test observed
network characteristics for the null hypothesis defined as the uniform dis-
tribution given the outdegrees, the U |Xi+ distribution, or the uniform dis-
tribution given the in- as well as the outdegrees, denoted the U |Xi+, X+i

distribution (Wasserman, 1977; Wasserman & Faust, 1994; Snijders, 1991,
2002b). How to generate such graphs was studied by Snijders (1991) with a
focus on Monte Carlo simulation methods for the directed case, and by Mol-
loy and Reed (1995) who proposed a simulation method for the undirected
case which also can be fruitfully used to obtain asymptotic results for sparse
undirected graphs with a given degree sequence. Various ways to take ac-
count of the degree distribution in the context of the p∗ model of Wasserman
& Pattison (1996) were discussed in Snijders & van Duijn (2002). Stimu-
lated by observations of the long-tailed nature of the degree distributions of
links in the worldwide web, Barabási and Albert (1999) proposed models for
network dynamics (modeled as undirected graphs with a growing number of
vertices) in which the creation of new links depends strongly on the current
degrees, and is random conditional on the current degree vector. Newman,
Strogatz, and Watts (2001) and Newman, Watts and Strogatz (2002) derived
various asymptotic properties of random undirected graphs with given degree
sequences. They followed the mentioned literature in underlining the impor-
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tance of studying for empirical networks whether observed network structure
can be accounted for by the degree sequence plus randomness; if the answer
is negative, there is evidence for structural mechanisms in addition to the
degrees.

It is argued here that the degree distribution is a primary characteris-
tic for the structure of digraphs but many other features, such as transi-
tivity, occurrence of cycles, segmentation into subgroups, etc., are also of
great importance. Although the degree distribution may pose constraints
to the values of these other structural features (Snijders, 1991; Newman,
Strogatz, and Watts, 2001; Newman, Watts and Strogatz, 2002), it does not
determine them and an empirical focus on degrees exclusively would close
our eyes to much that network analysis can tell us. This paper presents
a two-step model for network dynamics, in which the determination of the
outdegrees is separated from the further determination of network structure.
This gives a greater flexibility in modeling, and allows to model structural
network dynamics without contamination by unfortunate assumptions about
the dynamics of the outdegrees.

II. A two-step model for network dynamics:
first outdegrees, then network structure

This paper is concerned with the statistical modeling of network evolution
for data consisting of two or more repeated observations of a social network
for a given fixed set of actors, represented by a directed graph with a given
vertex set. When proposing statistical models for network evolution, theo-
retical credibility of the model has to be combined with empirical applicabil-
ity. The stochastic actor-oriented model of Snijders (2001, 2003), extended
to networks of changing composition by Huisman & Snijders (2003), tried
to do just this, embedding the discrete-time observations in an unobserved
continuous-time network evolution process in which the network changes in
small steps where just one arc is added or deleted at any given moment. The
network changes are determined stochastically in steps modeled by random
utility models for the actors.

The present paper adapts this model to have more freedom in fitting
observed distributions of outdegrees. The following features of the earlier
model are retained. The model is a stochastic process in continuous time, in
which the arcs in the network can change only one at the time. It is actor-
oriented in the sense that the model is described in such a way that network
changes take place because actors create a new outgoing tie, or withdraw an
existing outgoing tie. The actor who changes an outgoing tie is designated
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randomly, with probabilities that may depend on the actors’ characteristics
as reflected by covariates and by network positions. Given that an actor
changes some tie, (s)he selects the tie to be changed according to a random
utility model, which is based on effects reflecting network structure (e.g.,
transitivity).

The precise way in which it is determined stochastically which actor will
make a change, and what is the change to be made, is defined differently
than in the earlier papers, so as to allow modeling a diversity of degree
distributions in a more natural way. The focus here is on the distribution of
the outdegrees; of course, by reversing direction, this can be applied equally
well to modeling the distribution of the indegrees. The model proposed here
is composed of two substeps in a manner comparable to Tversky’s (1972)
Elimination by Aspects approach. In the first substep, the actor is chosen,
and the actor decides whether to create a new outgoing tie, or to delete
an existing tie. In the second step, if the result of the first substep was to
add a tie, the actor chooses to which of the other actors the new tie will be
created; and if the first substep led to the decision to delete a tie, the actor
chooses which existing tie will be withdrawn. Thus, the first aspect that the
actor takes into consideration is his or her outdegree; the second aspect is
the further position of the actor in the network structure.

Notation

The network is represented by a directed graph on n vertices with adjacency
matrix x = (xij), where xij indicates whether there is a tie directed from
actor i to actor j (i, j = 1, ..., n) (in which case xij = 1) or not (xij = 0).
The diagonal is formally defined by xii = 0. It is supposed that a time-
series x(t), t ∈ {t1, ..., tM} of social networks is available where the tm are
strictly increasing and M ≥ 2. These observed networks are regarded as
M discrete observations on a stochastic process X(t) on the space of all
digraphs on n vertices, evolving in continuous time. This process is taken to
be left-continuous, i.e.,

X(t) = lim
t′↑t

X(t′) for all t.

The state of the network immediately after time t is denoted

X(t+) = lim
t′↓t

X(t′) .

No assumption of stationarity is made for the marginal distributions of
X(t), and therefore the first observation x(t1) is not used to give direct
information on the distribution of this stochastic process, but the statistical
analysis conditions on this first observed network.
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Summation is denoted by replacing the summation index by a + sign:
e.g., xi+ is the outdegree and x+i the indegree of actor i.

Model definition: rates of change

At random moments, one of the actors i is ‘permitted’ to change one of his
or her outgoing tie variables Xij. For the different actors, these random
moments are independent conditionally given the present network. The rate,
in the time interval tm ≤ t < tm+1 , at which actor i adds a tie is denoted
ρm λi+(α, x); the rate at which this actor deletes a tie is ρm λi−(α, x). Here x
is the current network and α is a parameter indicating how the rate function
depends on the position of i in the current network (e.g., as a function of
the outdegree or indegree of i) and/or on covariates, if these are available.
The multiplicative parameters ρm depend on m (the index number of the
observation interval) to be able to obtain a good fit to the observed amounts
of change between consecutive observations. Together, these two change rates
imply that for actor i, during the time interval tm ≤ t < tm+1 , these random
moments of change follow a non-homogeneous Poisson process with intensity
function

λi(x) = ρm
(
λi+(α, x) + λi−(x, α)

)
, (1)

conditional on X(t) = x. Given that actor i makes a change at moment t,
the probability that the changes amounts to creating a new tie is

P{Xi+(t+) = Xi+(t) + 1 | change by actor i at time t,X(t) = x}

=
λi+(α, x)

λi+(α, x) + λi−(x, α)
. (2)

This separation between the rates of adding and deleting ties allows to focus
specifically on the distribution of the degrees.

Model definition: objective function

Given that actor i makes a change at some moment t for which the current
network is given by X(t) = x, the particular change made is assumed to be
determined by the so-called objective function – which gives the numerical
evaluation by the actor of the possible states of the network – together with
a random element – accounting for ‘unexplained changes’, in other words,
for the limitations of the model. This objective function could be different
between the creation of new ties and the deletion of existing ties. Denote
these two objective functions by fi+(β, x) and fi−(β, x), respectively. These
functions indicate what the actor strives to maximize when adding or deleting
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ties, respectively; they depend on a parameter vector β. In a simple model
specification, it can be assumed that fi+ ≡ fi− . (This corresponds to a zero
gratification function in the model of Snijders, 2001).

The way in which the objective functions and a random element together
define the changes in the outgoing relation of actor i is defined as follows.
Suppose that at some moment t, actor i changes one of his outgoing relations.
The current state of the network is x(t). At this moment, actor i determines
the other actor j to whom he will change his tie variable xij. Denote by
x(i ; j) the adjacency matrix that results from x when the single element
xij is changed into 1− xij (i.e., from 0 to 1 or from 1 to 0). If at moment t
actor i adds a tie, then he chooses the other actor j, among those for which
xij = 0, for which

fi+(β, x(i ; j)) + Ui(t, x, j)

is maximal; where Ui(t, x, j) is a random variable, indicating the part of the
actor’s preference not represented by the objective function, and assumed to
be distributed according to the type 1 extreme value distribution with mean
0 and scale parameter 1 (Maddala, 1983). Similarly, if at moment t actor
i deletes a tie, then he chooses the other actor j, among those for which
xij = 1, for which

fi−(β, x(i ; j)) + Ui(t, x, j)

is maximal. The type 1 extreme value distribution is conventionally used in
random utility modeling (cf. Maddala, 1983); it yields the choice probabilities
for j given by the multinomial logit (or potential function) expressions

pij+(β, x) =
(1− xij) exp

(
fi+(β, x(i ; j))

)∑n
h=1,h 6=i (1− xih) exp

(
fi+(β, x(i ; h))

) (j 6= i) (3)

for adding a tie, and

pij−(β, x) =
xij exp

(
fi−(β, x(i ; j))

)∑n
h=1,h 6=i xih exp

(
fi−(β, x(i ; h))

) (j 6= i) (4)

for deleting a tie.

The specification of the objective function is discussed extensively in Snij-
ders (2001). It is proposed there to use objective functions fi+ and fi− of
the form

fi(β, x) =
∑
k

βk sik(x) , (5)
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where the βk are statistical parameters and the sik are network statistics. A
basic network statistic is the number of reciprocated relations

sik(x) =
∑
j

xij xji . (6)

Network closure, or transitivity, can be expressed by various terms in the
objective function, e.g., by the number of transitive patterns in i’s relations
(ordered pairs of actors (j, h) to both of whom i is related, while also j is
related to h),

sik(x) =
∑
j,h

xij xih xjh ; (7)

or by a negative effect for the number of other actors at geodesic distance
equal to 2,

sik(x) = ]{j | dx(i, j) = 2} , (8)

where dx(i, j) is the oriented geodesic distance, i.e., the length of the shortest
directed path from i to j. Many other examples of possibly relevant functions
sik are proposed in Snijders (2001).

Intensity matrix

The intensity matrix q(x, y), for x 6= y, of the continuous-time Markov chain
defined by this model, indicates the rate at which the current value x changes
into the new value y. Since relations here are allowed to change only one at
a time, the intensity matrix can be represented by the change rates qij(x),
from x to x(i ; j) for j 6= i, defined by

qij(x) = lim
dt ↓ 0

P{X(t+ dt) = x(i ; j) |X(t) = x}
dt

.

The model definition given above corresponds to an intensity matrix given
by

qij(x) =

{
ρm λi+(α, x) pij+(β, x) for xij = 0

ρm λi−(α, x) pij−(β, x) for xij = 1.
(9)

III. Rate functions and stationary distributions

In a simple model definition, the rates λi+ and λi− depend only on the
outdegree of actor i. This will be assumed henceforth, and it implies that the
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outdegree processes Xi+(t) are independent continuous-time random walks
on the set {0, . . . , n − 1}. For the sake of brevity, and with a slight abuse
of notation, denote the rates of adding and withdrawing ties by λ+(s) and
λ−(s), where s = xi+ is the outdegree of actor i. Thus, λ+(xi+) is shorthand
for λi+(α, x) and similarly for λ−(xi+). It is assumed that these rates are
strictly positive except for the boundary conditions λ−(0) = λ+(n− 1) = 0.

The network evolution model is not necessarily assumed to be stationary,
and indeed it is likely that in empirical observations, networks often will be far
from the stationary distributions of the corresponding evolution processes.
It is interesting nevertheless to consider the stationary distribution of the
process, as this indicates the direction into which the evolution is going.
The probability distribution p(s) on the set {0, . . . , n− 1} is the stationary
distribution for the random walk process of the outdegrees if and only if

p(s)λ+(s) = p(s+ 1)λ−(s+ 1) for 0 ≤ s ≤ n− 2. (10)

(This follows directly from the fact that this is the condition for detailed
balance, cf. Norris, 1997.)

As a benchmark situation, it is instructive to consider the stationary dis-
tribution of the outdegrees in the actor-oriented model of Snijders (2001) with
the very simple objective function fi(x) = β1 xi+ . In this model, the choice
of which actor changes an outgoing tie variable is made strictly randomly.
In this model also, the outdegrees of the different vertices are independent
stochastic processes. This model can be obtained in the formulation of the
present paper by defining

λi+(s) =
(n− s− 1) exp(β1)

(n− s− 1) exp(β1) + s exp(−β1)

λi−(s) =
s exp(−β1)

(n− s− 1) exp(β1) + s exp(−β1)
,

as can be checked from the intensity matrices (see (5) and (8) in Snijders,
2001, and (9), (3), (4) above). This implies

λi+(s)

λi−(s+ 1)

=
(n− s− 1) exp(β1)

(s+ 1) exp(−β1)

(n− s− 2) exp(β1) + (s+ 1) exp(−β1)

(n− s− 1) exp(β1) + s exp(−β1)

which is close to p(s+1)/p(s) for the binomial distribution with denominator
n− 1 and succes probability exp(2β1)/(1 + exp(2 β1)). Thus, for this model,

8
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the outdegrees are for t → ∞ close to binomially distributed with these
parameters.

The change rates λi+ and λi− together reflect two aspects of the evolution
process of the outdegrees: the distributional tendency, i.e., the equilibrium
distribution towards which the outdegree distribution tends; and the volatil-
ity, i.e., how quickly the ties are changing. It follows from (10) that the
distributional tendency depends on ξ(s), defined by

ξ(s) =
λi+(s)

λi−(s+ 1)
. (11)

It is mathematically convenient to express the volatility by

ν(s) = λi+(s) + λi−(s+ 1) . (12)

These definitions imply that the rates are given by

λi+(s) =
ν(s) ξ(s)

1 + ξ(s)
, (13)

λi−(s) =
ν(s− 1)

1 + ξ(s− 1)
.

With these definitions, p is the stationary distribution if and only if

ξ(s) =
p(s+ 1)

p(s)
s = 0, . . . , n− 2. (14)

For the purpose of statistical modeling, it is necessary to consider parametric
families of distributions p. If p(s) is a member of an exponential family

p(s) = p0(s) exp (α′t(s)− ψ(α))

where t(s) is a vector of sufficient statistics, α is a parameter vector, and
ψ(α) is a normalizing constant, then this yields

ξ(s) =
p0(s+ 1)

p0(s)
exp

(
α(t(s+ 1)− t(s))

)
. (15)

E.g., for a truncated Poisson distribution (p0(s) = 1/s!, t(s) = s), this be-
comes

ξ(s) =
1

s+ 1
eα = exp (α − log(s+ 1)) . (16)

9
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For a truncated power distribution (p0(s) = 1, t(s) = log(s+ 1), α < 0), the
rate functions are

ξ(s) =

(
s+ 2

s+ 1

)α
≈ exp

(
α

s+ 1

)
. (17)

The Poisson distribution is short-tailed, corresponding to ξ(s) becoming
small as s gets large, in contrast to the long-tailed power distribution, for
which ξ(s) becomes close to 1.

A model containing the tendencies toward either of these distributions as
submodels is obtained by defining

ξ(s) = exp

(
α1 − α2 log(s+ 1)− α3

s+ 1

)
. (18)

For the volatility function ν(s), the dependence on s could be linear, anal-
ogous to what was proposed in Snijders (2001). This is unattractive, however,
if one considers digraphs with arbitrarily large numbers n of vertices. A hy-
perbolic function, tending to a finite constant as s grows indefinitely, seems
more attractive: e.g.,

ν(s) =

(
1 + α4

1

s+ 1

)
, (19)

where the restriction must be made that α4 > −1. The functions ξ and ν
can also be made to depend on covariates, e.g., through an exponential link
function.

IV. Parameter estimation

For the estimation of parameters of this type of network evolution models for
observations made at discrete moments t1 , . . . , tM , Snijders (2001) proposed
an implementation of the method of moments based on stochastic approxi-
mation, using a version of the Robbins-Monro (1951) algorithm. The method
of moments is carried out by specifying a suitable vector of statistics of the
network and determining (in this case, approximating) the parameters so
that the expected values of these statistics equal the observed values. To
apply this approach, statistics must be found that are especially informative
about these parameters.

First consider the parameters of ξ. For a model of the general exponen-
tial form (15), e.g., (18), the statistic t(S) is a sufficient statistic for the

10
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limiting distribution, and therefore it seems advisable to use the statistic∑
i t(Xi+(tm+1)), or for multiple observation periods

M−1∑
m=1

n∑
i=1

t(Xi+(tm+1)) . (20)

For model (18), some simplifying approximations may be used; e.g., for pa-
rameter α2 , this can be based on Stirling’s formula. This leads for the three
parameters in this model to the fitting statistics

M−1∑
m=1

n∑
i=1

Xi+(tm+1)

M−1∑
m=1

n∑
i=1

(Xi+(tm+1) + 1
2
)
(

log(Xi+(tm+1) + 1)− 1
)

(21)

M−1∑
m=1

n∑
i=1

log(Xi+(tm+1)) .

For the parameters in the volatility function ν, the same approach can
be taken as in Section 7.4 of Snijders (2001). This leads for parameter ρm to
the statistic

n∑
i,j=1

|Xij(tm+1) − Xij(tm) | (22)

and for parameter α4 in (19) to the statistic

M−1∑
m=1

n∑
i,j=1

|Xij(tm+1) − Xij(tm) |
Xi+(tm) + 1

. (23)

V. Example

As a numerical example of the analysis, the dynamics of a network of political
actors is considered, based on a study by Johnson and Orbach (2002). The
data used here are from a second and third wave of data collection between 46
actors, most of whom the same individuals as those in the first wave of which
results are presented in Johnson and Orbach (2002). They are self-reported
dyadic interaction data, rated on a 0-10 scale which here was dichotomized
as 0-6 vs. 7-10. Space limitations prohibit doing justice to the richness of the
original data and the social processes involved in the network dynamics.

11
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Preliminary analyses indicated that there is evidence for a network closure
effect, expressed better by the number of geodesic distances equal to two, cf.
(8), than by the number of transitive triplets, see (7); and that there is
evidence for a gender popularity effect. Sets of estimates are presented here
for two corresponding models, differing as to how the degrees are modeled.
The first model is according to the specification in Snijders (2001), with a
constant rate function and without the differentiation between adding and
withdrawing ties proposed in the present paper. The objective function is
specified as

fi(β, x) = β1 xi+ + β2

∑
j

xij xji + β3 #{j | dx(i, j) = 2}

+ β4

∑
j

xij zj

where zj indicates the gender of actor j. The second model follows the
specification proposed above. Preliminary analyses showed that a good fit is
obtained by using model (18) with α2 = α3 = 0. The volatility function is
held constant, ν ≡ 1. The objective function here is defined as

fi+(β, x) = fi−(β, x) = β2

∑
j

xij xji + β3 #{j | dx(i, j) = 2}

+ β4

∑
j

xij zj

(note that in this model, it is meaningless to include a term β1 xi+ in the
objective function; the role that this term has in the earlier model is here
taken over by the rate function). The parameter estimates, obtained from the
SIENA program (version 1.98; see Snijders & Huisman, 2002) are presented
in Table 1. Gender is coded 1 (female) vs. 0 (male), and centered in the
program by subtracting the average value of 0.17.

Parameters can be tested by approximate z-tests based on the t-ratios
(parameter estimate divided by standard error). Using this procedure, all
effects mentioned in Table 1 are significant (p < .001). The fit of the two
models can be compared by considering the fitted distributions of the degree
sequences. A rather subtle way of doing at this is to look at the observed
ranked outdegrees and their fitted distributions. Figures 1 and 2 show, for
these two models, the observed ranked outdegrees combined with simulated
90-% intervals for the distributions of the ranked outdegrees. Figure 1 indi-
cates a poor fit: the distributions of the 9 highest outdegrees in the fitted
model are concentrated on too low values compared to the observed highest
outdegrees; in the middle low range, the fitted distribution of the ranked
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Table 1. Parameter estimates for two model fits

for the Johnson-Orbach political actor data (waves 2-3).

Model 1 Model 2
Effect par. (s.e.) par. (s.e.)

Rate factor (ρ1) 23.09 22.78

Rate function: ξ
Outdegrees (α1) -0.57 (0.07)

Objective function
Outdegrees −1.14 (0.19)
Reciprocated ties 1.37 (0.11) 1.77 (0.23)
Indirect relations −0.50 (0.21) −0.62 (0.30)
Gender (F) popularity 0.28 (0.10) 0.39 (0.11)

outdegrees is too low compared to the observations. Combined, this implies
that the fitted outdegree distribution is too closely peaked about its mean
value. On the other hand, Figure 2 indicates a good fit for the second model,
each observed ranked outdegree being situated within the 90-% interval of
its fitted distribution.
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Fig. 1. Observed (∗) and 90% intervals for ranked outdegrees, Model 1. (k = rank)

The parameter estimates and standard errors in Table 1 for both models
point to the same conclusions. In the network dynamics there is clear evi-
dence for reciprocity of choices, for a network closure effect, and for a greater
popularity of female actors. (A gender similarity effect also was tested, but
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Fig. 2. Observed (∗) and 90% intervals for ranked outdegrees, Model 2. (k = rank)

this was not significant.) If there would have been important differences be-
tween the results of the two models, then model 2 would have been the more
trustworthy, given that it shows a better fit for the outdegree distribution.

VI. Discussion

The degree distribution is an important characteristic of networks and has
received much attention in recent work. However, attention for the degrees
should be combined with sufficient attention paid to other aspects of network
structure. The current paper proposes a modification of the model presented
in Snijders (2001), addressing the following points of criticism that could
be addressed to the earlier model. First, it may be hard to specify the
earlier model in a way that gives a satisfactory fit for the very skewed degree
distributions that are sometimes empirically observed (cf. the many examples
mentioned in Newman, Strogatz, and Watts, 2001). The model proposed here
gives almost unlimited possibilities with respect to the outdegree distribution
that is generated. Second, the extrapolation properties of the earlier model
may be unrealistic in the sense that, depending on the parameters of the
model, letting the model run on for a long hypothetical time period may
lead to unrealistic phase transitions. More specifically, similarly to what is
explained in Snijders (2002a), the earlier model can be specified so that quite
a good fit is obtained for the evolution over a limited time period of a network
with, say, a rather low density and a relatively high amount of transitivity,
but that the graph evolution process so defined will with probability one lead
to an ‘explosion’ in the sense that at some moment, the graph density very
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rapidly increases to a value of 1 and remains 1, or almost 1, for a waiting time
that is infinite for all practical purposes. (A closely related property, but for
the case of a graph evolution process where the number of vertices tends
to infinity, was noticed by Strauss, 1986. This phenomenon also resembles
the phase transitions known for the Ising model and other spatial models
in statistical physics discussed, e.g., in Newman and Barkema, 1999.) Such
phase transitions can be avoided in the model proposed below because the
outdegree distribution is determined independently of the further structural
network properties.

A third reason, of a more theoretical nature, for proposing this model, is
to demonstrate that quite plausible models are possible for digraph evolution
in which the distribution of the outdegrees is dissociated completely from
the other structural network properties such as transitivity and subgroup
formation. This implies that we can learn little about the processes leading
to transitivity and related structural properties of graphs and digraphs by
looking only at degree distributions, or by limiting attention to network
evolution processes that are based only on degrees.
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Polarization in Dynamic Networks: A Hopfield Model of Emergent Structure  
Michael W. Macy, Cornell University; James A. Kitts, University of Washington; Andreas 
Flache, University of Groningen; Steve Benard, Cornell University 

 

ABSTRACT 
Why do populations often self-organize into antagonistic groups even in the absence of 

competition over scarce resources? Is there a tendency to demarcate groups of “us” and “them” 
that is inscribed in our cognitive architecture? We look for answers by exploring the dynamics of 
influence and attraction between computational agents. Our model is an extension of Hopfield’s 
attractor network. Agents are attracted to others with similar states (the principle of homophily) 
and are also influenced by others, as conditioned by the strength and valence of the social tie. 
Negative valence implies xenophobia (instead of homophily) and differentiation (instead of 
imitation). Consistent with earlier work on structural balance, we find that networks can self-
organize into two antagonistic factions, without the knowledge or intent of the agents. We model 
this tendency as a function of network size, the number of potentially contentious issues, and 
agents' openness and flexibility toward alternative positions. Although we find that polarization 
into two antagonistic groups is a unique global attractor, we investigate the conditions under 
which uniform and pluralistic alignments may also be equilibria. From a random start, agents can 
self-organize into pluralistic arrangements if the population size is large relative to the size of the 
state space.  

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


 

 

2

INTRODUCTION: GROUP POLARIZATION 
Why do populations often self-organize into antagonistic groups even in the absence of 

competition over scarce resources? Is there a tendency to demarcate groups of “us” and “them” 
that is inscribed in our cognitive architecture? We look for answers by exploring the dynamics of 
influence and attraction between computational agents.  

Our model builds on recent work using agent-based models of cultural convergence and 
differentiation (1,2,3). Scholars contend that the abundance of social groups containing highly 
similar actors is due to dual processes of attraction and social influence. Formal models generally 
assume that each agent chooses interaction partners that are similar to itself, while social 
interaction also leads agents to adopt each other’s traits and thus grow more similar. In this 
positive feedback loop, a minimal initial similarity increases the probability of interaction which 
then increases similarity. 

This process of consolidation (4) will presumably continue until all agents engaged in 
mutual interaction have converged to unanimity. While this self-reinforcing dynamic seems to 
imply a “melting pot,” or inexorable march toward homogeneity, scholars have shown that 
global diversity can survive through impermeable barriers to interaction between distinct 
subcultures. If bridge ties between groups are entirely absent, then this local convergence can 
indeed lead to global differentiation, in spite of cultural conformity among the individual agents. 
Stable minority subcultures persist because of the protection of structural holes created by 
cultural differences that preclude interaction. Given such barriers, homogenizing tendencies 
actually reinforce rather than eliminate diversity. 

The models thus predict social stability only where a population is entirely uniform or 
where agents cluster into mutually exclusive uniform subpopulations that are oblivious to one 
another. This global pluriformity depends on the assumption that interaction across these 
boundaries is impossible. Any allowance for interaction between dissimilar agents, no matter 
how rare, leads diversity to collapse into global homogeneity. This also reflects earlier analytical 
results obtained with models of opinion dynamics in influence networks (21,22,23). Abelson 
proved that a very weak condition is sufficient to guarantee convergence of opinions to global 
uniformity: The network needs to be “compact,” such that there are no subgroups that are 
entirely cut off from outside influences. This apparently ineluctable homogeneity in fully 
connected networks led Abelson (21, p. 153) to wonder “... what on earth one must assume in 
order to generate the bimodal outcome of community cleavage studies?" 

We will pursue this interest in cleavages, or structural bifurcations, as an alternative 
explanation for both the disproportionate homogeneity in social groups and the persistence of 
diversity across groups. First let us revisit the generative processes, the psychological and 
behavioral foundations of attraction and social influence.  

These models of convergence implement one of the starkest regularities in the social 
world: “homophily,” or the tendency for each person to interact with similar others (5, 6, 7). 
Several explanations for homophily have been proposed. Social psychologists posit a “Law of 
Attraction” based on an affective bias toward similar others (8; see also 9,10,11,12). Even 
disregarding such an emotional bias, structural sociologists (3,2,14) point to the greater 
reliability and facility of communication between individuals who share vocabulary and syntax 
as an inducement for homophilous relations.  

Others counter that homophily is the spurious consequence of social influence, as in 
classic research on “pressures to uniformity” (16,17,18) and recent work in social networks 
(19,20). Even if relations are held constant in an exogenously clustered social network, social 
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influence from network neighbors will lead to local homogeneity, without the need to assume 
homophilous interaction. 

Scholars have thus overwhelmingly attributed homophily in observed social networks to 
some combination of differential attraction and social influence, where agents choose similar 
partners and partners grow more similar over time. Much less attention has been directed to an 
alternative explanation – that homophily is largely a byproduct of its antipole. It is not so much 
attraction to those who are similar that produces group homogeneity but repulsion from those 
who are different. Xenophobia leads to the same emergent outcome as attraction between similar 
actors: disproportionate homogeneity in relations. In fact, Rosenbaum (15) argues that many 
experimental findings of homophily in relations may have spuriously represented this effect of 
repulsion from those who are different.  

The most sustained treatment of positive and negative ties has appeared in the literature 
on Balance Theory. Following Heider (24), scholars have assumed that actors are motivated to 
maintain “balance” in their relations, such that two actors who are positively tied to one another 
will feel tension when they disagree about some third cognitive object. Formally, we can think of 
this as a valued graph of agents A and B along with object X, where the graph will be balanced 
only when the sign product A*B*X is positive. For example, if A and B are positively tied but A 
positively values X and B negatively values X, then the graph is imbalanced. In order for this 
dissonance to resolve and result in a stable alignment, there will either be a falling out between A 
and B or one (but not both) of these actors will switch evaluations of X. A parallel process 
operates if the tie between A and B is negative. 

A prolific line of research – Structural Balance Theory (32) – has examined a special case 
of Heider’s model, where the object X is actually a third actor, C. The model simply extends to 
triadic agreement among agents A, B, and C, where balance obtains when the sign product of the 
triad A-B-C is positive. This formalizes the adage that a friend of a friend or an enemy of an 
enemy is a friend, while an enemy of a friend or a friend of an enemy is an enemy. Extended to a 
larger network, it is well known that the elemental triadic case suggests a perfect separation of 
two mutually antagonistic subgroups.  

Our model integrates the attraction-influence feedback loop from formal models of social 
convergence with the bivalent relations in Balance Theory. Following Nowak and Vallacher 
(29), the model is an application of Hopfield’s attractor network (25, 26) to social networks. Like 
Heider’s Balance Theory, an important property of attractor networks is that individual nodes 
seek to minimize “energy” (or dissonance) across all relations with other nodes. As we will see, 
this suggests self-reinforcing dynamics of attraction and influence as well as repulsion and 
differentiation. 

More precisely, this class of models generally uses complete networks, with each node 
characterized by one or more binary or continuous states and linked to other nodes through 
endogenous weights.  Like other neural networks, attractor networks learn stable configurations 
by iteratively adjusting the weights between individual nodes, without any global coordination. 
In this case, the weights change over time through a Hebbian learning rule (27): the weight wij is 
a function of the correspondence of states for nodes i and j over time. To the extent that i and j 
tend to occupy the same states at the same time, the tie between them will be increasingly 
positive. To the extent that i and j occupy discrepant states, the tie will become increasingly 
negative.  
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Extending recent work (30), we apply the Hopfield model of dynamic attraction to the 
study of polarization in social networks. In this application, observed similarity/difference 
between states determines the strength and valence of the tie to a given referent.  

MODEL DESIGN 
In our application of the Hopfield model, each node has N-1 undirected ties to other 

nodes. These ties include weights, which determine the strength and valence of influence 
between agents. Formally, social pressure on agent i to adopt a binary state s (where s = ±1) is 
the sum of the states of all other agents j, conditioned by the weight (wij) of the dyadic tie 
between i and j (-1.0 < wij < 1.0):  
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Thus, social pressure (-1< Pis <1) to adopt s becomes increasingly positive as i’s 

“friends” adopt s (s=1) and i’s “enemies” reject s (s=-1). The pressure can also become negative 
in the opposite circumstances. The model extends to multiple states in a straightforward way, 
where [1] independently determines the pressure on agent i for each binary state s. 

Strong positive or negative social pressure does not guarantee that an agent will 
accommodate, however. It is effective only if i is willing and able to respond to peer influence. If 
i is closed-minded or if a given trait is not under i’s control (e.g., ethnicity or gender), then no 
change to s will occur. Let v classify states as fixed (v=0) or free (v=1) and X represent an 
exogenous determination of s. We then find i’s propensity π to adopt state s as a cumulative 
logistic function of social pressure: 
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Agent i adopts s if π>0.5+χε, where χ is a random number (-0.5<χ<0.5) and ε is an 
exogenous error parameter (0≤ε≤1). At one extreme, ε=0 produces deterministic behavior, such 
that any social pressure above the trigger value always leads to s=1 and pressure even slightly 
below the trigger value always leads to s=-1. Following Harsanyi (31), ε>0 allows for a 
“smoothed best reply” in which pressure levels near the trigger point leave the agent relatively 
indifferent and thus likely to explore behaviors on either side of the threshold. 

In the Hopfield model, the path weight wij changes as a function of similarity in the states 
of node i and j. Weights begin with uniformly distributed random values, subject to the 
constraints that weights are symmetric (wij=wji). Across a vector of K distinct states sik, (or the 
position of agent i on issue k), agent i compares its own states to the observed states of another 
agent j and adjusts the weight upward or downward corresponding to their aggregated level of 
agreement or disagreement. Based on the correspondence of states for agents i and j, their weight 
will change at each discrete time point t in proportion to a parameter λ, which defines the rate of 
structural learning (0<λ<1): 
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As correspondence of states can be positive (agreement) or negative (disagreement), ties 
can grow positive or negative over time, with weights between any two agents always 
symmetric. Note that both processes – adjustment of social ties and adjustment of behavior – 
seek to maximize balance in relations between any two agents across their vectors of states. 
Given an initially random configuration of states and weights, these agents will search for a 
profile that minimizes dissonance across their relations. 

METHODS 
We tested the dynamics of network polarization by manipulating three agent-level 

behavioral rules: flexibility, broad-mindedness, and open-mindedness: 
1. Rigid vs. flexible (a.k.a. “waffling”): the extent to which the state adoption decision is 

stochastic near indifference, ranging from ε=0 (agent i always picks the strictly preferred 
position even when almost indifferent) to ε=1 (i adopts state s with propensity πis). 

2. Narrow- vs. broad-minded: the multiplexity of the state space, that is, the number of 
salient cross-cutting dimensions that agents consider in evaluating each other.  

3. Closed- vs. open-minded: the proportion of these salient dimensions that can be affected 
by social pressure, with a minimum of at least one free state. A fixed state can be a 
position on an issue about which an agent is strictly uncompromising. It can also be an 
attribute that is difficult to change, such as ethnicity or gender.  
Thus, we consider a range of stylized character profiles for agents, ranging from 

“extremists” who focus on ascriptive differences and are rigidly narrow- and closed-minded, to 
more broad-minded “moderates” who tend to waffle on the issues, and are open to influence 
(and/or focused on behavior rather than ascriptive traits). 

We measure network polarization as the degree of segregation among mutually exclusive 
cohesive subgroups of agents, measured after all weights and states have converged to 
equilibrium. This measure is based on the graph theoretical LS-set (32). An LS-set is a subset of 
agents who have stronger ties to members within the subset than they have to members outside 
the subset.* For the cohesive subgroups thus identified, we calculated their segregation in terms 
of the normalized difference between the average internal tie strength and the average tie 
strength between the subgroup and its complement. To obtain an overall polarization score, we 
generated all partitionings of the graph into mutually exclusive cohesive subgroups and took 
from these the average segregation of all subgroups in the most segregated partitioning. 

We allowed each experimental condition to repeat for 1000 iterations, which was 
sufficient for almost all conditions to arrive at an equilibrium. Only equilibrium outcomes 
(converged solutions) were analyzed. For all the experiments, we set the structural learning rate 
(λ) at 0.5, which means that agents consider current states equally with previous impressions in 
determining the tie weight for the next (arbitrary) time interval.† Each parameter combination 
was repeated 20 times, yielding a total of 44,000 observations. 
                                                

*  More technically, for each of the subsets of an LS-set, average tie strength between members of the subset and 
its complement within the LS set is higher than the average tie strength to members outside the LS set. We first 
identified subgroups of agents that agree on those states that they are free to change. We then searched through 
coalitions of these subgroups to find maximal LS-sets in the graph defined by agreement on free states. Finally, 
we used these LS-sets to identify the maximally segregated partitioning of the network, based on the relational 
weights (which reflect agreement on all states -- fixed and free). 

†  Qualitative patterns shown appear to be robust to a very broad range of assumptions about the learning rate, 
though extremely low learning rates make waiting for convergence impractical. 
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RESULTS 
Experiment 1 tests the effects on network polarization of agent broad-mindedness, while 

holding flexibility and openness constant (ε=0 and v=1). With zero flexibility and no fixed states, 
network dynamics converged to equilibrium in every case. Network polarization is measured as 
the degree of segregation in the most segregated equilibrium partitioning of the weight graph into 
mutually exclusive cohesive subgroups. Maximum segregation (1.0) occurs in a perfectly 
bifurcated network, composed of exactly two internally cohesive and mutually antagonistic 
groups. Broad-mindedness is operationalized as multiplexity, or the number of dimensions in the 
state space. Intuitively, we would expect polarization to be most likely in a world where agents 
focus single-mindedly on one highly salient issue, and indeed, Figure 1 confirms the intuition. 
What is surprising, however, is that network polarization can also be caused by too many salient 
issues. With 100 agents scattered over a state space larger than 25, the dynamics quickly 
approach the bifurcation we would expect in a single-issue population. As N declines, the non-
monotonic effect becomes less pronounced. For N>100, the U-shape function is little changed 
but the critical value of K increases, from 5 dimensions with N<100 to 11 dimensions with 
N=300. 
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Figure 1. Effect of network size (10≤N≤100) and agent multiplexity (1≤K≤10) on network 
polarization (with ε=0 and v=1). 

 
Experiment 1 assumes rigidly deterministic agents (ε=0) who never explore alternative 

positions, even when they approach indifference. It also assumes that agents are willing and able 
to change all positions in response to social influence (v=1), which would not be the case, for 
example, if race or ethnicity were a salient dimension of social differentiation. Experiment 2 
relaxes these assumptions under conditions that make polarization relatively unlikely, namely, 
that there are at least five dimensions of differentiation (see Figure 1).‡ Intuitively, we might 

                                                

‡  Fewer than five dimensions also constrains the ability to manipulate the relative number of dimensions that 
agents can alter. 
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expect less network polarization in a population that is less rigid and more polarization in a 
population that is less open-minded. The surprising result is that the effect is quite the opposite. 

Figure 2 displays the polarizing effects of flexibility and open mindedness in greater 
detail. As in Experiment 1, polarization is based on the relational partition that maximizes 
segregation of the weight graph among coalitions of distinct subgroups in the matrix of free 
states. Flexibility is simply the error level, ranging from ε=0 (always pick the strictly preferred 
position) to ε=1 (adopt the position with propensity π). Openness is the proportion of K states 
that are affected by social pressure (or Σvs/K), where there must always be at least one free state. 
Results were averaged over 20 replications of each treatment condition, in which N ranged from 
10 to 100 and K ranged from 5 to 10 (hence openness ranged from 0.2 to 1.0).  
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Figure 2. Effect of agent flexibility (0≤ε≤1) and open-mindedness (Σvs/K) on network 
polarization (with K=[5…10], N=[10…100]). 

 
The surprising result is that polarization sharply increases with flexibility across all levels 

of openness. A population of “hardliners” (who never reveal ambivalence by waffling on the 
issues) is generally less prone to become polarized. Less surprisingly, polarization also increases 
with openness to social influence, for the simple reason that agents cannot alter their fixed states 
as a way of reducing dissonance in their relations. Note that Figure 2 is based only on 
equilibrium outcomes. As flexibility increases, the rate of convergence declines, due to the 
destabilizing effects of stochasticity. If we include nonconverged outcomes (coded with zero 
polarization), the effect of flexibility goes from convex to concave when most states are fixed, 
and when all states are free, the effect becomes non-monotonic, with polarization declining at 
maximum flexibility. In other words, with maximum flexibility and openness, the network is less 
likely to develop stable factions, but if this should happen, the number of factions is almost 
certain to be two.  

DISCUSSION 
With binary agent states, the dynamics of homophilous influence and xenophobic 

differentiation create an energy landscape in which there is only one basin of attraction, 
polarization. Any configuration with more than two cohesive subgroups represents global tension 
for a reason that is readily apparent: A binary state precludes the ability to hold a position that 
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differs from each of two opposing positions. As the number of dimensions increases, it is 
possible for many more than two unique combinations to persist at equilibrium, but for each, 
there must always be some similarity with all other combinations except one. Surprisingly, as 
these combinations explode, they lead not to pluralism but to polarization. The mechanism is 
similar to that identified by Axelrod. The more opportunities for neighborhoods to be linked via 
overlapping positions, the higher the probability they will find a way to coalesce. 

The key variable here is the density of the population distribution across the state space. 
When there are many agents but few dimensions, then, from a random start, every possible 
combination of states (corresponding to “ideologies” if the states are variable and to “identities” 
if the states are fixed) will find multiple incumbents. The presence of identical neighbors (as well 
as dissimilar antipodes who serve as negative referents) creates strong pressures to remain loyal 
to a shared set of states. This resistance to change can then support a pluriform equilibrium. 
Increasing the number of dimensions expands the set of possible combinations, allowing groups 
to mobilize around a variety of configurations of states. Accordingly, polarization initially 
declines with increasing multiplexity. However, if population density in the state space falls 
below a critical level (either due to low population or high multiplexity), it becomes impossible 
for every distinct vector of states to find an incumbent. The sparseness of the population relative 
to the number of unique positions in state space requires that some agents begin with neither 
allies (who overlap perfectly) nor enemies (who overlap not at all). These agents lack sufficient 
pressure to stick to their guns and will thus be pulled into coalitions with agents who overlap 
partially with their positions. As the multiplexity of the state space increases, equilibria 
increasingly depend on a delicate balance, where a distribution of agents on ideologies and 
identities needs to be found that corresponds to the distances between positions, such that they 
are not so close to each other that they are pulled together and not so far apart that they are 
pushed toward the opposite pole. In this higher range, increasing multiplexity makes it more 
difficult for pluriform configurations to persist, such that collapse into a simple bifurcation 
becomes the most likely alternative. 

Flexibility promotes polarization by the same process. Network self-organization can 
become trapped in high-energy pluriform equilibria that are nevertheless a local minimum of the 
energy landscape, as depicted in Figure 3. Agents who express ambivalence by “waffling” on the 
issues can disturb these local solutions, allowing the system to continue searching for the global 
attractors. Thus, increased flexibility washes out the non-monotonic effect of multiplexity 
evident in Figure 1. Flexibility leads to polarization even when agents attend to multiple 
dimensions of differentiation that would otherwise produce the cross-cutting cleavages 
characteristic of a pluriform society. 
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Figure 3. How agent volatility allows the network to find a lower energy minimum – hence 
greater polarization. 

 
Homogeneity is also a stable equilibrium of the model, but this equilibrium cannot obtain 

unless we preclude negative weights and negative influence (as in the earlier models of cultural 
convergence and differentiation discussed above). If we initialize the model at homogeneity, it 
will remain there indefinitely. However, from a random start, the system cannot find the single-
group solution without falling into an inescapable trap of in-group/out-group hostility. Further, a 
sufficient exogenous perturbation will disturb the unitary equilibrium and yield a two-group 
solution, but the reverse shift is much more difficult to obtain and is extremely unlikely.  

To explore this interpretation further, we measured the energy level of equilibria by 
summing over the product of agreement and tie strength across all dyads in the weight graph. As 
expected, we found that networks with perfect polarization in two opposing camps had an energy 
level of zero, while energy levels increased with the number of different positions in the state 
space that co-existed at equilibrium. That analysis examined tension in dyads for the variety of 
converged configurations. A continuous index of graph balance (35), assessing balance in triads 
and cycles of any higher length, yielded the same conclusion. Equilibria with either one or two 
internally cohesive groups represent maximum balance, while convergence at any higher number 
of groups implies imbalanced relations in the social network. 

CONCLUSIONS AND IMPLICATIONS 
This study has explored polarizing tendencies of a self-organizing network, using a 

Hopfield model of dynamic attraction. The project integrates Axelrod’s positive feedback model 
of influence-interaction with a bivalent model of social relations and cognitive balance. The 
Hopfield model emulates well-known processes of homophily, xenophobia, and influence from 
positive and negative referents. Thus, we may account for emergent social phenomena with a 
rigorous and parsimonious model, including only basic behavioral principles that have been 
broadly supported in experimental work.  

 The results have interesting implications for the notion of “structural balance” in social 
relations. Although the agents in this model are clearly designed to maintain balance in their 
behaviors with both positive and negative referents, this assumption is not “wired in” to the 
relations themselves, as it is in Structural Balance Theory. That is, two agents A and B feel no 
direct need for consistency in their relations with a third agent C. Indeed, A has no knowledge of 
the B-C relationship and thus no ability to adjust the A-B or A-C relations so as to balance the 
triad. Notably, the results show that triads (or cycles of any length) do tend to become balanced 
over time as agents seek balance in their dyadic relations. However, there is no guarantee in this 
model that they will achieve a globally optimal state in structural balance, and we also observe 
equilibrium outcomes where more than two subgroups persist indefinitely. This outcome cannot 
be reconciled with Structural Balance Theory, which predicts that system-level stability can only 
occur when the group either has become uniform or has polarized into two internally cohesive 
and mutually antipathetic cliques. 

The model also has interesting implications for Social Identity Theory (36), which posits 
an in-group bias toward those who share a salient trait, prejudice against the out-group, and a 
tendency to ignore or change discrepant traits. The Hopfield model produces dynamic networks 
that self-organize into a similar pattern, but without a higher-order cognitive framework of social 
categories. In fact, these agents are not even aware that they belong to “groups” at all. This 
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demonstrates the possibility that in-group/out-group differentiation and antagonism are emergent 
properties of network self-organization and are not inscribed in agents’ cognitive architectures as 
assumed by identity theorists. In effect, the model demonstrates a distributed representation of 
the formation of social identities, which are not reducible to local representations in the minds of 
individual agents. 

Finally, the model offers an important methodological demonstration. The results show 
how analytical methods focusing on equilibria may be misleading for prediction of opinion 
distributions that are likely to obtain. An analysis of possible equilibria clearly shows that more 
multiplexity and larger population size increase the number of possible pluriform equilibria, i.e. 
opinion configurations in which for all agents and all issues the aggregated pressures to stick to 
one’s opinion exceed the aggregated pressures to change. However, our computational model 
showed that despite a larger number of theoretically possible equilibria, these conditions 
decreased the number of equilibria that were actually reached by the opinion dynamics. The 
reason is that equilibrium analysis fails to take into account the structural learning process 
through which outcomes are selected. In structural learning, equilibria become increasingly 
unlikely as the complexity of the coordination process increases. As a consequence, the 
computational model identifies polarization as the global attractor in a multiplex opinion space, 
an important substantive result that is overlooked by static equilibrium analysis. 

Previous theoretical work has emphasized the global stability of social homogeneity, 
where convergence to unanimity is an almost irresistible force in closely interacting populations. 
If it is possible for some ties to be negative, our model suggests instead that a social structure is 
most stable when the network self-organizes along a single dimension of differentiation which 
thus determines a clear “right” and “wrong” choice on all behavioral dimensions. In comparison, 
social homogeneity is highly brittle. 
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Abstract 
 
This paper reviews the interaction between theory and methods in the field of network 
analysis. Network theory has traditionally sought to use social relations to bridge what 
social scientists refer to as the micro-macro gap:  understanding how social structures are 
formed by the accumulation of simple rules operating on local relations.  While early 
network methods reflected this goal, the bulk of the methods developed later and 
popularized in computer packages were more descriptive and static.  That is beginning to 
change again with recent developments in statistical methods for network analysis.  One 
particularly promising approach is based on exponential random graph models (ERGM).  
ERGM were first applied in the context of spatial statistics, and they provide a general 
framework for modeling dependent data where the dependence can be thought of as a 
neighborhood effect. The models can be used to decompose overall network structural 
properties into the effects of localized interaction rules; the traditional concern of the 
field.  An example is given using an HIV transmission network.    

 

Where do networks come from? 

 
There are really two questions implied in this simple query.  The first is about the 

underlying process that gives rise to the patterns of links among nodes in the population – 
this requires us to think about a dynamic model that links local processes to a global 
outcome.  The second is the inverse question:  how to infer the underlying process from 
the patterns we observe – this requires statistical methods for sampling, estimation and 
inference.   Network theory was explicitly focused on the first question.  The current 
developments in the field are making progress on the second.  And the most well 
developed and commonly used methods in the field, while not particularly well suited to 
answering either question, have provided some important intermediate tools.   

Modern (post 1940) social network theory explicitly focused on the link between 
local dynamics and global structures.  One root can be traced back to social anthropology 
and exchange theory.  In this research, the focus is on how rules governing permissible 

                                                 
1 This work was supported in part by NIH grants R01 HD41877-01 and  R01 DA12831-02. 
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exchange partners (for, e.g., gift giving, or marriage) cumulate up to determine the 
overall structure and stability of an exchange system (White 1963; Levi-Strauss 1969; 
Yamagishi and Cook 1993; Bearman 1996).  Another root can be traced back to the 
social psychology and balance theory.  In this research, the focus is on the how the 
requirement of balance for positive and negative affect among three actors – e.g., my 
enemy’s friend is my enemy – cumulates up (Heider 1946; Granovetter 1979; Chase 
1982).  In both cases, the key findings have been that some simple local rules may lead to 
overall network structures that display striking regularities, like linear hierarchies, stable 
cliques, or stable cycles of exchange.  Other rules do not have these systemically stable 
impacts, and this distinction leads to an evolutionary hypothesis about the differential 
survival of rules over time, i.e., to links with game theory. 

Given this early focus, one might have expected the field to develop a 
methodology for systematically exploring such dynamics, but this did not happen.  Nor 
did the inverse statistical problem, of inferring the rules from the patterns, receive much 
attention.  It is tempting to attribute this to inadequate computing and statistical tools 
available at the time (from the 1940s to the 1980s).  And to the impact of the progress 
made in the (less demanding) linear model framework.  Whatever the reason, however, 
the methodology that did develop in the field of network analysis focused on static 
descriptive measures, rather than the dynamic model. 

The descriptive approach drew inspiration from mathematical graph theory, using 
tools from linear algebra to manipulate the adjacency matrix, and focusing on issues of 
clustering and connectivity.  These tools have become the heart of the field, providing a 
rich framework for thinking about networks and a wide range of summary measures to 
represent both the network position occupied by specific nodes, and the overall network 
structure.  Almost all of the classic network measures – paths, cycles, density, centrality, 
structural equivalence, cliques, blockmodels, role algebras and bicomponents -- owe their 
development to researchers working with these descriptive tools.  Textbooks and 
computer packages for network analysis typically have these measures at their core.  
They have become the common language for network analysis, defining the basic 
features of networks and helping to develop our intuitions about the complex relational 
structures we seek to understand. 

The statistical issues – developing principled methods for estimation from 
samples, and quantifying the uncertainty in the estimates – have been addressed in a 
limited way in this descriptive context by eschewing traditional model-based statistical 
methods.   Model-based methods rely on the assumption of independent observations to 
obtain tractable likelihood-based estimation and inference.  In network analysis, 
independence is not something one would want to assume, since understanding the 
dependence among observations is actually the primary task.  The growth in computing 
power has given rise to statistical methods that rely on resampling rather than likelihood 
inference, e.g., the bootstrap, jackknife, and permutation tests.  These have been readily 
adopted by network analysts, finding their way into tests like quadratic assignment 
procedures (QUAP) for sociomatrix regression.  In recent years, Markov Chain Monte 
Carlo (MCMC) algorithms have been developed for complex estimation problems, and 
these are now providing the tools needed to return to a model-based framework. 
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Statistical Models for Networks 

 
Progress in model-based statistical methods for network analysis has picked up 

momentum in recent years, due to a combination of theoretical developments, advances 
in statistical computing, and innovations in data collection.  Model-based statistical 
estimation and inference would seem to offer exactly the right tools to answer the original 
inverse question raised above, because it is based on an underlying stochastic model of 
the population process.  To be useful, however, two things are needed: (1) an appropriate 
model for the process and the dependencies in it, and (2) a method of estimation that 
works with dependent observations.2   This would seem to be fairly straightforward, but 
the history of the field makes it clear it is not. 

There is general agreement that the exponential family of distributions provides a 
good framework for modeling the probability that a random graph (or sociomatrix) X 
takes the observed value x.   Holland and Leinhardt (1981) were the first to propose using 
this model for networks, noting that it was a natural form because the sufficient statistics 
were explicitly tied to parameters of interest, like indegree, outdegree, mutuality and etc.  
The general form of the model is given by: 

 '

1

( ) exp ( ) / ( )
IJ

ij ij
i

P X x f x c xθ
=

� �= = � �
� �
�  (1) 

 

where the sufficient statistics, ( )ijf x , are typically counts of links and of products of 

links, the ijθ are the parameters of interest, and ( )c x is a normalizing constant.  This 
model had been proposed 20 years earlier by Bahadur (1961) as a general representation 
for multivariate binomial distributions.   It is a completely general model, and can fit any 

graph perfectly by using all 
2

1n� 	

 �

 �
� 

− possible parameters (where n is the number of nodes).  

One can think of the sufficient statistics as defining the neighborhood of dependence.  
Conditional on the rest of the graph, the dependence between observations is restricted to 
the other points in this neighborhood.  The heart of the modeling effort is to specify (and 
test) parsimonious representations of the neighborhood.  To focus on this, we will strip 
equation (1) down to its modeling core: 

 '

1

( )
IJ

ij ij
i

f xθ
=
�  (2) 

and work through the models that have been proposed in various contexts. 

Much of the statistical theory for ERGM was developed and applied in the 
context of spatial statistics by Besag (1974).  The simplest spatial models represent 
observations as points on a lattice, and assume that only the nearest neighbors have an 
influence on the status of a site.   For example, imagine an agricultural plot, divided into a 
grid along two orthogonal axes (see Figure 1).   

                                                 
2 It is important to keep in mind that the unit of analysis here is the link, not the node, and the dependence 
is between links, not between nodes. 
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Figure 1.  A lattice model for a “nearest neighbor” spatial process.  The dark site in the 
center is the site whose status is of interest; the grey sites indicate the neighborhood of 
dependence.  

 

 

 

 

 

 

 

 

 

 

 

 

Each square in the grid has 4 adjacent sites in its neighborhood.  Nearest neighbor 
ERGM models mimic the classic Ising model from statistical mechanics, representing the 
status of a site (say, infected with a fungus) as a function of: 

 , , ,
, ,

{ 1,1}i j i j i k j k
i j i j

x x x kα ρ + ++ = −� �  (3) 

The spatial dependence among sites is captured by �, which is considered a nuisance 
parameter, and the parameter of interest is �, which represents the spatially adjusted 
propensity for infection. 

When applying these spatial models to networks, both similarities and differences 
in the nature of the data should be kept in mind.  In both cases, the data are often 
represented in matrix form – the lattice and the adjacency (or socio-) matrix.  But the 
meaning of the indices that order the matrix are quite different.  The “site” in the spatial 
context is a dyad (not a person) in the network context.  The Cartesian coordinates that 
define the grid in the spatial context become persons in the network context.  This latter 
difference has important implications.  In the spatial context, the spatial metric is 
exogeneous, and the lattice is fixed.  In the network context, the rows and columns of the 
adjacency matrix have no intrinisic ordering, and may be permuted at will without 
changing the pattern of ties among persons, or the neighborhoods that define dependence.  
While physical space may influence the pattern of ties, it is not the only factor.  As a 
result, the notion of “space” in network models is largely endogeneous and 
neighborhoods are typically not defined in terms of proximity in the matrix.  Because the 
nature of the “spatial” dependence is the primary focus of interest in network analysis, 
the parameters that define this dependence are not nuisance parameters, but the 
parameters of most interest.   This also changes the kinds of models that are appropriate 
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for networks.  The models can be based on exogeneous non-spatial attributes of the nodes 
(e.g., age, race, sex, etc.), or on the propensity for certain kinds of configurations in the 
network (e.g., triad effects, cycles and paths).  Alternatively, the models may seek to 
represent neighborhoods in terms of a completely endogeneously defined latent space 
(with methods similar in spirit to earlier blockmodeling (White, Boorman et al. 1976)).   
Each of these approaches can be found in the literature. 

The first application of ERGM like models to networks was Holland and 
Leinhardt’s p1 model for directed graphs.  The core of  this model takes the form: 

 
1 1

n n

i i j j ij ji
i j i j

x x x xα β ρ+ +
= = <

+ +� � �  (4) 

 

The model represents the process that gives rise to the graph as a function of the node-
specific outdegree and indegree propensities, the jandiα β  parameters, and a uniform 

propensity, ρ , for ties to be reciprocated.  A number of key features of the ERGM 
framework are visible in this simple model.   

First, the network statistics that drive the model are simple functions of links, and 
the neighborhood represented by the statistics is easy to read from functional forms.  In 
much the same way that a standard cross-tabulation can be decomposed into marginal 
and interaction effects, this model uses marginal and interaction-type terms to distinguish 
between dyad-independent and dyad-dependent effects.  Terms that are based on 
marginal sums represent effects that operate on each dyad independently.  In this model, 
the basic indegree and outdegree terms are of this sort.  Marginal effects can also be used 
to represent groups of nodes defined by exogeneously given attributes, and the patterns of 
selective mixing among the groups (this will be shown below).  Used in this way, the 
attributes define a social distance metric that establishes a generalized kind of 
neighborhood.  Terms that are based on products of links, on the other hand, represent 
dependence between the links. In this model, the only dependence between links is 
within-dyad – the tendency for mutual ties – so this model is still referred to as a dyadic 
independence model.  But products of non-reciprocal links are a fairly straightforward 
generalization, and models with these terms are referred to as dyadic dependence models.  
Examples include products of triads of various kinds (a direct formalization of the 
balance theory hypotheses), and all manner of larger component sizes and structures.  In 
each case, the sufficient statistic will be the sum of the products of sets of links that are 
eligible for the specific configuration of interest, and the parameter will represent 
whether this configuration happens more or less likely than one would expect by chance.  
The size and structure of the configuration indicates the nature of the neighborhood. 

Second, one can also catch a glimpse of the two key mechanisms for reducing the 
number of parameters in these models:  one is to limit the number of configurations 
represented as having an effect on the probability of the graph, the other is to impose 
“homogeneity constraints” on isomorphic configurations.  In this model the number of 
configurations is quite small – instars, outstars, and mutual dyads.  But the homogeneity 
constraints are only imposed on the mutuality parameter; indegree and outdegree 
parameters remain node-specific.  As the population grows large, the number of 
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parameters will also grow.  This is somewhat like a fixed-effect model in economics, 
where a term is fit to every respondent in a setting with repeated measures.  Here, as 
there, these are essentially nuisance parameters.  

Homogeneity constraints are often imposed for parsimony, but they can also be 
used to represent exogenous covariates.  For example, one can specify group-specific, 
rather than individual-specific parameters for indegree and for outdegree (Fienberg, 
Meyer et al. 1985; Wang and Wong 1987):   

 
,

1,... ; 1,...k i l j kl ij ij ji
i k j l i k j l

x x x x x k G l Gα β φ ρ+ +
∈ ∈ ∈ ∈

+ + + = =� � � � � � �  (5) 

 

There are now G indegree and outdegree parameters, rather than N.  This can lead to a 
substantially more parsimonious model if the number of groups is much smaller than the 
number of persons.  The φ  parameters are used to specify the level of mixing within and 
between groups.  As in other log-linear modeling settings, the mixing can also be 
parsimoniously modeled to represent patterns of interest (Morris 1991).  

The next extension of ERGM in networks took on the task of modeling dyadic 
dependence.  The ability to model dyadic dependence is the single most important feature 
of the ERGM framework, both because it is theoretically appealing, and because it is 
statistically innovative.  The range of possibilities it opens up, however, is daunting.  
Without the physical space embedding, the notion of “neighborhood” is pretty much 
unconstrained.  Frank and Strauss (Frank and Strauss 1986) were the first to exploit the 
more general form of the ERGM to represent dyadic dependence in the context of 
networks.  The approach they took was a natural, if somewhat mechanical, first step:  
links are dependent if they share a node.  The neighborhood is Markovian in the sense 
that links must be directly adjacent to be dependent, so Frank and Strauss referred to the 
model as the Markov Graph.  Using the Hammersley-Clifford theorem, the sufficient 
statistics for this model can be shown to be products of links that represent the stars of 
various sizes in the graph, and triangles.  A “star” is a cluster of links with a single central 
node.  For an undirected graph the general Markov model is: 

 
1

1

n

k k ijk ij jk ki
k

s x x xσ τ
−

=
+� �  (6) 

 

where ks represents a star of size k, so a product of k links.  Frank and Strauss then 
investigate a simpler version of the Markov model, restricting the configurations to 

1 2ands s  -- edges and 2-stars, and imposing an homogeneity constraint on the triangle 
parameter �.  Wasserman and Pattison (Wasserman and Pattison 1996; Pattison and 
Wasserman 1999) returned to the more general form, which they christened p*, in honor 
of Holland and Leinhardt’s pioneering work. 

The models above are based on explicit measured covariates, though in some 
cases the covariates are themselves part of the process being modeled.  Another 
approach, with roots in classic multivariate analysis, seeks instead to represent the latent, 
unmeasured space implied by the pattern of network ties.  In this purely descriptive 
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model, the aim is to find a latent space in which the probability of a tie varies with the 
distance between the two nodes (Hoff, Raftery et al. 2002).  Conditional on this metric, 
the dyads are independent. 

 i jz zα − −  (7) 

 

The z parameters represent the latent spatial locations, and need to be estimated.  Without 
further dimensional reduction, the number of parameters required to map this latent space 
becomes quite large.  More parsimonious representations can be tested.  Explicit 
covariates can also be added. 

 

Despite the enormous flexibility the ERG framework has brought to the field, 
virtually all of the published applications of these models have either used a variant of the 
original p1 model, or the simplified Markov graph.  This is somewhat curious, as both are 
pretty mechanical renderings of what one might think of as the “neighborhood” of 
influence, and neither is particularly well suited to representing the kinds of processes 
traditionally of interest to network modelers. 

The lack of model development is probably due to the extremely challenging 
technical problems that accompany the estimation of these models.3  Another problem is 
the lack of data, or at least of the type of data currently required.  None of the models has 
been specified in a way that missing data can be handled, so it is still necessary to have 
the equivalent of census data on a network – data on every node and every link.  Such 
data do exist, but they are not common, and this has been a major obstacle to all forms of 
network analysis.  Finally, it may also be that our ability to think, empirically, in terms of 
positions and network structure has atrophied as we have waited for the right tools to 
become available.  Whatever the reason, there has been remarkably little application of 
these modeling tools to data. 

Models are the bridge between theory and data.   And while there is a certain 
attraction to simple abstract forms, like Markov graphs, small world graphs, or scale free 
networks, the simplification we seek will be embedded in each substantive context.   In 
the rest of this paper, I will show how these models can be used to formalize the 
investigation of how a global network structure might cumulate up from simple local 
rules in a specific case. 

 

                                                 
3 Other papers in this volume will be addressing these in detail, so they do not need to be covered here.   
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From local rules to global structures:  Partnership networks and the spread of HIV 

 

Over the past two decades, the epidemic of HIV has challenged the 
epidemiological community to rethink its paradigms for understanding the risk of 
infectious disease transmission, both at the individual level, and at the level of population 
transmission dynamics.  Opinion has rapidly converged on the central importance of 
partnership networks.  Because people acquire infections from their partners, it is not 
only a person's own behavior that puts them at risk, but the behavior of their partners, and 
more generally, the persons to whom they are indirectly connected by virtue being 
connected to their partner.  At the individual level the risk of infection is determined by 
position in the overall transmission network.  While individual behavior plays a primary 
role in establishing this position, it is not the exclusive determinant.  To some extent, 
even the notion of “individual behavior” itself is open to question here, since all 
behaviors can only be adopted with a willing partner, which has important implications 
for both modeling and behavioral intervention strategies.  At the aggregate level, too, 
transmission dynamics are strongly affected by networks.  The network of partnerships 
channels the spread of an infection through a population, amplifying or impeding the 
spread relative to a hypothetical randomly mixing population.  At both the individual and 
the population level then, our ability to quantify the risk of transmission for HIV or other 
sexually transmitted or blood-borne infections, depends on our ability to measure and 
summarize the transmission network. 

One of the greatest obstacles to using network analysis in this context is the 
complete data requirement.  In the context of the sexual and needle-sharing networks that 
matter for HIV, such data collection is impossible.  The question, then, is whether we can 
explain the overall network structure with a small number of partnership formation rules 
that operate at the local individual level.  If this is true, it will radically simplify data 
collection needs, and give network analysis a central place in the tools of sexually 
transmitted infection (STI) research and intervention. 

There is some reason to think that such local rules may govern the network 
structures of interest.  At the population level, the findings from recent mathematical 
modeling suggest that two general types of structures are important: selective mixing 
patterns among different groups (Hethcote and Van Ark 1987; Sattenspiel 1987; Garnett 
and Anderson 1993; Morris 1996), and the timing and sequence of partnership formation 
(Watts and May 1992; Morris and Kretzschmar 1997).  These general insights come from 
different types of mathematical simulations, including both simple deterministic 
differential equations (sometimes called compartmental models) and stochastic 
microsimulations of a population of interacting individuals (sometimes called “agent 
based models”). 

Mixing refers to assortative and disassortative biases in the joint distribution of 
partners’ attributes.  Examples include the degree of matching on race, age, sex, social 
status, sexual orientation or level of sexual activity.  Assortative biases can create patchy, 
clustered networks, which tends to increase the speed of spread within groups, and slow 
the spread between them.  If the groups also vary in activity level, the resulting 
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distribution of infection can be very uneven.  In the extreme, prevalence may rise to high 
endemic levels in some groups, while other groups remain infection free.  Disassortative 
biases typically have the opposite effect, ensuring rapid spread to all groups.  For 
example, preferential linking between highly active persons and less active persons 
ensures that the latter are reached more quickly in the epidemic.  An example of this is 
the traditional double standard, where men can have multiple partners, but women only 
one. 

The timing and sequence of partnership formation refers to the pattern of start and 
end dates for partnerships over an individual’s lifetime.  If the partnership intervals 
defined by these dates are strictly sequential, the pattern is called serial monogamy.  If 
the intervals overlap, the pattern is called concurrency.  Serial monogamy retards the 
spread of infection in two primary ways:  it locks the pathogen in a partnership for some 
time after transmission, and it ensures that only later partners are at indirect risk from 
earlier ones.  With concurrency, by contrast, one’s partner can have other partners, who 
in turn have other partners, and so on.  Instead of a monogamous population of dyads and 
isolates, concurrency creates a potentially large connected component for rapid pervasive 
spread.  In addition, because earlier partners need not be dropped as later partners are 
added, the infection can be spread both in both directions:  from earlier to later partners, 
and from later to earlier ones. 

Almost all of our understanding of the effects of these network patterns on HIV 
spread have been based on simulation.  And with few exceptions, the simulations have 
created network effects indirectly, by varying parameters of some convenient 
mathematical function to produce a change in the simulated networks.  Network patterns 
are thus outcomes of the model, rather than inputs.  This strategy has been enormously 
valuable for orienting research, and it laid the groundwork for future progress.  But it has 
also limited our ability to place this work on a firm empirical footing, and to quantify the 
risk in any specific network. 

Linking network data to network simulation requires a statistical bridge:  a 
modeling framework that enables the key structural parameters to be estimated from 
network data, so that these can be used to directly drive a simulation.  ERGMs have the 
potential to do this. 

The simplest network statistic is the total number of links, represented as 

{1,..., },
ij

i n j i

x
= <
� , which provides information on the density of the network – in this context, 

the level of partnership activity in the population.  The level of concurrency is 
represented by statistics for the “nodal degree distribution” – the number of persons with 
0, 1, 2, or more partners (and one could test either parametric or non-parametric forms of 
these distributions).  A simple selective mixing on a discrete characteristic (e.g., race) 
would be represented by the count of dyads in which both partners have the same 
attribute.  One can also parameterize cycles of various sizes (e.g., triangles, 4-cycles, 
etc.), and with parameters that make the temporal dependence explicit.  This enables one 
to model how in the network evolves over time.  These parameters and others can be fit 
simultaneously, which provides a uniform metric for establishing their relative strength, 
and examining their correlation.  What this statistical model provides, then, is a 
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systematic method for summarizing the key structural features of an empirical network, 
with a framework for comparison and testing. 

While estimation techniques are often of little interest to non-statisticians, this 
case is an exception.  The constant in equation (1) requires a calculation that makes 
simple maximum likelihood estimation impossible for graphs larger than about 20 nodes.  
To avoid this, early applications of these models used an approximation called maximum 
pseudolikelihood estimation (MPLE).  The problem was that the estimates produced by 
MPLE were of unknown quality.  In the last few years, researchers have turned instead to 
computationally intensive Monte-Carlo Markov Chain (MCMC) estimation methods, 
which allow the true likelihood function to be maximized.  In addition to providing more 
accurate estimates, this approach is particularly interesting for our purposes because the 
MCMC method effectively simulates the network in order to maximize the likelihood.  
We can, however, just as easily use the MCMC algorithm to simulate the network given 
the parameter estimates, and this provides the ideal solution to the problem of linking 
network data to the network simulation.  One can estimate the network parameters from 
data, and then use the same model, with the empirically based parameter estimates, to 
drive a simulation of the network with an infection spreading through it.  The MCMC 
algorithm provides the engine for both tasks.  This makes it possible for the first time to 
directly control the network structures in a simulation so that they “look like” the 
networks we observe in different data sets. 

A Model-Based Hypothesis 

 

We are now in a position to test a different kind of hypothesis about the role of 
networks on disease spread.  The research of the previous decade has suggested that 
attribute-based mixing and levels of concurrency have a large impact on network 
structure and transmission dynamics.  Now we can ask whether these are the only 
features that matter. 

One the one hand, there is a good theoretical basis for this hypothesis.  For the 
type of partnerships that spread STI it seems reasonable to presume that people make 
decisions about which partners to choose based on preferences and norms that operate at 
the local level.  That is, we choose partners because they are the right sex, age, race and 
status, and we often care if they have other partners.  It is unlikely that people form 
partnerships thinking “If I choose this partner I can shorten the number of steps between 
me and a randomly chosen person on the west coast” or “I’d like to complete as many 5-
cycles as possible with a single partnership”.  This may seem obvious at one level, but the 
implications may not be as obvious, and they are quite striking.  If simple local rules 
govern partner selection, then these also determine the aggregate structure in the network:  
what looks like an unfathomably complicated system is, in fact, produced by a few key 
local organizing principles.  By extension, these simple local rules are also, therefore, the 
key behavioral determinants of disease transmission dynamics on the network. 

There are also important practical implications of this hypothesis.  Both mixing 
and concurrency are network properties that can be measured with local network 
sampling strategies.  If it turns out that these two local rules explain most of the variation 
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in network structure that is relevant to disease spread, then we have a simple inexpensive 
way to measure network vulnerability routinely in public health surveillance.  And they 
describe simple behavioral rules that people can be taught to recognize and change. 

So the last piece of the puzzle is to determine how to test the hypothesis that 
mixing and concurrency contain all of the information we need to know to evaluate the 
spread potential in a network.    We seek a “goodness of fit” test, but one that is tailored 
to what we want to fit. 

Transmission potential in a network is determined by the network connectivity.  
Connectivity can be measured in a number of ways, but two simple measures are the 
properties of reachability (is person i connected to person j by a path of some length?) 
and distance (what is the length of that path?).   Reachability and distance represent 
epidemiologically relevant “higher order” network properties that simple models should 
be able to reproduce. We can develop fit statistics based on these higher order network 
statistics to test the models that include parameters only for mixing and concurrency. This 
makes it possible to test whether the local organizing features represented in the model 
reproduce the larger structural features of the network.  We can therefore develop formal 
tests for the hypothesis that mixing and concurrency capture the epidemiologically 
relevant variation in network structure.  We can also use the MCMC simulation engine to 
verify whether these features are sufficient for establishing the epidemic potential in a 
network.  

 

Conclusion 

The new tools for network modeling provide us with the ability to empirically test 
a question that has both important practical implications, and deep theoretical roots.  The 
generalizable findings from this work will not necessarily be monolithic.  There is no 
reason to think that attribute mixing and concurrency are the local rules that drive all 
network structure.  What is generalizable, though, is that the models for networks should 
be rooted in the scientific context that they seek to explain.  For this, one does not need a 
one size fits all approach, one needs a flexible class of models that can be tested against 
data in principled ways.  ERGMs provide the basis for this kind of empirically-based 
network analysis, and should become widely used in the years to come. 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


12 

References  

Bahadur, R. R. (1961). A representation of the joint distribution of responses to n 
dichotomous items. Studies in Item Analysis and Prediction. H. Solomon. 
Stanford, California, Stanford University Press: 158-168. 

Bearman, P. S. (1996). "Generalized Exchange." Amer J Soc 102(5): 1383-1415. 
Besag, J. (1974). "Spatial interaction and the statistical anaylsis of lattice systems." 

Journal of the Royal Statistical Society Series B 36: 192-236. 
Chase, I. D. (1982). "Dynamics of hierarchy formation:  the sequential development of 

dominance relationships." Behaviour 80: 218-40. 
Fienberg, S. E., M. M. Meyer, et al. (1985). "Statistical analysis of multiple sociometric 

relations." Journal of the American Statistical Association 80: 51-67. 
Frank, O. and D. Strauss (1986). "Markov Graphs." JASA 81: 832-842. 
Garnett, G. and R. Anderson (1993). "Contact tracing and the estimation of sexual mixing 

patterns: the epidemiology of gonococcal infections." Sex Transm Dis 20(4): 181-
91. 

Granovetter, M. (1979). The theory gap in social network analysis. Perspectives in Social 
Network Analysis. P. Holland and S. Leinhardt. New York, Academic. 

Heider, F. (1946). "Attitudes and Cognitive Organzation." Journal of Psychology 
21(January): 107-112. 

Hethcote, H. and J. Van Ark (1987). "Epidemiological Models for Heterogeneous 
Populations: Proportionate Mixing, Parameter Estimation, and Immunization 
Programs." Math. Biosc. 84: 85-118. 

Hoff, P. D., A. E. Raftery, et al. (2002). "Latent space approaches to social network 
analysis." Journal of the American Statistical Association 97( 460): 1090-1098. 

Holland, P. and S. Leinhardt (1981). "An exponential family of probability distributions 
for directed graphs." JASA 77: 33-50. 

Levi-Strauss, C. (1969). The Elementary Structures of Kinship (orig. 1949). Boston, 
Beacon Press. 

Morris, M. (1991). "A log-linear modeling framework for selective mixing." Math Biosc 
107: 349-77. 

Morris, M. (1996). Behavior change and non-homogeneous mixing. Models for 
Infectious Human Diseases:  Their Structure and Relation to Data. V. Isham and 
G. Medley. Cambridge, Cambridge University Press. 6: 236-49. 

Morris, M. and M. Kretzschmar (1997). "Concurrent partnerships and the spread of 
HIV." AIDS 11: 641-8. 

Pattison, P. E. and S. Wasserman (1999). "Logit models and logistic regressions for 
social networks, II.  Multivariate relations." British Journal of Mathematical and 
Statistical Psychology 52: 169-194. 

Sattenspiel, L. (1987). "Epidemics in nonrandomly mixing populations:  A simulation." 
Amer. J. Phys. Anthro. 73: 251-265. 

Wang, Y. J. and G. Y. Wong (1987). "Stochastic blockmodels for directed graphs." JASA 
82: 8-19. 

Wasserman, S. and P. Pattison (1996). "Logit models and logistic regressions for social 
networks:  I.  An introduction to Markov graphs and p*." Psychometrika 60(401-
426). 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


13 

Watts, C. H. and R. M. May (1992). "The Influence of Concurrent Partnerships on the 
Dynamics of HIV/AIDS." Math Biosc 108: 89-104. 

White, H. C. (1963). An Anatomy of Kinship. Englewood Cliffs, Prentice Hall. 
White, H. C., S. A. Boorman, et al. (1976). "Social structure from multiple networks, I:  

Blockmodels of roles and positions." American Journal of Sociology 81: 730-80. 
Yamagishi, T. and K. Cook (1993). "Generalized exchange and social dilemmas." Soc 

Psych Quarterly 56(4): 235-48. 
 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


���������
	������������������������� ��� "!��
	#��$�����������
�%�'&�(�����)�*,+��-.��$�����������

/
021436587:967
;=<?>896@A7:B2C)>D92E�;GF6@IH8JKHL/,>NMG@IOA92P
QLR%SUTWVXS?Y[Z]\^Y�_`\:acbedfSgY�hWVXiGj8klS?m[n:TGj�o�SUp=n^YqVXdfSUTWV�\^Zr_tsWb8mqkvuUm
w \xmyVX\:TLz�Tekl{xS?YXmqkcV|bW} w \:myVX\xT~}��K���N�:�D���D}�z�he�

� ��kvT=S?YX{:nfR%SUTWVXS?Y�n:T=j�o�S?pGn^YqVXdfS?TDV*\:Zr_rsWbemqkvuUm
w n^Yq����aAn^TKz�Tekv{NS?YXmqkcV|bW}8��n:d
n^V���n^T~}e�|myY�n^SUa

�
���U�U���=�x�x��� ieY�mquUkvSUTWVXkv�=u��:\Nn^a�klmrVX\�i=TeuU\�{NS?Y�uU\xdfdf\:T)peYXkvTeuUkvp=avSUm%�:\�{NS?YXT=kvTe��VXseS[ �SUsGn�{Dkv\:Y
\^Z4n�Y�n:Te�xS
\:Z4mq\WuUkln:a%T=S?V�¡*\:YX¢DmU£ � ieY,peY�n^u?VXkvu�n:a*�:\Nn^a*kvm,VX\LiemqS�VXs=kvm¤ieTGj8S?YXmyV�n:T=jekvT=��VX\�j8S?�
{xSUav\xp�mqp�S?uUkc�Gu�myVqY�n�VXSU�xkvSUm�VX\�j8SUmyVqYX\�bfVXseYXS�n�V[T=S?V�¡*\^YX¢8m*n:TGj6}8klT�pGn�Y�n:avavSUa¥}eVX\)jeSU{NS?al\:p�mqp�S?uUkc�Gu
myVqY�n�VXSU�xkvSUm�VX\
jeS?ZISUTGj�VXs8YXS�n^VXSUTeS�jKmq\WuUkln:a�TeS?V|¡%\:YX¢Dm�n^�Nn^klTemyV$n�VqV�n:u�¢6£�¦*s=S?YXS,n^YXS�YXSUuUS?TDV�s=kvTWVXm
VXs=n^V�p8YX\x�:YXS?mqm,VX\�¡�n�Y�j�n:u�s=kvSU{DkvT=�� �\:VXs"�:\Nn^alm,u�n^T� �Sfn:u�s=kvSU{xS�j"n^p=p=acb8kvT=�KTeS?¡§n:pepeYX\xn:u�s=SUm
ZAYX\xd¨df\DjeSgYXT�myV�n�VXklmyVXkvu�n^a`p=sWb8mqkvuUm*VX\�mq\WuUkln^a`T=S?V�¡*\^YX¢�myVqYXieu?VXieYXS�n:TGj�j8b8TGn^dfklu?mU£

© ª=«4¬�6®$¯¤°,±�¬6²X®4«

³*H8´636@]>W<?OAHe92µ:¶6·$F6O]¸UF¹¸^>D9»º�7�MGOI7^·�7:E»>eµ�967^<X·�He¼g½�µ$H8¾�µgH�¸�O]>D@%>8¸^¿=32>8OA9=<U>D92¸^7:µ:¶2>D¼?7fMG36@lÀ
967^¼U>Dº6@I7�<gH�E�OIµg7:>eµ�7$7:´6O]E�7^JKO]¸^µ4µg32¸UFL>8µ4Á�ÂXÃ�;`0=Á,9GB�¼U>D92E6H8JÄOIJKJ�3692OAÅx>W<gOIH89KH8¾`´�7^He´6@I7
>D5e>8OA9~µX<
µg32¸UFÆE�OIµg7:>eµ�7L>D<�<?>e¸U½�µ�OIµf´2¼gHeº6@A7:JL>W<gO]¸Kº�7:¸^>832µg7LOl<
J�32µX<�7^92¸^H8JK´2>8µ?µf>D@IJKHeµ�<
<gF67Ç7^9=<gOI¼g7Ç´~He´636@]>W<?OAHe9ÆOA9#He¼?E67^¼
<?HÈµg32¸^¸^7:µ?µX¾É36@I@IBÊµ�<gHe´Ê<gF67"µ�´2¼g7x>8E�OI965¹7:´6OIE67^JKOI¸ÌËlÍ�Î
ÏNÐ 0%Ñ,<gF67:¼f<XBG´~7xµ
H8¾�µgH�¸�O]>D@[967^<X·�He¼g½�µ�>D¼?7LH8¼?5e>896OIÅ:>W<?OAHe92µ:¶�7e0 5~0A¶�µ�7x¸�36¼?Ol<XBÌ>D587:92¸�OI7:µ:¶rOI9
·$F6OI¸UFÌ·�He¼g½GOI965L¼?7^@]>W<gOIH89~µ¤>8¼g7
¼?7^´2¼g7xµ�7:9e<?7:E»ºGB�@IOA96½�µ:0�ÒtHÇº~7�7�Ó`7:¸�<gOIM878¶~<gF27:µg7�He¼g5=>D96OAÀ
Å:>W<?OAHe92µ[J�32µ�<4º~7)µX<U>Dº6@I7,>892EL>D@I@AHW·Ô¼U>D´6O]ELE6>W<U>)Õ2HW·�OA9�<gF67�927�<X·�H8¼?½�08ÖÌ7¤F2>NM87$º�7^5e369
>8E6E�¼?7:µ?µgOA965�<?F67:µg7�´2¼gHeº6@A7:JLµ�×Ø3~µ�OI965Ì¸^H892¸^7^´�<Uµ�>892E�<gHGH8@]µ
H8¾�º~H8<gF�µgH�¸�O]>D@�µg¸^OA7:92¸�7xµ
>D92E�µ�<?>D<gO]µX<?OI¸:>D@`>D92EK92H896@IOA927:>D¼�´6FGB�µ�O]¸^µ�×ÙºGBLE�7xµ�OI5896OI965
JKHe¼g7,µ�<?>8º6@I7¤µgHG¸^OI>8@2967^<X·�He¼g½
µX<?¼g32¸�<g36¼?7:µ:¶�7^9~>Dº6@IOA925Ì<?F67^JÚ<gHÊ¼?7:µgOIµ�<Lº~H8<gF�¼?>892E�HeJÛ>D92EÜOA9=<?7^9=<gOIH892>8@�>W<g<?>8¸U½�µ:0[Ý6He¼
<gF6O]µ[´632¼g´�Heµg78¶D·�7�967:7:E�<?H
º~7^<�<?7^¼43292E�7^¼Uµ�<?>D9~E�<?F67$<?H8´�H8@IH858O]¸^>8@2µ�<g¼?32¸�<?36¼g7xµ�HD¾`7�Þ�O]µX<?OA925
µ�H�¸�O]>D@2967�<X·�H8¼?½�µ^¶D>892E�<gH
OIJK´6¼?HWM87�H836¼�3692E�7:¼?µ�<?>892E�OI965fHD¾`<?¼?>892µ�´�H8¼g<[OI9�µ�32¸UFLµgB�µX<?7^JLµ^0

Ñ¤36¼�JK7�<gF2HGE2µ�OA9�µ�<?>D<gO]µX<?OI¸:>D@�´6FGB�µgOI¸:µ[>D¼?7�º2>8µg7:E�H89K¼?7^@]>W<?OAMe7^@IBf967^·ß¸�He92¸�7:´�<?µ:¶Dµg32¸UF
>8µ�¸^H8¼?¼g7:@I>D<g7xEÌµgOl<?7�Àyº~He92EÊ´�7^¼U¸�H8@]>W<?OAHe9�<gF67:H8¼?BÜË àNÎ�Íxá Ð 0tÒ�F67�>8´6´6@IOI¸:>W<?OAHe92µfHD¾$´�7^¼U¸�He@I>DÀ
<gOIH89"<gF67:H8¼?B�¼U>D965e7,¾É¼?H8Jâ´2¼g7xE�OI¸�<gOI965�<gF67
>8JKH8369=<$HD¾*H8OI@`<gF2>D<,¸^>89Çº�7f7�ÞG<g¼U>8¸�<g7xE�¾É¼?H8J
>D9È3292E�7^¼?58¼?H83292E»¼?7:µg7^¼?M8H8OI¼x¶6<gH"3692E67^¼UµX<U>D92E�OI965Ç<gF67K967^<X·�He¼g½"¾ÉHe¼gJL>W<?OAHe9¹JK7:¸UF2>896O]µ�J
OA9GM8He@AMe7:E�OA9Ô<gF27"F~>D¼UE�7^96OI965ÊHD¾�>�º~HeOA@I7:EÜ7^5e520[Ò�F67�32µg7�HD¾�´~7:¼?¸^H8@]>W<gOIH89�<gF67:H8¼?B#F2>eµ
>D@I¼g7x>8E�B�´6¼?HWM87^9LMW>8@A32>8º6@I7,OI9�<gF27¤µ�<g32E�BLH8¾�µgHG¸^OI>8@2967^<X·�He¼g½�µ:0eÒ�F67�ã�>D¼gÀ|Âq@]>D9K5e¼gHe36´�F2>eµ
587^927^¼U>D@IOAÅ:7:E�´�7^¼U¸�He@I>D<gOIH89�<gF67:H8¼?B�OA9"H8¼UE�7:¼�<?HL>D92>8@ABGÅ^7¤<gF27
µX<?¼g32¸�<g36¼?7f>D92E"µ�<?>Dº2OA@IOl<XB�HD¾
587^927^¼U>D@`967�<X·�H8¼?½�µ�3692E�7:¼$¼?>892E�HeJä¾�>DOI@A32¼g7xµfËlÍeÍ Ð >D9~EÇOI9=<g7:9e<?OAHe92>D@r>D<�<U>8¸U½�µfËlÍNå Ð 06ã�>8µg7:E
H89#<?F6O]µ�5e7^967:¼?>8@AOIÅ:>D<gOIH89r¶�·�7">D¼?7�¾ÉHe@A@IHW·$OA925È36´ÜH89�>Ì96HWM87:@�>8´6´6¼?He>e¸UFÌ¾ÉHe¼LE�7:µgOA5e96OI965
967^·âµgH�¸�O]>D@4927�<X·�H8¼?½Gµf<gF2>D<�>D¼?7�JKH8¼?7�¼?7:µgOA@IOI7^9=<
<gH�>W<g<?>8¸U½`0rÖ�7�>D¼?7�>D@]µ�HÈE67^M87:@AHe´6OI965
J�7^<gF6H�E6µ�º2>eµ�7xE�He9K<gF67¤´~7:¼?¸^H8@]>W<?OAHe9K>8´6´6¼?He>e¸UF�ËAÍ:æ Ð <gF~>W<�·$OI@I@27^9~>Dº6@I7�32µ4<gH
OIJKJ�3692OAÅ:7
´~He´636@]>W<gOIH89~µ�J�He¼g7�7^Ó�7x¸�<gOIM87:@ABÇ>D5e>8OA9~µX<�E�OAÓ�7:¼g7:9=<$<XB=´�7:µ�H8¾%7:´6O]E�7^JKO]¸^µ:0

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� �,£��ri=�:SUT=S,hWV�n:TealSgb�n^TGj�h8s=av\:df\���n�{DavkvT
� ���t±��t«�¬
	ß¯����«¤±����#®4«��$±���������$�������®$±�²��������¬ �Ê®[�!"�
#�7^¼?BÌ¼?7:¸^7^9=<�>D92>8@AB�µgOIµ�H8¾�µ�H�¸�O]>D@4967�<X·�H8¼?½�µ^¶r>eµ
·�7^@I@4>8µfJL>89=B�HD<?F67^¼�967�<X·�H8¼?½�µ%$�µg32¸UF
>8µK<?¼g32µ�<�967^<X·�He¼g½�µK>D9~Eßµ�7^ÞG3~>D@�967^<X·�He¼g½�µ'&�¶�¼?7^Me7:>D@]µ�<gF~>W<ÇµgH8JK7»HD¾)<gF27:µg7¹967�<X·�H8¼?½�µ
E�OIµg´6@]>NB»<gF27LOAJK´�H8¼g<?>D9=<
´6¼?H8´�7^¼g<XB¹H8¾�º�7^OI965»µg¸:>D@I7�À|¾É¼g7:7»Ë à2¶ å6¶AÍ)( Ð ¶�O|0 780I¶�<gF67:¼g7LO]µ
>"M87:¼gB
·$OIE�7�E�O]µX<?¼gOIº63�<?OAHe9»HD¾*<gF67�9G36J�º�7^¼¤HD¾[@IOA96½�µ,´~7:¼,M87:¼�<?7�Þ�0+*¹Heµ�<,M87:¼�<?OI¸^7:µ$F2>NMe7
>�µgJK>8@A@
9=32J�º�7^¼�HD¾t¸^H896967x¸�<?OAHe92µ^0G/�HW·�7^Me7^¼x¶D<?F67^¼?7)>8¼g7)>�µgJL>D@I@~9G36J�º~7:¼�H8¾rM87:¼�<?OI¸^7:µ4<gF2>D<�F2>NMe7
>#M87:¼gBÔ@]>D¼?587»9G36J�º�7^¼"HD¾�¸^H896927:¸�<?OAHe92µ:¶�>892E�<gF27^¼?7Ì>D¼?7¹Me7^¼g<gO]¸�7:µ�OA9 <gF67Ì¾É36@I@¤¼U>D965e7
º~7^<X·�7:7^9Ì<gF67xµ�7L7^Þ=<?¼g7:JK7:µ:0rÝ636¼g<gF67:¼:¶�OA<�µg7^7^JLµ)<?F2>W<f<?F67^¼?7KOIµ
>"´�Heµ?µ�OIº6@I7K7�Þ�´6@]>D92>D<gOIH89
¾ÉH8¼*<gF2OIµ�µ?¸^>8@A7^À�¾É¼?7^7�º~7:F2>NMGOAHe¼�Ë å�¶IÍ ÏWÐ ¶W>892E
<?F2>W<*<?F67�¼g7xµ�36@A<?µ%¾ÉHe¼�µ�7^ÞG3~>D@G967�<X·�H8¼?½�µ%7�ÞG<g7:92E
<gHLHD<?F67^¼�µgH�¸�O]>D@`967^<X·�He¼g½�µ�ËlÍxà Ð 0

Ñ¤36¼*58¼?H836´2µ%>D¼?7�µX<?32E�BGOA925¤<?F67$µX<?¼g3~¸�<g32¼g7�HD¾`>,·$O]E�7�¼U>D965e7�H8¾~µ�H�¸^OI>8@�967�<X·�H8¼?½)<XB=´�7:µ
ËlÍ�, Ð ¶�>892EÈ>8¼g7�º636OI@IE�OI965"JL>W<gF27^JL>W<?OI¸:>D@%J�H�E�7:@Iµ�>892E»<?H=He@Iµ,¾ÉH8¼)@]>D¼?587�µgH�¸�O]>D@%967�<X·�H8¼?½�µ
ËlÍxæ Ð 0�Âq9�µ�<g3~E�OA7xµ�¸�He92E�32¸�<g7xEÜ>8º~He3�<L<gF67¹µ�<?>8º6OI@AOA<XB�H8¾)µ?¸^>D@I7�À|¾É¼?7^7»µ�H�¸^OI>8@�927�<X·�H8¼?½Gµ:¶�OA<
·�>eµ$´6¼?HWM87^9Ç<gF~>W<,<?F67:µg7
967^<X·�He¼g½�µ$>8¼g7fHe´�<gOIJL>D@I@AB"¼g7xµ�OI@IOA7:9e<$<?HL<gF27
¼?>892E�HeJâ¾�>DOI@I36¼g7�HD¾
OA92E6OAMGO]E�32>D@]µ�ËAÍ8Í Ð 0r14M87^9�OA¾$>8@AJKH=µX<
>D@I@[7:@A7:J�7:9=<?µfH8¾�>�967^<X·�He¼g½»JL>8@l¾É369~¸�<gOIH89t¶�>"@I>8¼g5e7
¾É¼?>e¸�<gOIH89�HD¾�<?F67�OA92E6OAMGO]E�32>D@]µ�·$OA@I@$º~7"@I7�¾¥<�¸�He96967:¸�<g7xE�¶%>8@A@IHW·$OI965Ì¸^H89=<gOI9G36OA925ÈOI9e<?7^¼U>8¸�À
<gOIH892µ�º�7�<X·�7^7:9Ç>�@I>8¼g5e7�¾É¼U>8¸�<gOIH89�H8¾t<?F67�´~He´636@]>W<gOIH89t06Ò�F6OIµ$µgOA<g32>D<gOIH89"OIµ�3696@IOI½87)<gF2>D<$HD¾
F6H8JKH85e7^967:H832µ%967^<X·�He¼g½�µ:¶:OI9K·$F6O]¸UF�µg32¸UFK>,¾�>8OA@I36¼?7�·$OA@I@6º6¼?7:>8½�<gF67�7^9=<?OA¼?7�967�<X·�H8¼?½fOA9=<?H
µ�JL>D@I@|¶r3692¸^H896967x¸�<?7:E�OIµg@]>D92E6µ:0%Ñ¤9�<gF27LHD<gF27^¼
F2>892E�¶t>»E67^@IOAº�7^¼U>W<?78¶tµg32¸^¸^7:µ?µX¾É32@4>W<g<?>8¸U½
H89"<gF67fJKH=µX<gÀy¸^H896967x¸�<?7:EÇ7^@I7^JK7^9=<?µ�OA9"<gF27
967�<X·�H8¼?½L·$OI@A@r@I7:>eEÇ<gHK¾�>DOI@I36¼g7�H8¾�<?F67f7^9=<gOI¼?7
967�<X·�H8¼?½È>W¾¥<?7^¼�H896@IBÌ>¹µgJL>D@I@�¾É¼U>8¸�<?OAHe9ÊHD¾$96H�E�7:µ
F2>NM87Lº�7^7:9Ê<?>D¼?587^<g7xEÔËAÍxå Ð 0�Ý636¼g<gF67:¼:¶
µX<?32E�OI7:µ$µgF6HW· <?F2>W<,µg7:>8¼?¸UF"¸^>D9"º�7�¸^H892E632¸�<?7:E"OA9�µg32¸UF�F67�<?7^¼?H8587:967^He32µ�967�<X·�H8¼?½�µ�OI9�>
J�32¸UF"JKH8¼?7)7.-�¸�OI7^9=<�·�>NBK<?F2>D9�OI9�F6H8JKH85e7^967:H832µ�967^<X·�He¼g½�µ�ËAÍ)/ Ð 0

Á ¸^H896967x¸�<?OAHe9�7�Þ�O]µX<Uµ�º~7^<X·�7:7^90$�>1&4<?F67fµX<U>Dº6OI@AOA<XBLHD¾%>�967^<X·�He¼g½L>892E2$�º+&4<gF67�´6¼?H8´6À
>D5e>D<gOIH89�HD¾
E�O]µg7:>8µg780�/�7^<g7^¼?H85e7^967:H832µK927�<X·�H8¼?½Gµ�>D¼?7»´6¼gHe967»<?HÆ<gF67Ì¼?>8´6O]Eßµ�´6¼?7:>eEÔHD¾
7^´6O]E�7^JKO]¸^µ:0eÂy¾t<gF67¤OA92E6OAMGO]E�32>D@]µ4<gH�º~7¤OAJKJ�3296OAÅ:7:EÇ>D¼?7,¸UF6Heµg7^9L¼U>D9~E�H8JK@IB8¶eµg´6¼?7:>eE�OA925
OIµ
3692>NM8HeOIE2>Dº6@I78¶G7^Me7^9"Ol¾�>D@IJKHeµ�<�>D@I@rOA9~E�OAMGO]E�32>8@Iµ�OI9"<gF67f967^<X·�He¼g½�>8¼g7�OIJKJ�3696OIÅ^7xE�02/,HW·�À
7^M87:¼:¶2Ol¾*<gF27�OI92E�OIM=O]E�32>8@Iµ�<gHLº�7�OIJKJ�3696OIÅ^7xE»>D¼?7
¸UF6Heµg7^9�32µgOI96543gµgJL>D¼g<65Kµ�<g¼U>W<g7:58OI7:µ:¶6OA<
º~7x¸�H8JK7xµf´~H=µgµgOIº6@A7K<?H»¼g7xE�32¸^7�<?F67�9G36J�º~7:¼
HD¾�OA96¾É7:¸�<?7:EÊOI92E�OIMGOIE�3~>D@]µ�<gH¹>8@AJKHeµ�<fÅ^7:¼gH~0
7,µgOA965ÇJKHGE67^@]µ^¶`OA<¤O]µ¤´�Heµ?µgOAº6@I7
<?H�¾ÉHe¼g7x¸^>8µ�<�<?F67�¸^H892µg7:¿=367:92¸�7xµ�H8¾47^´6O]E�7:J�O]¸
He3�<gº236¼?µ�<?µ
>D92E�<gH)<g¼?B�<gHf¸^H89=<g¼?H8@=<gF27^J�0WÂy<[OIµ%7xµX<U>Dº6@IOIµgF67xE
<?F2>W<�¼U>D92E�HeJ OAJKJ�3696OIÅ:>W<?OAHe9�H8¾�>¤@I>8¼g5e7
¾É¼?>e¸�<gOIH89�HD¾~<gF67$´�H8´236@I>D<gOIH89�¾�>DOI@Iµ�<gH�´6¼?7^M87:9=<%7:´6OIE67^JKOI¸:µ�HD¾`E�O]µ�7x>8µg7:µ%<gF~>W<[µ�´2¼g7x>8E�36´~He9
¸�H89=<U>8¸�<)º~7^<X·�7:7^9¹OI9�¾É7x¸�<g7xE¹OI92E�OIMGOIE�3~>D@]µ.8~¾ÉH8¼)7�Þ6>DJK´6@I78¶�*¹>8@I>8¼gO]>L¼?7:¿=36OI¼g7xµ:9;9�<äH8¾[<gF27
´~He´636@]>W<gOIH89Ì<gH�º�7LOAJKJ�3696OIÅ^7:EÌOI9�He¼?E67^¼)<gH»µ�<gH8´�7^´2OIE�7:JKOI¸Kµg´6¼g7x>8E�OI965ÊË (~¶ ÏWÐ 0�Ñ¤9Ì<gF27
HD<gF27^¼
F2>892E�¶t<?>D¼?587^<g7xEÈOIJKJ�3696OIÅ:>D<gOIH89ÆH8¾�<?F67�JKHeµ�<�Àq¸�He96967:¸�<g7xEÌOI92E�OIMGOIE632>D@]µf¼?7:¿=36OI¼g7xµ
58@IH8º2>8@D½G96HW·$@A7xE�5874HD¾G<gF674<gHe´~He@AHe58B,H8¾�<gF67�µ�H�¸^OI>8@D967�<X·�H8¼?½,OI9�¿=367xµX<?OAHe9r¶^¼?7^92E67^¼?OA965=9;9><
OAJKJ�3296OAÅx>W<?OAHe9ÇOIJK´6¼?>e¸�<?OI¸:>D@|0�ÖÌ7f¼?7:¸^7^9=<g@IB�´6¼?H8´�Heµg7:EÇ>D9�7�Ó`7:¸�<gOIM87fµX<?¼?>D<g7:58B8¶Gº2>eµ�7xE�He9
<gF67�OIJKJ�3692OAÅx>W<gOIH89LH8¾`>fµgJL>D@I@6¾É¼U>8¸�<gOIH89KHD¾@?;A'B.CD?�EGFDHI?�F�A'JLK�H8¾`¼U>D9~E�H8JK@IBeÀqµg7^@I7:¸�<?7:E�OA9~E�OlÀ
M=O]E�32>8@Iµ:¶x<gF2>D<�´6¼g7:M87:9e<Uµt7:´6O]E�7^JKO]¸^µ*·$OA<gF6He3�<�¼g7x¿e32OA¼?OA925,58@IH8º~>D@=½=92HW·$@A7xE�587�HD¾2<?F67$µ�H�¸^OI>8@
967�<X·�H8¼?½¹ËlÍM9 Ð 0

N ���t±��t«�¬
	ß¯����«¤±����#®4«PO���Qä±R�%��®�� ²�«S����¬ �Ê®[�!"�
ÖÌ7�>8¼g7$>8E2>D´�<?OA965f¼?7:¸^7^9=<�¼g7xµ�32@l<Uµ�H89�<g¼U>�-�¸�Õ2HW·�<gH
µgHG¸^OI>8@�967�<X·�H8¼?½�>892>D@IB�µ�O]µ^0WÂq9�ÍM9;9 (~¶
Tr7^@]>D9~E�7�<$>D@|0�Ë å8á Ð ¾ÉH8369~EL<gF~>W<$1�<gF27^¼?967�<"TtÁ=U§<?¼?> -�¸�O]µ�µg7^@A¾¥Àqµ�OIJKOA@]>D¼M8V3gº636¼UµX<UµW5�H�¸^¸�32¼

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� YX\:dÄh8S��8i=n:a���S?V�¡*\^YX¢8m�VX\f¦*s8YXS�n^VXS?T=S�j���S?V�¡*\:YX¢Dm �

H89 7:M87^¼?B#<?OAJK7�µg¸:>D@I780�Ò�F27:µg7��292E6OA965=µÇµgF6HW· <gF~>W<Ç@IH8925DÀy¼?>896587»¸�He¼g¼?7^@]>W<?OAHe92µLOI9ß<gF27
OA9=<g7:¼gMW>8@6<gOIJK7:µ�HD¾t>8¼g¼?OAMGOI965�´2>8¸U½e7�<Uµ4>D9~EK7�ÞG<g¼?7^JK7,MW>8¼gO]>Dº6OI@IOl<XB $ÉH8¼�OA9��296OA<g7)@AOIJKOl<�HD¾�<gF27
MN>8¼gO]>D9~¸�7M&�0e³�>DÞ�µgH89�>892E�Ý%@IHWBGE»Ë å�Í Ð F~>NM87$¾ÉHe3692E�7:MGOIE�7:92¸�7,¾ÉH8¼�µ�7:@l¾¥Àqµ�OIJKOA@]>D¼?OA<XB�H8¾tÖßOIE67
Á�¼?7:> U�7^<X·�He¼g½ $�ÖÈÁ:U�&�Ò�¼?> -L¸8¶D>D92E�µgF6HW·�7xE
<?F67�¾�>DOI@I36¼g7$H8¾�³*HeOIµ?µ�He9�JKH�E�7^@IOI965fOA9�<?F6OIµ
¸^>8µg780@U,7^· 7^JK´6OI¼gO]¸^>8@	�292E�OI965eµL¸UF~>D@I@A7:96587Ç<gF67»MW>8@AO]E�OA<XB#HD¾¤<gF67�<?¼?>eE�Ol<?OAHe92>D@$¿=367:36OA925
J�H�E�7:@Iµ:¶4>892EÔ967^· JKHGE67^@]µKF2>NM87»µgOA92¸^7»º~7:7^9�´6¼?H8´�Heµg7:E�0�Âq9ß¸^H89=<g¼U>8µ�<�<?HÊ<gF67¹>8º~HWMe7
J�7x>8µg36¼?7^JK7^9=<?µ:¶�Ò�>8½W>NBe>8µg3#7^<�>D@|0�Ë åeåxÎ�å ( Ð F2>NM87"JK7:>eµ�36¼?7:EÜ>ÔÍ�
�ß´~HW·�7^¼Lµg´~7x¸�<g¼?36J
H896@IB
>W<%<gF67�¸�¼?OA<gO]¸^>D@=´�H8OI9e<�H8¾~>�´6F~>8µg74<?¼?>892µ�OA<gOIH89t¶x>892E
OA<%O]µ*µX<?OA@I@�96H8<*¸^@A7x>D¼%·$F67�<?F67^¼%<gF27
Õ2HW· O]µ,>8@A·�>NB�µ$µ�7:@l¾¥ÀqµgOAJKOI@I>8¼�OA9Ìµ�32¸UF�967^<X·�He¼g½�µ:02Ò�F67:B�¾ÉHe3692E��296OA<g7�¸�He¼g¼?7^@]>W<?OAHe9�<?OAJK7:µ
OA9Ê<?F67KÕ232¸�<g32>D<gOIH892µfH8¾$967�<X·�H8¼?½�<g¼U>�-�¸D¶�>D92E�O]E�7^9=<gO��27xEÊ´6F2>8µg7K<g¼U>D9~µ�OA<gOIH892µ�º�7�<X·�7^7:9
3gµg´2>D¼Uµ�7M5�>892E 3���>DJ%5�´6F2>eµ�7xµ�HD¾%<gF67f967^<X·�He¼g½`0
Ò�F67f7^JK´6OI¼gO]¸^>8@r´6F67:96H8JK7:92>KJK7^9=<gOIH8967xE�>Dº�HWM87f¸^>89"OI9�Õ2327^92¸^7f<gF67
E67:µgOA5e9"H8¾[¸�H896À

<g¼?H8@�µg¸UF27^JK7:µ¤¾ÉH8¼�<?¼?> -�¸D0�/�HW·�7^Me7^¼x¶2<?F67K7^JK´6OI¼gO]¸^>8@[E�7:µ?¸�¼?OA´6<gOIH89ÈH8¾4<?F67�<g¼U>�-�¸�O]µ�96H8<
B87�<4¸^H8JK´6@I7�<?7808Á¤µ*<gF67�ã�>8¼�ÀyÂq@I>89�5e¼gHe36´�F~>8µ[E�7:JKH892µ�<g¼U>W<?7:E�¼g7x¸�7^9=<?@AB
OI9�<gF67¤¸^>8µg7�HD¾`M87^À
F6OI¸^36@]>D¼�<g¼U>�-�¸�Ë å ÏWÐ ¶�>�¸^>D¼?7�¾É32@�92H896@IOA927:>D¼�µ�<?>W<?OIµ�<gO]¸^>8@�>D92>8@AB�µgOIµ�HD¾tJK7x>8µg36¼g7xE�E6>D<?>�JK>NB
@A7x>8E�<gH�<gF67��292E�OI965
H8¾tµ�7:M87:¼?>8@6¸�H892587:µ�<g7xEK´6F2>eµ�7xµ^0�Ñ¤967�HD¾�He36¼45eHe>D@]µ�O]µ�<?H�¸�@]>D¼?OA¾ÉB�<?F6OIµ
OIµ?µ�3278¶`>D92EÈH8967�J�7^<gF6H�E¹<gF2>D<)·�7�·$OI@A@*32µg7�OI9¹<?F67K>D92>8@AB�µgOIµ,HD¾[JK7:>eµ�36¼?7:E»<gOIJ�7Kµg7^¼?OA7xµ
OIµ�Ã,7^<g¼?7^92E�7xE#Ý%@A3~¸�<g3~>W<gOIH89ÜÁ�92>8@AB�µgOIµ $�Ã)Ý�Á=&�0�Ã)Ý�Áâ·�>8µ�E�7^Me7^@IH8´�7:EÊºGBÈ<?F67Çã�H=µX<?H89
58¼?H836´ÈË åDà Ð >D92E�F2>8µ�º�7^7^9�µg32¸^¸^7:µ?µX¾É36@I@IB�>D´6´6@IOI7:EÇº=BL3~µ�>892EÇHD<gF27^¼Uµ[<?H�JL>89=BLµgB�µX<?7^JLµ^¶
780 520I¶*<gHÆÃ=U¤Á µ�7x¿=367^92¸^7:µ�Ë å1,G¶cå / Ð ¶�<gF27¹>D92>8@AB�µgOIµ�HD¾�¸�@IOAJL>D<g7»¸UF2>D92587:µ"Ë å 96¶ æ8á Ð ¶*F67x>D¼g<
¼?>D<g7$MW>D¼?OI>8º6OI@AOA<XBÇË æ6Í�ÎGæ ( Ð ¶N7x¸�H892H8JKOI¸:µ�Ë æ ÏNÐ ¶8>892EK7^Me7^9K´6¼?OAJK7$9G36J�º�7^¼Uµ,Ë æ8à Ð 0GÑ¤967$HD¾`<gF27
>8E�MW>D9=<U>D587xµ$HD¾*<?F6OIµ¤JK7�<?F6H�E»OIµ¤OA<?µ)>Dº6OI@AOA<XBÇ<gH�E�7^<g7x¸�<¤@IH8925DÀy¼?>896587f¸�He¼g¼?7^@]>W<?OAHe92µ$OI9»<gF27
¼g7x¸�H8¼UE6µ�OI9Ç<?F67f´6¼?7:µg7^92¸^7�HD¾t<?¼g7:92E6µ$>892E"HD<gF27^¼$96He92µX<U>W<?OAHe92>D¼?Ol<?OA7xµ^0

� ���:*��±�¬��t2² �e¬6²�±��Ì6®�� �r~²����Ê®�� ������ ����¬ �Ê®[�!"�

��� � !#"%$'&(&*)�+-,.$0/*)%13241357698:$'"<;=8:/?>�1A@*BC&
ÖÌ7$F2>NMe7�E67^M87:@AHe´~7xEK>¤JK7^<gF6H�E�<gF2>D<4¸�@]>8µ?µ�O��27xµ%¸^H8JK´6@I7�Þ�¼g7x>D@AÀ|·�H8¼?@IE
967�<X·�H8¼?½�µ%>e¸^¸^H8¼UEGÀ
OA965Ç<gH"<?F67^OI¼fµX<U>W<gO]µ�<gO]¸^>D@%<?H8´�H8@IH858O]¸^>8@�´2¼gHe´~7:¼�<?OA7xµ�ËAÍ , Ð 0�ã�B¹µX<?32E�BGOI965">Ç·$O]E�7K¼?>896587�HD¾
E�OlÓ`7^¼?7^9=<�<XBG´�7:µ,HD¾�967�<X·�H8¼?½�µ^¶2·�7D�~92E�7^MGO]E�7^92¸^7f¾ÉH8¼,<gF67�HG¸:¸�36¼?¼?7^92¸^7fHD¾*<gF6¼?7^7�¸�@]>8µ?µ�7xµ
HD¾�µ�JL>D@I@AÀ|·�H8¼?@IE�967�<X·�H8¼?½�µFE
$�>1&Çµg¸:>D@I7�À|¾É¼g7:7¤927�<X·�H8¼?½Gµ:¶
$�º+&Çº6¼?He>8E�Àyµ?¸^>8@A7f967^<X·�He¼g½�µ:¶~¸UF2>8¼?>e¸�<?7^¼?OAÅ:7:E�ºGB»>�¸�He96967x¸�<gOIMGOl<XB»E�O]µ�<g¼?OAº636<gOIH89¹<?F2>W<�F2>eµ

>�´~HW·�7^¼gÀ|@]>N· ¼?7^5eOAJK7¤¾ÉH8@I@AHW·�7:EÇºGB�>Kµ�F2>8¼g´�¸�36<�ÀyHDÓ 8
$�¸)&"µ�OI965e@A7^Àyµ?¸^>8@A7»967^<X·�He¼g½�µ:¶4¸UF2>8¼?>e¸�<g7:¼gOIÅ^7xEÔº=Bß>#¸^H896927:¸�<?OAMGOA<XBÔE6OIµ�<g¼?OAº23�<gOIH89 ·$OA<gF >

¾�>8µ�<�ÀqE�7:¸:>NBGOA965�<?>8OA@|0

���HG IJ8K@L,K1A" $0/() 1A2
ÁÄ´�7^¼U¸�He@I>D<gOIH89¹>D´2´6¼gH=>8¸UF"¾ÉH8¼¤587:967^¼U>D@�967�<X·�H8¼?½�µ�F2>eµ�º�7^7^9�E�7^Me7^@IH8´�7:E�¶�·$OA<gFÈµg36¼?´6¼gO]µ�À
OA965�¼?7:µg36@A<?µ¤¾ÉH8¼
µ?¸^>8@A7^À�¾É¼?7^7�967�<X·�H8¼?½�µ�ËAÍ8Í�Î�Íxæ Ð 0~Ò�F67K967^<X·�He¼g½»O]µ)¾É36@I@AB¹¼?7:µgOI@AOI7^9=<�<gH"<gF27
¼?>892E�H8J ¾�>DOI@A36¼?7KHD¾�µ�OA<g7xµ
>D92EÌO]µ�7�ÞG<g¼?7^JK7^@IB¹MG36@I967^¼U>Dº2@A7�<gH�OI9=<g7^9=<?OAHe92>D@[>D<�<?>e¸U½`0rÒ�F6OIµ
>D92>8@AB=<gO]¸^>8@%>8´6´6¼?He>e¸UF»OIµ)º�7^OI965"E67^M87:@AHe´~7xE»<?H"µ�<g32E6B»¼g7x>D@IOIµ�<gO]¸�µgH�¸�O]>D@%967�<X·�H8¼?½�µq×ß780 520I¶
·$F67^¼?7[½G96HW·$9
¸�He¼g¼?7^@]>W<?OAHe92µ�º�7�<X·�7^7:9fOA92E6OAMGO]E�32>D@]µ%>D¼?7�OA92¸^@A3~E�7:E=×ß·$F67:¼g74<gF67�J�7x>8µg36¼?7:E

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� �,£��ri=�:SUT=S,hWV�n:TealSgb�n^TGj�h8s=av\:df\���n�{DavkvT

¸�@I32µX<?7^¼?OA925¤´6¼?H8´�7^¼g<XB
>D9~E�¼?7:>8@=5e7^He58¼U>D´6F6O]¸^>8@eE�O]µ�<?>D9~¸�78¶WJK7x>8µg36¼g7xE
7^ÞG´�7^¼?OIJ�7:9=<?>D@I@IB8¶W>D¼?7
º~7:OA965�<?>8½87^9KOI9=<gH�>e¸^¸^H8369=<:0e³[¼?7^@IOAJKOI92>D¼?B �29~E�OA925eµ�µ�F6HW·Ü<gF~>W<4<?F67,5e7^He58¼U>D´6F6O]¸^>8@�7�Ó`7:¸�<
F2>8µ$>Kµ�<g¼?H8965KOI9�Õ2367:92¸�7fHe9�<?F67
µX<U>Dº6OI@IOl<XB�>892EÇ<g¼U>D92µg´�H8¼g<�H8¾�<?F67f967�<X·�H8¼?½¹Ë æ>,:Î�æ;9 Ð 0

����� �C/F@�� ,/�� @L$�" $�2��
	 @L$�2 &�� 1'@�/ I @L1�� 8:@*/*)%8 & 1A5 ;=8:/?>�1A@�BC&
ÖÌ7f>D¼?7¤µ�<g3~E�BGOA965Kµg7^M87:¼?>8@2<?H8´�H8@IH85eOI¸:>D@�´6¼gHe´~7:¼�<?OA7xµ4H8¾t967^<X·�He¼g½�µX×�7e0 5~0A¶G¸�@I32µ�<g7^¼?OI965�>892E
¸�H8¼?¼?7^@]>W<gOIH89~µ^0�;GH8JK7K´6¼?7^@IOAJKOI92>D¼?B»¼?7:µg36@l<Uµ�>D@I¼g7x>8E�B»7^ÞGO]µ�<:¶rµg32¸UF�>eµ¤<gF67L·�H8¼?½»H89�¸�@I32µXÀ
<g7^¼?OI965LOA9"<?¼g32µ�<�967^<X·�He¼g½�µfË (eá Ð 06Ò�F67
¸^@A32µ�<g7:¼gOI965�¸^H=7.-�¸�OI7^9=<�Ë (~Í8¶ (=å Ð ¶G·$F6O]¸UF¹¿=32>D9=<gO��27xµ
<gF67
7^ÞG<g7^9=<�<?HL·$F6O]¸UF»96H�E�7:µ�>eE���>8¸^7^9=<�<?H�>K58OIM87^9�96H�E�7�>D¼?7f@AOI96½87xE�¶2µg7^7:JKµ�96HD<�<?H�º�7
>WÓ`7:¸�<?7:E�·$F67:9Ì<?F67L967^<X·�He¼g½È¸^H8@I@I>8´2µg7:µ:0`Ò�F2OIµfJL>NB¹º�7�¼?7^@I7^MW>D9=<�<gH�<?7^¼?¼gHe¼gO]µ�<)He¼g5=>D96OAÀ
Å:>W<?OAHe92µ�<gF2>D<�>8¼g7)¸�HeJ�´2¼gO]µ�7xE�H8¾�µ�JL>8@A@|¶�µX<?¼gHe9658@IB=Ày¸^H896967x¸�<?7:EL¸�7:@A@]µ�<gF2>D<�>D¼?7¤¸�He96967x¸�<g7xE
<gH�7:>8¸UFÜHD<?F67^¼KºGB#>¹¾É7:·f¶*F6OA5eF6@IBeÀq¸�He96967x¸�<g7xE#OI92E�OIMGOIE�3~>D@]µ"Ë (eæ Ð 0�Ò�F67�¸�@I32µ�<g7:¼gOI965�·�>eµ
¾ÉH83692E�<?H»º~7�OAJK´�H8¼g<?>D9=<�>8@IµgH�OA9Æ7:@A7x¸�<?¼gO]¸K´~HW·�7^¼f927�<X·�H8¼?½Gµ:¶�780 520I¶r<?F67�´�HW·�7:¼f58¼?OIE�OI9
<gF67)ÖÌ7xµX<?7^¼?9Ç;=<U>W<g7xµ4OI9�·$F2OI¸UFL<?F67�¸�@I32µX<?7^¼?OA925�¸�HG7.-L¸^OA7:9=<�O]µ�µgOA5e96O��~¸^>89e<?@AB�@]>D¼?587^¼4<gF2>89
<gF2>D<�H8¾�¼U>D92E6H8J�967�<X·�H8¼?½�µ^0GÁ 32µg7�¾É36@�JK7�<?F6H�E�<?HL¿e3~>D9=<gOA¾ÉB�¸�He¼g¼?7^@]>W<?OAHe92µ=$�ºGBLJ�7x>8µg36¼gÀ
OA965K>8µ?µgH8¼g<?>W<?OAMe7$<g7:92E�7:92¸�OI7:µ:¶�O�0 780I¶G<gF27¤<?7^92E67^92¸^BLHD¾�F2OA5eF�ÀyE67^58¼?7^7¤M87:¼�<?OI¸^7:µ4<gHK>8µ?µ�H�¸�O]>W<?7
´6¼g7^¾É7^¼?7^9=<gO]>D@I@IB»·$Ol<?FÆHD<gF27^¼�F6OI58F�ÀqE�7^5e¼g7:7�Me7^¼g<gO]¸�7xµ6&¤·�>8µfµg36585e7:µ�<g7:EÈ¼g7x¸�7:9e<?@ABÈº=B2U�7^·�À
JK>89ÆË (1( Ð 0

ÖÌ7�F2>NMe7,´6¼?7^@IOAJKOI92>D¼?BL¼?7:µg36@l<Uµ�7�ÞG<g7:92E�OI965�<gF67xµ�7fµ�<g32E�OI7:µ�<?H�H8<gF67:¼�¼g7x>D@�µ�H�¸^OI>8@�927�<�À
·�He¼g½�µ:0eÖ�7f>D¼?7¤>D@]µgH�µ�<g32E6B=OI965�<gF67fE�7:58¼?7^7)E�OIµ�<g¼?OIº63�<gOIH89Ç¾ÉH8¼$µgOl<?7:µ�>W<�>�58OIM87:9�E�O]µX<U>D92¸^7
¾É¼gHeJ <?F67�JKHeµ�<�Àq¸�He96967x¸�<g7xE�µ�OA<g7�Ë ( ÏWÐ 0~ÖÌ7�>D¼?7
>D@]µ�H�µ�<g3~E�BGOA965�<gF67�7�Ó`7:¸�<¤HD¾[587:H85e¼?>8´6F�À
OI¸:>D@�E6OIµ�<?>892¸�7
OI9¹¼?7:>8@r967�<X·�H8¼?½�µ^0~Ò�F6OIµ,OA96¾ÉH8¼?JK>D<gOIH89»O]µ�OIJK´~He¼�<U>D9=<�¾ÉH8¼¤7^MW>D@I32>D<gOI965L<gF27
µX<U>Dº6OI@AOA<XB¹>D9~E¹<?F67KOAJKJ�3296OAÅx>W<?OAHe9¹<gF2¼g7xµ�F6He@IEr0�ÖÌ7L>D¼?7�>8@IµgH�>D92>8@ABGÅ^OI965�<gF67�<g¼U>D9~µ�´�H8¼g<
´6¼gHe´~7:¼�<?OA7xµfHD¾$E6>D<?>"Õ2HW· OA9#µgH�¸�O]>D@[927�<X·�H8¼?½Gµ:0�Ö�7�>D¼?7�>D´6´2@ABGOI965¹Ã¤Ý�Á >D92>8@AB�µgOIµf>892E
J�36@A<gOA¾É¼?>e¸�<U>D@�>892>D@IB�µ�O]µ
Ë (eà Ð <gH�º�7�<g<g7:¼¤369~E�7^¼UµX<U>D92E"<?¼?>892µg´~He¼�<�OI9È¸�HeJK´6@A7^Þ�µgH�¸�O]>D@r927�<�À
·�He¼g½�µ:0^Ö�7�>8@IµgH¤>8¼g7�E�7^Me7^@IH8´6OI965¤µ�<g¼?32¸�<g36¼U>D@G>D92E
<g¼U>D92µg´�H8¼g<�JKH�E�7^@IOA925,<?F2>W<*·$OA@I@G7^92>8º6@I7
>�º�7�<g<g7:¼�3692E�7:¼?µ�<?>892E�OI965KHD¾%<gF67
µ�<g¼?32¸�<g36¼?7f>D92E�<g¼U>D92µg´�H8¼g<�OI9»µ�3~¸UFÇ967^<X·�He¼g½�µ:0

��� � �� /*)�� )��.)%2���/�� 8��C/($�� ) "%)�/�� 1A5�	���@L8 $0/(8 2 8���;=8K/?>�1A@�BC&
ÖÌ7
>8¼g7�32µgOA925�<?F67
>D9~>D@IBe<?OI¸:>D@r>8´6´6¼?He>8¸UF�·�7fE�7:M87^@IH8´�7:EÇ<?HK¸:>D@]¸�36@]>W<?7)<gF67f´�7^¼U¸�He@I>D<gOIH89
<gF6¼?7:µgF6H8@]EK¾ÉHe¼�>�58OIM87^9L927�<X·�H8¼?½"ËAÍ8Íe¶AÍNå Ð ¶8OI9�H8¼UE�7:¼[<gH�E�7:µgOI589L<?H8´�H8@IH858OI7:µ[<gF2>D<�OIJK´6¼gHWMe7
<gF67Lµ�<?>Dº2OA@IOl<XB»H8¾�µ?¸^>8@A7^À�¾É¼?7^7�967�<X·�H8¼?½�µ,369~E�7^¼�º�HD<gF�¼U>D92E�HeJ ¾�>DOI@A32¼g7xµ)>892E¹OI9=<g7:9e<?OAHe92>D@
>W<�<U>8¸U½�µ:0:Ò�F6O]µrO]µtº�7^OI965)E�H89674º=Bf¸:>D@]¸�36@]>W<?OA965�<gF67�´~7:¼?¸^H8@]>W<gOIH89�<?F6¼?7:µgF6H8@]E�·$F6OI@A7�½87^7:´6OI965
<gF67)>NM87^¼U>D5e7�9G36J�º~7:¼4H8¾`@IOI96½�µ�¾ÉH8¼�>D9LOI92E�OIM=O]E�32>8@~OI9K<gF27,967^<X·�He¼g½�¸^H892µ�<?>89=<=$¥¾ÉHe¼�µ?>W¾É7�<XB
>D92E�µ�7x¸�36¼?Ol<XB�¼?7:>eµ�He92µ6&r>D92E
<gF67:9�MW>D¼?BGOA925,´2>8¼?>8J�7^<g7:¼?µ�µ�32¸UF�>8µ�<gF67�¾ÉH8¼?J HD¾2<gF67�E�7^5e¼g7:7
E�OIµ�<g¼?OIº63�<gOIH89t¶D<gF27�<XBG´~7¤HD¾r¸�He¼g¼?7^@]>W<?OAHe92µ:¶D>D92E�<?F67¤¸^@A32µ�<g7:¼gOI965
¸^H=7.-�¸�OI7^9=<?µ:08Ö�7¤>8¼g7�>8@IµgH
<g7:µ�<gOI965)<gF27$7�Ó`7:¸�<[H8¾�5e7^He58¼U>D´6F6O]¸^>8@eE�O]µ�<?>D9~¸�7:µ*He9�<?F67�µ�<?>Dº2OA@IOl<XB�HD¾�µg¸:>D@I74¾É¼?7^7$967^<X·�He¼g½�µ:0
Ò�F6OIµ"·$OI@A@�7:92>Dº6@I7�32µ�<?HÜ´2¼gHe´~H=µ�7Ì·�>NB�µL<?HÔE67:µgOA5e9§JKH8¼?7Ìµ�<?>8º6@A7Ì967�<X·�H8¼?½�µ�>892Eß<?H
OAJK´6¼?HWM87¤<gF67
µ�<?>8º6OI@AOA<XB�H8¾�7�Þ�O]µX<?OA925�927�<X·�H8¼?½Gµ:0

�����  !�"�#� 2 )��.$0/*)%132 1357;=8:/?>�1'@�BC&
$�>D92E6H8J OAJKJ�3296OAÅx>W<?OAHe9K¾�>DOI@Iµ4<gH
´2¼g7:M87^9=<[7:´6OIE67^JKOI¸:µ4H8¾rE�OIµg7:>eµ�7xµ*<gF~>W<�µg´6¼?7:>eEKOA9L´�H8´�À
36@I>D<gOIH892µ�36´�H89�¸�He9=<?>8¸�<�º�7�<X·�7^7:9�OI9�¾É7:¸�<g7xE�OI92E�OIMGOIE�3~>D@]µ»Ë (~¶ ÏWÐ 8%<gF27�µ?>DJK7"OIµ�<?¼g367"¾ÉHe¼

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� YX\:dÄh8S��8i=n:a���S?V�¡*\^YX¢8m�VX\f¦*s8YXS�n^VXS?T=S�j���S?V�¡*\:YX¢Dm �

OAJKJ�3296OAÅx>W<?OAHe9LHD¾r¸�HeJ�´23�<g7:¼?µ�>D5e>8OA9~µX<[MGOI¼g32µg7:µ,Ë ( , Ð 017�92@A7xµgµ�>D@IJ�H=µX<4<gF67�7:9=<gOI¼g7,µgB�µX<?7^J
OIµ4OAJKJ�3296OAÅ:7:E�¶8<gF67,M=OI¼?32µ[¸�He9=<gOI9=327:µ*<?H
µ�´6¼?7:>eE�<gF6¼?H8365eF�<gF67�´�H8´236@I>D<gOIH89LHe¼[¸�H8JK´636<g7^¼
967�<X·�H8¼?½`0NÒ�HfE�7:>8@�·$Ol<?F�<gF6O]µ*´6¼?H8º6@I7^J�¶N<gF27�ã�>8¼�ÀyÂq@]>D9
5e¼gHe36´�F2>eµ�E�7^Me7^@IH8´�7:E�>D9K>D92>8@AB=<gÀ
OI¸:>D@tJK7^<gF6H�E�<?F2>W<�¸^>D9¹>e¸^¸^36¼?>D<g7:@AB"E�7�<?7^¼?J�OI967e¶2¾ÉHe¼,MW>D¼?OAHe32µ�µ?¸�7:92>D¼?OAH=µ^¶6<gF67�<gF6¼?7:µgF6H8@]E
967^7xE�7:EÔ<?H�µX<?H8´ µg´6¼?7:>8E6OA965Æ7:´6O]E�7^JKO]¸^µÈËAÍ:æ Ð 0�Á�JKH8965#<gF67xµ�7¹´�Heµ?µgOAº6@I7Èµ?¸�7:92>D¼?OAH=µL>D¼?7
$ÉOG&�OIJKJ�3696OIÅ^OI965Ç´~7:H8´6@I7�·$F6H">D¼?7�>8¸:¿=32>DOI9=<?>D9~¸�7:µ,HD¾4>89¹OA96¾É7:¸�<?7:EÈOA92E6OAMGO]E�32>D@*>D9~E4$ÉOIO &
OAJKJ�3296OAÅ:OA925�He96@IBÊ<gF6H=µ�7"´~7:H8´6@I7"·$F6H�>8¼g7">8¸:¿e3~>DOI9e<U>D92¸^7:µ�HD¾¤>D<L@A7x>8µ�<�<X·�HÈOI9�¾É7:¸�<g7xE
OA92E6OAMGO]E�32>D@]µ:0

Ñ¤36¼[¼?7:¸�7:9=<[¼g7xµ�36@A<?µ[H89�µgHG¸^OI>8@6967^<X·�He¼g½�µ�>D¼?7�¸�HeJK´6@A7:JK7^9=<g7xEKº=B�>D92>8@AHe58He32µ�µX<?¼?>D<g7^À
58OI7:µ4¾ÉH8¼4´2¼gH8<g7:¸�<gOI965�H8<gF67:¼4<?F6¼?7:>W<?7^967xEL967^<X·�He¼g½�µ:¶8µ�3~¸UF�>8µ�¸�HeJ�J�3696O]¸^>D<gOIH89�967^<X·�He¼g½�µ:0
Ý6H8¼�7�Þ6>8J�´2@A7e¶�<?F67�ã�>8¼�ÀyÂq@]>D9#5e¼gHe36´#F2>eµ�>8@A¼?7:>eE�BÆE�7^JKH89~µX<?¼?>D<g7:EÆ<gF2>D<:¶*OA9Ôµg¸:>D@I7�À|¾É¼g7:7
3692¸�He¼g¼?7^@]>W<?7:E�967^<X·�He¼g½�µ:¶2OA¾4·�7�OIJ�J�3696OIÅ^7�<gF67�967:OA5eF=º�H8¼Uµ�H8¾[¼?>892E�HeJ�@IB=Ày¸UF2Heµg7^9»µ�OA<g7xµ^¶
<gF67»¸�¼?OA<gO]¸^>D@�<?F6¼?7:µgF6H8@]E�¸:>D9Ôº~7�¼?7:E�32¸^7:EÜºGB�>Ì¾�>8¸�<?H8¼KHD¾J�2M87ÊËAÍ)9 Ð 0[Ò�F6O]µK¼g7xµ�32@l<LF2>eµ
E�¼?>8JL>W<gO]¸)´6¼U>8¸�<?OI¸:>D@`OIJ�´2@AO]¸^>D<gOIH892µ:0

Ñ¤36¼�>892>D@IB=<gO]¸^>D@G>D´2´6¼gH=>8¸UFfO]µt7:92>Dº2@AOI965,3~µt<?H¤µ�<g32E6Bf7 -�¸�OI7^9=<*OAJKJ�3296OAÅx>W<?OAHe9�µX<?¼?>D<g7^À
58OI7:µfOI9ÆJKH8¼?7�¼?7:>8@AO]µ�<gO]¸K967�<X·�H8¼?½�µ�·$F67^¼?78¶r7e0 5~0A¶�¸�H8¼?¼?7^@]>W<gOIH89~µ^¶�¸�@I32µ�<g7:¼gOI965»7�Ó`7:¸�<?µ:¶�>892E
587^He58¼U>D´6F2OI¸:>D@�<gH8´�H8@IH85eB#>D¼?7"<?>D½e7^9ÔOA9=<?HÊ>e¸^¸^H8369=<:0[Ò�F27»OAJKJ�3296OAÅx>W<?OAHe9Ô>8´6´6¼?He>8¸UFÜOIµ
>D@]µ�H�F67^@I´6OI965�<gHKE�7^Me7^@IH8´�JK7�<?F6H�E6µ�<gHKE�O]µ�OI9=<g7:58¼U>W<g7,<?>8¼g5e7�<g7xELH8¼?5e>896OIÅ:>W<?OAHe92µ:¶eµgOA92¸^7¤ºGB
¼g7:J�HWMGOI965L<?F67�92HGE67:µ,<gF2>D<�>8¼g7
JKH=µX<)¼g7:@A7:MN>89=<,¾ÉH8¼)OIJ�J�3696OA<XB8¶�<gF27�<U>D¼?587�<?7:E�967^<X·�He¼g½
·$OA@I@t¸�He@A@]>D´~µ�7e0

� ��® ���G²������ ��®4«�¬G~²��¤°�¬6²X®4«=�Ê®�� ��®�±�² �� ����¬ �Ê®[�! �����>��*2±A�

$�>1&�ÖÌ7$>8¼g7�OAJK´6¼?HWMGOA925,<?F67�<g7^9=<U>W<gOIM87�7^ÞG´2@I>892>W<?OAHe9ÇËAÍ ÏNÐ H8¾�µ?¸^>D@I7�À|¾É¼?7^7�µ�H�¸�O]>D@G967^<X·�He¼g½�µ:¶
>D92E"E�7:M87^@IH8´">�º�7�<g<g7:¼�3692E�7:¼?µ�<?>892E�OI965�HD¾t<?F67�¼?>896587)HD¾*µ�H�¸^OI>8@�927�<X·�H8¼?½Gµ4<gF~>W<�>D¼?7
µg¸:>D@I7�À|¾É¼g7:7�ËAÍ:à Ð 0

$�º+&ÇÖÌ7�>D¼?7�E67^M87:@AHe´6OI965L>Kº~7^<�<g7:¼�3692E67^¼UµX<U>D92E�OI965LH8¾�<?F67�<gHe´~He@AHe58O]¸^>D@rµ�<g¼?32¸�<g36¼?7:µ$>892E
<gF67�<?H8JKH85e¼?>8´6FGBLHD¾�<gF6¼?7:>D<g7^927:E�µ�H�¸^OI>8@�927�<X·�H8¼?½Gµ:0

$�¸)&ÇÖÌ7Ì>D¼?7�E67^M87:@AHe´6OI965Ê967^· >D@I58He¼gOA<gF6JLµ�<?HÆOAJK´6¼?HWM87"<gF27ÈµX<U>Dº6OI@IOl<XB�>892E�µg>D¾É7�<XBÜHD¾
<gF6¼?7:>D<g7:967:E�967�<X·�H8¼?½�µ^0�ÖÌ7�>D¼?7ÇE�7xµ�OI5892OA965Ì967�<X·�H8¼?½�µf¾ÉHe¼�He´�<gOIJL>D@�¼g7xµ�O]µ�<?>D9~¸�7L<?H
7^´6O]E�7:J�O]¸^µ:¶�JK>8@l¾É3292¸�<?OAHe92µ¤>892E¹>D<�<?>e¸U½�µ^¶�>D92E»·�7�>8¼g7�E67:µgOA5e96OA925�7 -�¸^OA7:9e<�>D92EÈµ�7^À
¸�36¼?7f>D@I58He¼gOA<gF6JLµ�¾ÉH8¼,H8¼?5e>D92OAÅx>W<gOIH89~>D@~E2>W<?>�Õ~HW·f0

$�ED&ÇÖÌ7¹>8¼g7»E�7xµ�OI5892OA965�7 -�¸^OA7:9e<�JK7^<gF6H�E6µK¾ÉHe¼L7�Ó`7:¸�<gOIM87�3�OIJKJ�3696OIÅ:>D<gOIH89D5Ì<?F2>W<�·$OI@A@
58¼?7:>D<g@IBÔ¼?7:E632¸�7Êµ�´2¼g7x>8E�OI965�OI9 <?F6¼?7:>W<?7^967xE 967^<X·�He¼g½�µX×Ô<?F67Ìµ?>DJK7ÌJK>D<gF67:JL>W<gO]¸^µ
E�7:µ?¸�¼?OIº~7xµ4µg´6¼g7x>8EKH8¾rOA9�¾É7x¸�<?OAHe32µ�>8587:9e<Uµ[OI9�µgHG¸^OI>8@2967^<X·�He¼g½�µ:¶8He¼ 3�MGOI¼g3~µ�7xµW5)OI9Ç¸�HeJ�À
J�3692OI¸:>W<gOIH89Æ927�<X·�H8¼?½Gµ:0rÒ�F67xµ�7�JK7^<gF6H�E6µ�·$OA@I@�>8@IµgH»F67^@I´Æ<?H»OIE�7:9=<gOA¾ÉB�·�7:>8½G967:µ?µ�7xµ
>D92EÇ<?F67^¼?7^ºGB�´6¼?HD<?7:¸�<�<?F6¼?7:>W<?7^967xE�927�<X·�H8¼?½Gµ:0

� � ²W�G±�°:���G²X®4«

ÖÌ7�>D¼?7¤µg7^7:½=OI965f<?H�<?7:µ�<�·$F27�<gF27^¼�¸�H89~¸�7^´6<?µ�>D92E�J�7^<gF6H�E6µ�H8¾tµX<U>W<gO]µ�<gO]¸^>D@�´6FGB�µ�O]¸^µ�µg32¸UF
>8µ�µ?¸^>8@AOI965Æ>D92EÔ´�7^¼U¸�He@I>D<gOIH89Ô<gF67:H8¼?B�¸^>89�º~7¹3~µ�7^¾É36@A@IB�>D´6´6@IOI7:EÜ<gH#µgH�¸�O]>D@�967^<X·�He¼g½�µ:¶
·$Ol<?F�µg´~7x¸�O]>D@G7^JK´6F~>8µgOIµ*He9�µgHG¸^OI>8@G967�<X·�H8¼?½�µ�µg32¸UF�>eµ*µ�7^ÞG3~>D@G967�<X·�H8¼?½�µ�>892Ef<?F6¼?7:>W<?7^967xE
967�<X·�H8¼?½�µ^0 *¹>D9GBfH8¾2<gF27�´2¼gOIJL>D¼?B)JK7^<gF6H�E6µ*º�7^OI965�32µg7:E�OA9�H836¼*967^<X·�He¼g½f¼?7:µg7:>8¼?¸UFfF2>NMe7
º~7:7^9»E�7^Me7^@IH8´�7:E"ºGB�He36¼$¼g7xµ�7x>D¼U¸UF�5e¼gHe36´r06Ò�F67xµ�7�OI92¸�@I32E�7f<?F67
>D9~>D@IBe<?OI¸:>D@�´�7^¼U¸�He@I>D<gOIH89

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� �,£��ri=�:SUT=S,hWV�n:TealSgb�n^TGj�h8s=av\:df\���n�{DavkvT

>D´6´6¼?He>e¸UFL<gH�587:967^¼U>D@�967^<X·�He¼g½�µ)ËlÍeÍ�Î�Íxæ Ð ¶8<?F67�7 -�¸�OI7^9=<�OAJKJ�3696OIÅ:>W<?OAHe9�<?F67^He¼gB¹ËAÍ)92¶AÍxæ Ð ¶
>D92E�<?F67�Ã)Ý�ÁäJK7�<gF2HGE§Ë å8à Ð 0rÖÌ7Ç>D@]µ�H�·�7^¼?7�>DJKH8965�<?F67 �2¼Uµ�<
<gH»O]E�7^9=<?Ol¾ÉBÊµg¸:>D@I7�À|¾É¼g7:7
967�<X·�H8¼?½�µ�OA9�¸�7^¼g<?>8OA9
µgH�¸�O]>D@=µ�B�µ�<g7^JLµ%>D92Efµg7�Þ�32>8@e927�<X·�H8¼?½Gµ4ËlÍ)(WÎ�Íxà Ð ¶�>D92E
·�74E67^M87:@AHe´~7xE
>D9�>D´6´6¼?He>e¸UF�¾ÉHe¼�¸�@]>8µ?µ�OA¾ÉBGOA965K967^<X·�He¼g½K<?H8´�H8@IH85eOA7xµ)ËAÍ , Ð 0

� ,*BC2 1 > " 8 ��� � 8 2 /(&

ÖÌ7¤<gF2>896½���0��Á,º~7:¼g5~¶>T40GÁ�0 U
0�Á�JL>D¼U>D@|¶��¤0G1�E�@IOA965~¶	�K0GÝ632½=3~E6>6¶�>D9~E�Ý�0 TrOI@ �X7:¼gH=µ[¾ÉHe¼
¸�H8@I@]>Dº�H8¼U>W<gOIH89~µ�H89Æ·$F6O]¸UF#>»´2>8¼�<�H8¾�<gF6O]µ
´2>8´~7:¼�O]µ
º2>eµ�7xE�¶�>892E�Ñ�U $ U¤á8áeá6Í.(»á=å�Í
Í:á8æeæ
¾ÉHe¼�µ�32´6´~He¼�<x0

� ���6�t��t«,±��V�

�x£$��£8��av �S?YqV�} �,£�
xSU\:T=�fn^TGj��,£ ��t£ w n�Y�n: ��n^mqk¥}��|��VqV�n^ug¢
n^TGj �rYqYX\^Y4¦�\xavS?Y�n^T=uUS�\:ZrR%\:dfp=avS��
��S?V|¡%\:YX¢DmU} ������������� �"!"#2} �%$�&('��&N��)��:�:�x�%*g£

�D£$��£D�4al �SgYqV�n:T=j���£ �+�r£ w n�Y�n: ��n^mqk¥}��yhDV�n^VXkvmyVXkvu�n^a���S?ugs=n:T=kvuUm�\^Z�R%\:dfp=avS��D��S?V|¡%\:YX¢DmU} �-,��/.�0
132(4 0�5�6�798:0�;���} � $<'�=%$�)��^�x�N��*g£

�8£,h�£��¤£6o�\^YX\x�:\^{WVXmqSU{�n^TGj3
e£ � £ � £`��S?TGjeS?mU}>� �t{x\xavieVXkv\xT�\:Z ��S?V�¡*\^YX¢8mU} �@? 4 .�0BADCE5�6�798:0
F�G }~�U�%$9=H'G�:�(&I$E)��^�x�N��*g£

� £$��£��Ç£^�4TGj8S?YXmq\xT2}�n:T=j$�,£��Ç£:�Kn�bW}9JKC(L(�NM:��A 2 ��8PO�AQ8<�N��8:�/8 2 LSRT��UV��C	8�) � �DZI\:Y�j$z�Tekl{xS?YXmqkcV|b
_�YXSUmqmU} � �8ZI\:Y�j6}2�<=I=D�H*g£

�D£���£W�r£��~av\�bejfn:TGj���£D�Ç£e�KnUbW}X� ��\�¡ZY�kcYXi=mqSUm*h8p8YXS�nxjfn^df\xT=�,R%\:dfp=i8VXS?YXm%n^TGjf_`SU\:p=avSx} �
[ M:A\�/C"MK��]_^_]6}�� �D� � 'G� �D�H$@)��:�:�8�H*g£

� £"�,£L��£:hDV�n^T=avS?bW}_�yh8u�n^avklTe�e}�z�T=kv{NS?YXmXn^alkcV�bW}�n:T=j���SUTe\:YXd
n^alka`�n�VXkv\xTcb^¦*s8YXSUS�_tkvavaln^YXm�\:Z=��\Dj8S?YXT
R�YXkcVXkvu�n^a`_rs=SUTe\xdfSUT=n8} ���4SU{DklSg¡[m4\^Zt��\DjeSgYXTL_tsWb8mqkvuUmT; G }�hK�N�9&H'DhK� ��� )y�(=�=I=%*g£

$D£���£ �+�r£ w n^Y�n:  �n:mqk¥}edfADC�g%� 4Wh i 6	���j�/k [ M:Al�/C"MK� 2 LT�m�/��k 2 �Ng98-)É_`S?YXmqSUiem�_ri= eavklmqsekvT=�e}�R*n:d��
 8YXklje�xS:}��^�x�N��*g£

&8£"�,£1�[£=hDV�n^T=avS?bW}n
e£Gh6£e��T=j8Y�n:jeSx}eh�£1��n�{8avkvT�SgV4n:a¥£v}o�y_`SgYXuU\xaln^VXkv\:T�_tseSUT=\:dfSUTGn�b=� w YX\xnxj8�
w YXi=mqs$�|TWVqYX\Dj8i=u?VXkv\xT�¡[kcVXs¤h8\:dfS���S?uUSUTWV`�4p=pealkvu�n�VXkv\xT=m2VX\4_`\:YX\xiem���S�j8kln8}9�~kqpWi=kljTr�n^VXS?Y�}
n^TGj�R%kvV�bL��YX\�¡�VXs2} �
_rsWb8mqkluUn��s]_#	#2}��<'G� � )y�<=I=�=%*g£

=8£���£ w i=T=jeS�n:T=j�h�£���n�{DalkvT2}rS�jemU£v}Bte�u�%M:�\�Iv 8@�9C 4 O�AQ8 2 � 4 �/�N� 4 [ 7�8���/Uw8x)�h8p8YXklTe�xS?Y�}C��S?¡
y \:YX¢�}6�(=�= � *g£

�U�8£$o¤£� �SUTe���4{DY�n^sGn^dÔn^TGj¤h6£L��n�{DavkvT~}IOzA {���8�A 2 C���C 4 ,����IM:��A 2 C	8�ADCjte�u�%M:�\�Iv 8��9C 4 O�AD8 2 � 4 �/��� 4
[ 7�8���/U|8�)�R*n:d¤ eYXklje�:S�z�Tekl{xS?YXmqkcV|b�_rYXS?mqmU}6R*n:d¤ eYXklje�:Sx}G�:�x�:�%*g£

�:�x£$��£eR%\xseSUT~}�}�£1��YXS<`x}8o)£D �SUT8����{WY�n:s=n:dK}Wn^TGj�h6£ ��n�{DavkvT~}S����SUmqkvavkvSUT=u?S$\:Z�VXseS���TDVXSgYXT=S?V�VX\
��n:T=je\:d w YXS�n^¢ej8\�¡[T~} �
_tsWb8mU£8��S?{6£n�2S?VqV�£"~ F } � � � � )��^�x�:�%*g£

���D£$��£2R%\:s=SUT2}"}�£D�rYXS:`x}6o)£� �SUT8����{WY�n:s=n:dK}=n:TGj�h�£ ��n�{DavklT2} � w YXS�n:¢8je\�¡[T�\:ZtVXs=S,�|TWVXS?YXTeS?V
ieTGj8S?Y��|TWVXSUTWVXkv\xT=n:a~�*VqV�n:u�¢6} �)_tsWb8mU£=�4SU{�£n�~S?VqV�£_~_#2}:� � &N��)��^�x�8�(*g£

�?�8£$��£`R%\xs=S?T~}rh�£���n�{DavkvT~}�n:T=j�o)£� �S?Te����{WY�n:s=n:dK}��qhWVqYXi=u?VXi8Y�n:a�_rYX\:p�S?YqVXkvSUm)\^Z�h8u�n^alSg� � YXSUS
��S?V|¡%\:YX¢DmN�4klTVR���C 4%��2(2 g 2 LT�o�u�/�n6�8��9C 4 �m�/��k 2 �Ng98 h t�� 2 U��Q6	�z���/C 2 U-� � 2 �Q6n��JKCn��/�/C"�/�¥}
SUjekcVXS�j� Wb�h6£ w \^YXT=se\xalj8V�n:T=j �¤£=�¤£Gh8u�sDi=myVXS?Yj)DrÆkvavS?bD�\Y�R��¤} w S?YXavkvT~}=klT�peYXSUmqmU}G�:�:�N�I*g£

� � £ � £%�~kva �yS?YX\:mU}8R�£W��£ �tjeavkvT=�8}W�r£W�,£*�¤£x��d
n�Y�n:a¥} �,£ ��£DhWV�n:T=avS?bW}xn:T=j y £>��� �S?YX�8}X�|¦*s=S�r�SU 
\^Z ��ied
n:T�h8S��8i=n:a~R%\xTWV�n:ugVXmU} � ��n^VXieYXST� G_G }_=x�%$<'�=:�I&@)��:�:�8�H*�uU\:TGj8��d
n�V/�:�8�U� � �:�%$W£

���D£j�r£`��£3�,£~��d
n^Y�n^a¥}�R�£��,£ ��j8avklTe�e} � £P�2kla �|S?YX\xmU}rn^TGj �,£���£`hDV�n:TeavS?bW}T�y��SUu�sGn:Tekvmqdfm�ZI\:Y
VXseS � \^YXd
n^VXkv\xT�\:Ztn|r"SU �\^Zth8S��8i=n:a�R%\xTWV�n:u?VXmN�@)¥p8YXSUpeYXkvTWV/*g£

� � £ � £"�~kva �yS?YX\:mU}X�r£6�,£:�¤£6�4d
n^Y�n^aÉ}�n:TGj��,£���£2hDV�n^T=avS?bW}o�yh8u�n^avS?���|TD{xn�YXkln:T=u?S¤kvTLVXs=S¤��YX\�¡�VXs
\^ZfYt\xavi=TWV�n^Yqb � YX�xn:T=ka`�n�VXkv\xT=mU} � �rieYX\xpesWbemU£n�2S?VqV�£X)¥mqie =dfkcVqVXS�j	*g£

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


� YX\:dÄh8S��8i=n:a���S?V�¡*\^YX¢8m�VX\f¦*s8YXS�n^VXS?T=S�j���S?V�¡*\:YX¢Dm $

�($D£j�r£N��£*�,£N�4d
n^Y�n^aÉ}x�,£Nh8uUn:aln8}8�Ç£ w n^YqVXs��SUaK�SUd¤bW}:n^TGj��,£ ��£DhWV�n:T=avS?bW}e�yR%aAn^mqmqSUm*\^Z w SUsGn�{Dkv\:Y
\^Z%h8d
n:avac�lr�\^YXaAj ��S?V|¡%\:YX¢DmU} ��_rYX\Wux£���n^VXkv\xT=n:a��4u�nxj8SUd¤b�\:Z%hDuUkvSUT=uUS?m�^";6}��:�x� � =H'=�x�:���x�
)��^�x�:�%*g£

�<&8£j�r£r�,£���j=n^dfkvux}`��£t�Ç£ �~ie¢N\xmqS:}r�,£���£�_ri=TWbDn^T=k¥}rn^TGj w £r��£ ��ie �S?YXd
n:T2}z�qhDS�n^YXu�s¹kvT
_`\�¡%S?Y>��nU¡ ��S?V|¡%\:YX¢DmU} �f_rsDb8mU£8�4SU{�£�� #n��}G� � � � �x�@)��^�x�D�H*g£

�<=8£$��£xR%\xseSUT~}:o)£^ �SUTe���4{DY�n^sGn^dK}^n:TGj)h6£.��n�{DavkvT~}e� � � uUkvSUTWVt�|dfd¤i=T=ka`�n�VXkv\xT,\:Z6_`\:p=i=aln�VXkl\:T=m
n^TGj�R%\xdfp=i8VXS?YXmU} ��uU\:TGj8��d
n�V/�:�N�^�%$F�I&%$�)��^�x�x�I*g£

�^�8£zrÔ£ �[£n�2SUaln:TGj6}e�Ç£eh6£8¦`n�p�pDi2}%r�£%rÊklavavkvT=�:S?Y�}Gn^TGjfo)£�Y,£%rÆkvavmq\xT~} � � T
VXseS$hDSUacZI�|h8kvdfkvaln^Y
��n^VXi8YXS�\^Z ��VXs=S?YXTeS?Vf¦2Y�n � u ) �C�DVXSUT=jeS�j YtS?YXmqkv\xT_*g} ��� �������^��R�� ¦2Y�n:T=mU£C��S?V|¡$£B]6}��
)y�<=I= � *g£

�W�x£�Y,£`_�n �8mq\xTÈn:T=j»h6£ � al\�bej2}T�rÆklj8S��[YXS�n�¦~Y�n � uIb�¦*seS
Z]n:kvavieYXS�\:Z4_`\xkvmqmq\:TÊ��\Dj8SUavklTe�e} �
� �V���B�:�4R��ä¦~Y�n:TemU£ ��SgV|¡$£��2}��:� � )y�<=I=N��*g£

�:�D£�}�£ � i=¢Di=j=n8}+�¤£�¦`n:¢:nUbDn:mqi2}�n:T=j¹�Ç£r¦`n^¢xnUbDn^mqi~}��yh8pGn�VXkln:a�n^TGj»¦�SUdfp�\^Y�n:a w SUsGn�{Dkv\:Y�\^Z
R%\:T=�:SUmyVXkv\xTLkvT���TDVXSgYXT=S?V4¦~Y�n � ux} � � Y�n^u?V�n:avmz;6}��F��)y�(=�=I=I*g£

�F�8£,�Ç£8¦�n:¢:n�bWn:mqi~};�,£8¦`n:¢:nUbDn:mqi2}8n:TGj-}�£ � ie¢8i=j=nD}f�|o�b8T=n:dfkvu�_rsGn^mqS$¦~Y�n^T=mqkcVXkv\xT �  emqS?YX{NS�j
kvT��|TWVXS?YXT=SgV4¦~Y�n � u � av\�¡$} ��_tsWb8mqkvu�n��s]_;_;6}G� � &�)��^�x�:�%*g£

� � £,�Ç£=¦`n^¢xnUbDn^mqi~}��,£G¦�n:¢:n�bWn:mqi~}=n:T=j�}�£ � i=¢DiGjen8} �y�4p=pealkvu�n�VXkv\xTL\:Z�hWV�n^VXkvmyVXkvu�n:a�_tsWb8mqkvuUm[VX\
��TWVXS?YXT=S?V�¦~Y�n � u:} �
_rsWb8mqkluUn��s]";���}�� � ��)y�(=�=I=I*g£

�:�D£���£e¦�\xdfSgY�}	�r£�h8n^ZI\xT=\�{�}=n:TGj�h6£1��n�{DavkvT~} �y_�YXSUmqSUTeuUS$\:Zt�Kn^TWbKhWV�n: ealS ��\xTes=\:df\x�xS?T=SU\:i=m
hWV�n^VXSUm[kvTKn^TK�|TeS?YqVXkln:a�R*n^Yq� � \:alav\�¡[kvT=����\DjeS?aÉ} �
_rsWbemU£e�4SU{�£	�2S?VqV�£_~n��}:�I&N��)��^�x�:�%*g£

� � £,R�£P}�£r_`SUT=�8}�h6£ ��n�{8avkvT~}��¤£���£thDV�n^T=avS?bW}rn^TGj»��£S�t£t��\:alje �S?YX�:S?Y�}m����iGn^TWVXkv�=u�n^VXkv\:TÈ\^Z
hDu�n:avkvT=� � �8p�\xT=S?TDVXm¤n:T=j¹R�YX\xmqmq\�{NS?Yf_tseSUT=\:dfSUTGn�kvT���\:T=myV�n�VXkl\:TGn�Yqb ��SUn^YqVX �S�n�Vf¦*kvdfS
hDS?YXkvSUmN��� 5 � 2 MH0���? i	� O�79C"��U|AlM��IvfOzAD8:�N��8:��
 2 C(L<�/���/C"MK��É}�S�j8kcVXS�j" Wb �t£`��aAn^mqmU}tR%sGn^\xm
F }_&x�('�&I$�)y�(=�=N�I*g£

��$D£,R�£ �\}�£e_`SUT=�8}=h6£�Y¤£ w iealj8bDYXSU{�}eh6£ ��n�{DavkvT~}=�Ç£=h8kvdf\xTemU} �¤£;��£=hDV�n:TeavS?bW}8n:T=j��,£��r£=��\xalj8�
 �SgYX�xS?Y�}f� � T�VXs=S���\xmXn^kvu � YX�Nn^T=ka`�n�VXkl\:T
\:Z2o	���Êh8S(pWi=S?T=uUSUmU} �|5B6�7�8:0	,��/.�0�� ��^@)y�(=I= � *
� � =D�/'G� � =x�D£

�9&8£,h�£�Y¤£ w ieaAjDbDYXSU{�}2�,£c�t£���\xalj8 �S?YX�xS?Y�}`h6£D��n�{DavkvT~}2��£��¤£��Kn:TWVXSU�:TGn8}`�Ç£+�[£��Kn�VXmXn8}rR�£ �
}�£`_`SUT=�8}r�Ç£thDkvdf\xT=mU}`n:T=j �¤£ ��£rhWV�n:TealSgbW}z�u�2\xTe�:����n^T=�:SKR%\^YqYXSUaln^VXkv\xTÌ_rYX\:p�S?YqVXkvSUm)\^Z
R%\Dj8kvT=�»n^TGj ��\xTeuU\DjekvT=�"o	��� h8S(pWi=S?T=uUSUm<b%��SUT w n:Te¢��4TGn^avb8mqkvmN�»_rsWbemU£t�4SU{�£V� FeG }
�^�I& � '8�^�I=D��)y�<=I=N��*g£

�9=8£���£ w ieTGj8Sx}'�,£(
e£^hDugseSUavavT=sDi= �S?Y�}Un:T=j�
e£(}�YX\xpep~}?S�jemU£v} i 6	� [ M:A\�/C"MK� 2 LSOzAD8/��8���/�/8 h 
Sv ADUV����
OzAD8��/�H�_��A 2 C	8��fRm�N���K�B?����\�%MKg98�� �9C 4w1 ���Ng%�/��
f�N��8u6	�/8V)�h8peYXkvTe�xS?Yq�\YtS?YXaln:�e} w S?YXavkvT~}��:�:�N�I*g£

�:�8£$��£ w £N��\�{8kvT=j=n:T2}^o)£9Y�b8i=mqseklT2}^�,£ w ieTGjeS:}Nh�£ w YXSUT=TeS?Y�}xh6£.��n�{DavkvT~}:n:T=j=�¤£�
e£xhDugseSUavalTesDie�
 �SgY�}>�y��av\x Gn^a*R%avkvd
n^VXSf��\DjeSUavmmY�kv\xaln^VXSfh8u�n^alkvTe�K\:Z�VXs=S �  emqS?YX{NS�j��*VXdf\xmqp=seS?YXkvu|Y�n^YXkc�
n^ =kvavkcV|bW} �f_rsDb8mU£8�4SU{�£_�2S?VqV�£	~_^2}��x��&x�:�8��)��^�x�N��*g£

�D�x£���£ w ieTGjeS:}�h6£ ��n�{DavkvT~} 
e£Sr�£P}�n:TWVXSUavsGn�Y�j8V�}t¦�£t_`SUTn`USUa¥}B
e£��¤£t_`S?VXSgY�}tn:TGj }�£fYt\xkv�:V�}
�yR%\:YqYXSUaln�VXS�jÇn^TGjKz�T=uU\^YqYXSUaln^VXS�jK�4SU�xkv\:T=m�kvT ��SUn^YqVq����n�VXS � avi=u?VXi=n^VXkv\xTem�jei8YXkvT=��h8avSUS?p~} �
_rsWb8mU£e�4SU{�£n�~S?VqV�£_~ F } �%$F� � 'L�%$F�I=E)��:�x�:�%*g£

�x�D£j
8£erÔ£c}�n^TWVXSUavsGn^Y�jDV�}D�[£e}$\:mquUkvSUavTDbD� w ieTGjeS:}��¤£ �¤£ �,£6�4SU�:\e}`h6£���n�{DavkvT~}~n:T=jÇ��£ w i=T=jeSx}
_rsWb8mqkluUn��s]_^���} ��� �-)��^�x�8�(*g£

�(�8£�}�£.��i~}���£NR%s=S?T~}x_�£xR%s2£x��{xn^T=\�{�}x_`£xR*n^YXp�S?TGn8}Nn:T=j=�¤£)��£WhWV�n:TealSgbW}c� ���6S?u?Vt\:Z2¦~YXSUT=jem�\:T
o�S?VqYXSUTGj8S�j � alieu?VXiGn�VXkv\xT»�4TGn:acb8mqkvmN�L_rsDb8mU£2�4SU{�£ � #n��}��8�:�x�:� � �X��'��D�x�x�:� � ���<= )��:�x�D�H*
pesWbemqkvuUmK�^�8�U�*�x�D�(&D£

� � £��`£=R%s=SUT2}G_`£=R%s~£e�|{:n:Te\�{6}�}�£;��i~}en:T=j �¤£1��£�hWV�n:TealSgbW}B� ���6S?u?V4\:Z ��\xT=myV�n�VXkv\xTGn�YXkcVXklS?m�\:T
o�S?VqYXSUTGj8S�j � alieu?VXiGn�VXkv\xTK�4TGn^avb8mqkvmN�f_rsWbemU£8�4SU{�£1� # F }e� � �x�U�%$�����VX\)� � �:���I$��X����)��:�:�N��*g£pesWbemqkvuUmK�^�8�:�x�x�U�*�D£

�x�D£ y £ �~kvi~}t_`£%��\xpekv¢DYXkvmqseTGn:T2}t_`£*R%ka`USUn:i~}%�Ç£%��S?bWSgY�}*R�£ �\}�£�_`SUT=�8}�n:TGj �,£���£�hDV�n^T=avS?bW}
�|¦*s=SfmyV�n�VXklmyVXkvu�n^a*peYX\:p�S?YqVXkvSUm,\:Z�VXs=Sf{x\xaln^VXkvavkcV|bÇ\:Z[peYXkvuUS��=i=u?VXi=n^VXkv\xTemN��_tsWb8mU£~��SU{�£X#	!~}
�?�I=:�^�X� � �x�@)y�(=�=I=%*g£

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


& �,£��ri=�:SUT=S,hWV�n:TealSgb�n^TGj�h8s=av\:df\���n�{DavkvT
� � £�_`£�}$ied
n^Y�}W_`£eR%s2£D�|{:n:T=\�{�}Dn^TGj �¤£ ��£ehDV�n^T=avS?bW}S�qhWV�n^VXkvmyVXkvu�n:a2_rsWbemqkvuUm*n:TGj�_�YXkldfS ��ied��

 �SgYXmN��)¥peYXSUp8YXkvTDV/*g£
�I$D£���£ � £W�4\I`US?TeZ]S?aAj6}D�,£DR%\xs=S?T~}Wo)£N �SUTe����{WY�n^sGn:dK}xn:T=j�h6£���n�{DavkvT~}f�yh8u�n^avS?� � YXSUS ��S?V|¡%\:YX¢Dm

\:T��~n^VqVXkvuUSUmU} ��_tsWb8mU£8��S?{6£n�2S?VqV�£����r}.���W'����E)��:�:�*�%*�uU\:TGj8��d
n�V/�:�N�^�N� � � �D£
��&8£$��£=R%\xseSUTKn^TGjKh�£;��n�{DalkvT2}���z�acVqY�n�hDd
n:ava"r�\:YXalj�klTLh8u�n^alSg� � YXSUS	��SgV|¡*\^YX¢DmU} ��_tsWb8mU£8��SU{�£

�2S?VqV�£����r}.�.��W'����@)��^�x�*�I*[u?\xTGjD��d
n^V/�:�x�:�x� � $ � )��:�:�N�I*g£
��=8£$o¤£6 �SUTe����{WY�n^sGn:dK}G�,£ � £2�4\I`USUT8Z]SUalj6}~��£~R%\xseSUT~}~n^TGjÇh6£���n�{DavkvT~}��q��S?\x�:Y�n^p=sekluUn:a �rd��

 �SUj=jekvTe�)\:Zrh8u�n^alSg� � YXSUS ��S?V�¡*\^YX¢8mU} �fuU\:TGjD��d
n�V/�:�(�x�8���:� � )��:�x�(�%*g£
� �8£��,£���iGn�Y�jekv\xaln§S?VÆn^aÉ£v} �y�Kn:u?YX\^��n^TGjÄ��kvu?YX\xmyVqYXieu?VXieYXSÜ\:Z"¦~YXi=myV�T=S?V�¡*\^YX¢8mU} �§uU\xT=j8�

d
n�V/�:�x�:� � � ��)��^�x�N��*g£
� �x£$o¤£%
e£Ir»n^VqVXm�n:T=jfh6£M�¤£WhDVqYX\x�xn^V�`x}X�qR%\:alavSUugVXkl{xS�o�b8TGn^dfkvuUmr\:Z��ch8d
n^alac�lr�\^YXalj�	���S?V|¡%\:YX¢DmU} �

��n^VXi8YXS �_^��2} ��� �H' ��� ��)y�(=�=I&I*g£
� �D£$o¤£e
e£cr�n^VqVXmU} [ UV�IvDv�
 2 �/v 4 8 hTi 6	�wOz7�C_��UwA�M:8 2 Lm�j�/��k 2 �Ng98 � �/��ko���/C � � 4 �/�-��C 4 , ��C��

4I2 UwC"�/8K8V)É_rYXkvT=u?S?VX\xTKz�T=kv{NS?YXmqkcV�b�_rYXSUmqmU}G_rYXkvTeuUS?VX\xT2}��<=I=I=I*g£
� �8£�Y,£ ��£H}�YXSU =mU}"�y�Kn:pep=kvT=� ��S?V�¡*\^YX¢8m�\:Z=¦�S?YqYX\:YXkvmyVtR%S?alavmU} ��R%\:T=T=S?u?VXkv\xT=mf]n��} � �('8�:�m)��:�:�N��*g£
��� £,�Ç£>��£_
e£:��S?¡[d
n^T~} �y�4mqmq\:YqV�n�VXkl{xS,��k �8kvT=�fkvT#��S?V�¡*\:YX¢DmU} �fuU\:TGj8��d
n�V/�:�N�^�N� � �N��)��^�x�x�I*g£
� �D£$��£~R%\xseSUT~}~o)£6o�\:avS?Y�}�h�£���n�{DavklT2}~¦�£X}�n^alkvmq¢WbW} � £���\xs8YqbeT2}~n:TGj y £�hDsGn�{DkvVqV�}�� � T�VXseS

¦~\xdf\x�^Y�n:pesDb,\^Z���S?V�¡*\:YX¢Dm�n:T=jf��i=acVXkvu�n^YqV%¦~YXSUS?mU} �,¦�S?ugs2£x�4SUp�\:YqV�¦*�Ê�:�x�x��� � =D} ��SU 8YXS?¡
z�T=kv{NS?YXmqkcV�bW}D�|myY�n:S?aÉ£

� � £�_`£:R%s2£:��{xn^T=\�{�}9�t£^��£(��i=TeSUm���d
n�Y�n:a¥}^�,£9�r£x��\xalje �S?YX�:S?Y�}Nh6£ ��n�{DavkvT~}x�Ç£x�¤£:�4\xmqS?T8 eavi=dK}
�`£�hDVqYXin`Ukv¢6}�n:T=j �,£ ��£`hDV�n:TeavS?bW}��q��i=acVXkcZIY�n^u?V�n:avkcV|b�klT ��i=d
n^T ��S�n�YqVX �S�n^V,o�b8TGn^dfkvuUmU} �
��n^VXi8YXS �_^_^2} � � ��)y�(=�=I=%*g£

� $D£$��£8_�n:myVX\^Yq�|hen^VqVX\^Y�n:m4n:T=j���£�Y�S?mqp=kv�xT=n:T=k¥} � �rp=klj8SUdfkvu�o�bDn^TGn^dfklu?m�n:T=j �rTGj8SUdfkvu$hDV�n�VXSUm
kvTKR%\xdfp�S�����SgV|¡*\^YX¢DmU} �
_rsWb8mU£e�4SU{�£1� #��6}G� �I� �:�H$�)��:�:�8�(*g£

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


SESSION III

Metrics and Models

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Sensitivity Analysis of Social Network Data and Methods: Some
Preliminary Results

Stanley Wasserman and Douglas Steinley
University of Illinois at Champaign-Urbana

Abstract
Four social network indices are examined in depth – degree centraliza-
tion, betweenness centralization,transitivity, and efficiency. This study uses
Monte Carlo techniques and standard random graph distributions to gen-
erate graphs. We seek to establish the groundwork for a general theory of
resistance of network statistics.

Social network analysis has been used for the past seventy years to advance research in the
social and behavioral sciences. Major breakthroughs over the past ten years, both substantive and
methodological, have allowed this paradigm to greatly expand its usefulness, especially in communi-
cation, broadly defined (including internet research), organizational science, and epidemiology. The
focus of this research is on the application of the paradigm to policy issues, especially those arising
governmentally, and the study and expansion of standard methodology to these very important
research questions. There are several major methodological questions under study:

• What are the effects, and more importantly, the implications, of measurement error on
social networks?

• What can be done to control for the lack of independence of interaction measurements
taken on the respondents (a common problem with egocentered networks)?

• Are there better methods for analyzing longitudinal networks, their composition and struc-
ture, than generalized linear models?

Social network analysis is discussed in detail in Wasserman and Faust (1994); further, theo-
retical concerns are highlighted in Monge and Contractor (2003). Applications of the paradigm to
many substantive disciplines, as well as discussion of how networks have advanced these disciplines,
can be found in Wasserman and Galaskiewicz (1994). Recent methodological developments are
described in Carrington, Scott, and Wasserman (2003), written to update Wasserman and Faust
(1994) by presenting advances made during the 1990’s after the publication of Wasserman and
Faust (1994). We will assume that most of the material presented in Wasserman and Faust (1994)
is known to the reader.

Our research program has a variety of components. We first focus attention on two areas:

This research was supported by grants from the National Science Foundation (#ITS99-80189), and the Office
of Naval Research (#N00014-02-1-0877). email addresses: stanwass@uiuc.edu; steinley@s.psych.uiuc.edu. Affil-
iations: Department of Psychology, Department of Statistics, and The Beckman Institute for Advanced Science and
Technology.
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SENSITIVITY ANALYSIS 2

• Robustness and resistance of network statistics and measures
• Study of the effects of measurement error (in a variety of different forms) on standard

analyses
Four important statistics are: measures of connectivity (quantifying how much actors are

“tied together”), actor centrality, counts of bridges, numbers and frequencies of cohesive subgroups,
and the efficiency of a network.. We will look carefully at how these descriptive network statistics
can be used in substantive context, and comment on their mathematical definitions, their statistical
properties, their error-proneness, and their general resistance to sampling designs.

This presentation uses standard distribution theory for graphs and directed graphs (thereby
allowing for parameter estimation, unlike nonconventional computational models with probabilistic
assumptions). We sample from these distributions, and study the effects of modifications of distri-
bution assumptions on the variability of standard statistics. Such studies are but a first step in a
complete robustness and resistance theory for social networks.

Introduction

We begin with a graph, single set of nodes N , and a set of lines. Here, we will only be
interested in graphs, not digraphs. It is common to use this mathematical concept to represent a
social network, a set of n actors and a collection of r social relations that specify how these actors
are related to one another.

Here, we let r = 1, focusing just on networks with single, nondirected relations, and assuming
that relational ties take on just two values.

We let N = {1, 2, . . . , g} denote the set of actors, and X denote a particular relation defined
on the actors. Specifically, X is a set of ordered pairs recording the presence or absence of relational
ties between pairs of actors. This social relation can be represented by a g × g matrix X, with
elements

Xij =

{
1 if (i, j) ∈ X ,
0 otherwise.

We will use a variety of graph characteristics and statistics throughout this presentation

Distribution theory

The first step for any probabilistic model of a network is to construct a dependence graph.
Such a device allows us to distinguish among the many possible graph probability distributions,
which can often be characterized by considering which relational ties are assumed to be statistically
independent.

We define a dependence graph (as it applies to network relational variables) and then show
how it can distinguish among basic graph distributions (such as those described in Wasserman and
Faust, 1994, chapter 13). This dependence graph is also the starting point for the Hammersley–
Clifford Theorem (Besag, 1974), which posits a very general probability distribution for these
network random variables using the postulated dependence graph. The exact form of the depen-
dence graph depends on the nature of the substantive hypotheses about the social network under
study; we briefly discuss several such hypotheses.
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SENSITIVITY ANALYSIS 3

Theory

Any observed single relational network may be regarded as a realization x = [xij ] of a random
two-way binary array X = [Xij ]. In general, the entries of the array X cannot be assumed to be
independent; consequently, it is helpful to specify a dependence structure for the random variables
{Xij} as originally suggested by Frank and Strauss (1986).

The dependence structure for these random variables is determined by the dependence graph
D of the random array X. D is itself a graph whose nodes are elements of the index set {(i, j); i, j ∈
N , i 6= j} for the random variables in X, and whose edges signify pairs of the random variables
that are assumed to be conditionally dependent (given the values of all other random variables).

More formally, a dependence graph for a univariate social network has node set

ND = {(i, j); i, j ∈ N , i 6= j}.
The edges of D are given by

ED = {((i, j), (k, l)), where Xij and Xkl are not conditionally independent}.
This specific dependence graph is a version of an independence graph, as it is termed in the graphical
modelling literature (for example, Lauritzen, 1996; Robins, 1997); see Robins (1998) for an extended
discussion of the application of graphical modelling techniques to social network models.

We also note that all of these concepts and definitions can be extended to multirelational
networks (Robins and Pattison, 2002) without too much difficulty. A recent, thorough review of
these ideas can be found in the trio of papers (Wasserman and Robins, 2002; Robins and Pattison,
2002; and Koehly and Pattison, 2002) written for the Carrington, Scott, and Wasserman (2003)
volume.

Distributions

As Frank and Strauss (1986) observed for univariate graphs and associated two–way binary
arrays, several well–known classes of distributions for random graphs may be specified in terms
of the structure of the dependence graph. Pattison and Wasserman (2001) and Wasserman and
Pattison (2000) note that there are three major classes — Bernoulli graphs and conditional uniform
graph distributions, Dyadic dependence distributions, and p∗. Other probabilistic graph models
are described by Bollobas (1985), although the primary focus in the mathematics literature is
on asymptotic behavior of various graph statistics as the size of the node set increases (whereas
typically in social network analysis we wish to analyze social networks on a fixed node set).

The assumption of conditional independence for all pairs of random variables representing
distinct relational ties (that is, Xij and Xkl are independent whenever i 6= k and j 6= l) leads to the
class of Bernoulli graphs (Frank and Nowicki, 1993). The dependence graph for such a distribution
has no edges; it is empty. A Bernoulli graph assumes complete independence of relational ties; the
probability that the tie i → j is present is Pij . If Pij = 0.5 for all ties, the distribution is often
referred to as the uniform random (di)graph distribution, U . All (di)graphs are equally likely to
occur; hence the uniform probability aspect of the distribution. A more general Bernoulli graph
distribution fixes the Pij at P ; each edge can be viewed as the outcome of a biased coin toss, with
probability P of a “success”.

The uniform distribution U conditions on no graph properties, while the uniform distribution
U |L, statistically conditions on the number L of edges in the graph. All (di)graphs with L = l
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SENSITIVITY ANALYSIS 4

lines (arcs) are equally likely; (di)graphs with L 6= l lines (arcs) have probability 0. There are
many other conditional uniform distributions, including the classic U |MAN distribution which
fixes the counts of the dyad states and assumes that all digraphs with the specified dyad census are
equally likely, and U |{Xi+}, {X+j} which fixes the outdegrees and indegrees. Many such conditional
uniform distributions are described in Chapter 13 of Wasserman and Faust (1994). Some of these
distributions have simple dependence graphs; for example, the U |{Xi+} distribution, which fixes
only the outdegrees, has a dependence graph with edge set ED = {((i, j), (i, k)), for all j 6= k for
every i}.

The assumption of conditional dependence of Xij and Xkl if and only if {k, l} = {j, i} leads
to the class of dyad dependence models (see Wasserman, 1987; Wasserman and Pattison, 2000),
the second family of graph distributions mentioned above. These “multinomial dyad” distributions
assume all dyads are statistically independent, but the states of any specific dyad are not. It
postulates substantively interesting parameterizations for the probabilities of the various dyad
states. The dependence graph for such distributions has an edge set with edges connecting only the
two random variables withing each dyad: ED = {((i, j), (j, i)), for all i 6= j}. This class of models
was termed p1 by Holland and Leinhardt (1977, 1981), and has a long history (see Chapters 15
and 16 of Wasserman and Faust 1994). Although for some parameterizations it is easy to fit, its
assumption of independence across dyads is not terribly realistic.

p∗

For an observed network, which we consider to be a realization x of a random array X, we
assume the existence of a dependence graph D for the random array X.

There are, of course, general dependence graphs, with arbitrary edge sets. Such dependence
graphs yield a very general probability distribution for a(di)graph, which we have termed p∗. Such
distributions belong to a very general exponential family; they are often referred to as exponential
random graph models (perhaps a misnomer, since nearly all distributions can be rearranged into
an exponential form).

One very general dependence graph, for which this distribution was first developed, assumes
conditional independence of Xij and Xkl if and only if {i, j} ∩ {k, l} = ∅. This type of dependency
resembles a Markov spatial process, so these dependencies were defined as a Markov graph by Frank
and Strauss (1986). This p∗ family of distributions has been extended in many ways, and estimates
of its parameters scrutinized.

The Hammersley–Clifford theorem (Besag, 1974) establishes that a probability model for
X depends only on the cliques of the dependence graph D. As mentioned, application of the
Hammersley–Clifford theorem yields a characterization of Pr(X = x) in the form of an exponential
family of distributions, as discussed in detail, in for example, Wasserman and Robins (2002).

For our sensitivity analyses, we will postulate various, albeit simple, dependence graphs, and
adopt the associated probability distribution, in order to study the effects of node and line removals
on graph statistics.

Network statistics

An important concern in social network studies is the connectivity of a network. Connec-
tivity measures how much actors are tied together within a network. For example, using sexual
networks and disease simply for illustrative purposes, actors are unlikely to contract HIV via sexual
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intercourse if they are not tied to others (i.e., they are isolates). These isolates can, in fact, help
to deter the spread of the disease. Conversely, networks with greater connectivity are more likely
to include actors who will contract the disease due to more prevalent sexual interactions. Con-
nectivity is also important to terrorist networks because it determines how much information can
be ‘transmitted’ throughout a network. Lack of connectivity (i.e., isolation) can harm individuals.
Although connectivity in general is a very important consideration, connectivity is dependent on
time. In other words, relationships are continually beginning and ending, in a persistent state of
flux. Such continual change influences the spread of information among a set of actors. There are
many different connectivity measures; here, we focus on balance (frequency of transitive triads).

Centrality is also an important network measurement for most network relations. Trotter,
Rothenberg, and Coyle (1995) suggest that the centrality of network members to determine the
‘gatekeepers’ of the network – those who function as important links within the network, linking
together otherwise unconnected nodes (Freeman, 1980). Laumann, Gagnon, Michael, and Michaels
(1994) define these central members as the ‘core group’ of a network. The number of core members
within a network can substantially affect the spread of information throughout a network. A simple
measure of actor degree (the number actors adjacent to a ‘focal’ actor) can determine which actors
serve as core members. Structural characteristics of actors are also very important. In studies on
terrorism, degree centrality and prestige indices would aid in finding individuals who ‘determine’
the sending and receiving of information. They also can help ‘locate’ important subgroups such as
core and periphery networks, which have important consequences for individuals in these subgroups.
Measures of centralization combine actor–level indices, and are straightforward to investigate.

Trotter, et al. (1995) and Laumann, et al. (1994) also discuss the importance of bridges
to the connectivity of a network. A bridge is an individual (or group of individuals) that spans
two disconnected subgroups. Such network measures can help to identify those people who are
crucial to the connectedness of a terrorist network (usually referred to as cutpoints, see Wasserman
and Faust, 1994, Ch. 4). For example, actor betweenness centrality indices could help to identify
those network members who link actors to some type of influential sub-network. In this situation,
the bridge member functions to ’monitor’ the flow of support/information/resources within the
network.

Bienenstock and Bonacich (2002) and Borgatti (2002) recently introduced a new measure to
describe the efficiency of a network. Efficiency measures the average distance between all pairs of
nodes in a network. When all possible pairs of nodes are connected, the efficiency of the network
is equal to unity; when all of the nodes are isolates the efficiency of the network is equal to zero.
Borgatti (2002) indicates that efficiency may be the key measure to consider when deciding which
nodes to delete from the network in order to maximize the impact of the deletion. This especially
seems to be the case when the resources used for node deletion are limited.

Sensitivity analyses

Many analyses of standard social network data sets involve summarizing the relational data
with a substantively-meaningful, carefully chosen set of network statistics. Many researchers do not
go the “model route”, and simply focus attention on this small set of statistics, perhaps including
these statistics as explanatory variables in linear models with actor measurements as responses.
One hope in such studies is that the chosen statistics are not only meaningful, but are “good”
statistically. But this hope begs us to ask the question: “How robust and resistant are typical,
network (multirelational) statistics”?

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


SENSITIVITY ANALYSIS 6

Thus, our concern here is the robustness of network statistics, such as those theoretically
relevant to the substantive applications of interest here, and to the presence or absence of particular
relational ties or actors. In statistics, robustness is defined as how well a parameter estimate
behaves when basic assumptions (particularly distributional assumptions) are violated. Resistance
is usually defined as how well statistics behave when data become “messy”, full of outliers and
“ugly” observations. Since most social network studies are not parametric, resistance is perhaps
the more important concern. Shouldn’t a network analyst know how well his or her analysis is
going to “hold up” or “behave” if some modeling assumptions change, or if some of the data are
“ugly” or removed?

We term the study of resistance of network statistics sensitivity analysis, as it is often called
in the statistical modelling literature. It should be obvious that sensitivity analyses of standard
network statistics are desparately needed. For example, focus on centrality as one of these network
statistics – one of the methodological tools used by the majority of network analysts, and, as
mentioned earlier, a substantively-meaningful way of looking at most types of networks. It is
straightforward to study how various centrality measurements change when certain ties in a relation
are altered. This study can be done systematically and scientifically and should yield valuable
information into the resistance of centrality indices. Statisticians have been designing studies such
as these (to investigate the resistance and robustness of, say, parameter estimates) for many years.
Is it not time to do the same for network analysis? All of the alterations to the relation will be
made in the context of policy networks (especially those that are egocentered, longitudinal, and
multirelational) so that the findings will indeed reflect what could occur in the real world.

Monte Carlo Technique

In order to study the resistance of various statistics, “artificial” sociomatrices for a nondi-
rected relation were generated. We were concerned with three key aspects of the sociomatrix.

1. First, the number of actors (nodes) is considered. For this preliminary study, two network
sizes, 10 and 25, were considered.

2. Second, the density of the sociomatrices was varied. The values of the density were deter-
mined by the maximum number of dyads (g×(g−1)

2 ) possible for each sociomatrix. Starting at zero,
these values were allowed to vary in steps of .1(max(dyads)). For example, for a network with 10
actors, max(dyads) = 45. Therefore, the stepsize is 5 (.1(45), after rounding). So, for a network
with 10 actors, the number of ties considered were 0, 5, 10, 15, 20, 25, 30, 35, 40, and 45.

3. All matrices were generated randomly from U |L. For a fixed g, the appropriate number
of ties were randomly assigned to the lower triangles. Following the lower triangular assignment,
the sociomatrices were symmetrized.

4. Finally, 1,000 random sociomatrices were generated for each condition.

Results

Degree Centralization

The characteristics of degree centralization do not depend on the size of the network, but
rather the density of the network. Furthermore, degree centralization is not monotonically related
to the density of the network. In addition, when density is fixed, the observed value of degree
centralization is extremely discrete. For example, with 10 actors and a density of 0.44, only five
different values of degree centralization were observed. Table 1 provides the results for degree

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


SENSITIVITY ANALYSIS 7

centralization when 10 actors are considered (the pattern of results for 25 actors was very similar).
Extreme discreteness of of degree centralization is observed; specifically, it is seen that no more

Table 1: Mean and Variances of Distributions–Degree Centralization

# of Actors # of Lines Mean Degree Centralization Variance # Mass points
10 5 0.2037 0.0058 3

10 0.2615 0.0091 5
15 0.2874 0.0101 5
20 0.3022 0.0100 5
25 0.2926 0.0086 4
30 0.2668 0.0072 3
35 0.2243 0.0046 2
40 0.1386 0.0000 1

than five probability mass points are observed for any given density (eight were the most observed
when 25 actors were considered). Both network sizes indicate the same nonmonotonic relationship
between density and degree centralization (Figure 1 indicates that the underlying distribution
governing this relationship may be approximated by a binomial distribution). In any case, this may
indicate that the density of the network, not the size, has the greatest effect on degree centralization.

Figure 1. Degree centrality by density for 10 actors (1,000 sociomatrices)
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Table 2: Mean and Variances of Distributions–Betweenness Centralization
# of Actors # of Lines Mean Betweenness Centralization Variance # Mass points

10 5 0.0708 0.0020 33
10 0.2280 0.0077 833
15 0.2109 0.0072 960
20 0.1666 0.0049 911
25 0.1143 0.0024 661
30 0.0640 0.0007 545
35 0.0302 0.0001 581
40 0.0084 0.0000 66

Betweenness Centralization

Like degree centralization, betweenness centralization is not dependent upon the size of the
network but the density of the network. For both network sizes, the betweenness measure has a
peak at a density between 0.1 and 0.2 and then proceeds to sharply decline as density increases.
Table 2 indicates the results when 10 actors were examined (the same pattern was observed when
the 25 actor sociomatrices were examined). A key difference between degree centralization and
betweenness centralization is that the latter is not nearly as discrete. Even though several values
of betweenness were observed, the small variance indicates that the values were not extremely
different. Figure 2 indicates a skewed relationship between density and betweenness. Although the
same skewness is present at both sizes of sociomatrices examined, the peak tends to move towards
the y-axis as size increases. Figure 2 indicates that this relationship might be approximated by an
F-distribution.

Balance

Balance is unlike the other two network statistics. As would be guessed, balance increases as
density increases. A peculiar trait of balance is that for several small values of density it is close to
zero. The exponential increase does not tend to occur until density is about 0.3 (this is observable
in Table 3). Figure 3 further indicates the exponential relationship between balance and density
within the sociomatrices (this relationship is the same for both network sizes) This phenomenon
was observed for both network sizes studied.

Efficiency

Efficiency behaves in a similiar same manner as balance. As the density of the network
increases, efficiency increases as well (this pattern of behavior was observed for both network sizes
studied). This type of behavior is clear from the definition of efficiency. However, what is striking
is the rapid, inverse exponential increase. This increase begins almost immediately as density
increases from zero. Figure 4 indicates the initial inverse exponential relationship that eventually
becomes a linear relationship when density is approximately 0.40. The only difference between the
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Figure 2. Group betweenness by density for 10 actors (1,000 sociomatrices)
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Table 3: Mean and Variances of Distributions–Balance
# of Actors # of Lines Mean Balance Variance # Mass points

10 5 0.0006 0.0000 2
10 0.0085 0.0001 4
15 0.0319 0.0002 10
20 0.0808 0.0003 15
25 0.1619 0.0004 18
30 0.2847 0.0004 16
35 0.4608 0.0003 15
40 0.6965 0.0001 9

networks of 10 actors and the networks of 25 actors is the initial inverse exponential relationship is
smoother in the larger sociomatrices.

Discussion

This paper begins building the framework for the analysis of resistance and sensitivity in social
networks. This is accomplished through the generation of several thousand random sociomatrices
with known distributions. Calculating graph statistics for the networks with known structure
reveals several key features inherent in social networks.
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Figure 3. Balance by density for 10 actors (1,000 sociomatrices)
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First, regardless of the network statistic, the measurement is not linearly related to the
centrality of the network. Second, none of the measurements are related to centrality in the same
manner or to the same degree. These two characteristics pose several interesting questions for
future research.

Primarily, the interaction between the different graph statistics is crucial in determining
overall sensitivity of a network. These interactions will also have an impact on determining the
configuration that will lead to the optimum amount of resistance or vulnerability of a network. In
addition, by establishing regular features to be expected in networks of various size and density, it
will be possible to determine if a given observed network is abnormal. This observed abnormality

Table 4: Mean and Variances of Distributions–Efficiency

# of Actors # of Lines Mean Efficiency Variance # Mass points
10 5 0.1621 0.0000 2

10 0.4413 0.0001 4
15 0.6115 0.0002 10
20 0.7087 0.0003 15
25 0.7757 0.0004 18
30 0.8332 0.0004 16
35 0.8889 0.0003 15
40 0.9444 0.0001 9
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Figure 4. Efficiency by density for 10 actors (1,000 sociomatrices)
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may indicate different possibilities such as: non-observed actors, non-observed links, or networks
based on different underlying distributions.

Furthermore, the non-uniformity of the network statistics, as related to centrality, indicates
the need to study other graph statistics in more detail. Finally, all of the work presented here will
be generalized to directed graphs and additional statistics will be examined (instars, outstars, etc.).
In addition to this generalization, analytical derivations of the simulation results will be pursued.
This approach will possibly lead to approximating phenomena in the field of social networks with
underlying statistical distributions in the same manner that is used in several other fields.
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Spectral  methods for analyzing and visualizing networks: an introduction
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Abstract
Network analysis begins with data that describes the set of relationships among the members of

a system. The goal of analysis is to obtain from the low-level relational data a higher-level description
of the structure of the system which identifies various kinds of patterns in the set of relationships.
These patterns will be based on the way individuals are related to other individuals in the network.
Some approaches to network analysis look for clusters of individuals who are tightly connected to
one another; some look for sets of individuals who have similar patterns of relations to the rest of the
network. Other methods don’t “look for” anything in particular — instead, they construct a
continuous multidimensional representation of the network in which the coordinates of the individuals
can be further analyzed to obtain a variety of kinds of information about them and their relation to
the rest of the network.

One approach to this is to choose a set of axes in the multidimensional space occupied by the
network and rotate them so that the first axis points in the direction of the greatest variability in the
data; the second axis, orthogonal to the first, points in the direction of greatest remaining variability,
and so on. This set of axes is a coordinate system that can be used to describe the relative positions
of the set of points in the data. Most of the variability in the locations of points will be accounted for
by the first few dimensions of this coordinate system. The coordinates of the points along each axis
will be an eigenvector, and the length of the projection will be an eigenvalue. The set of all
eigenvalues is the spectrum of the network.

Spectral methods (eigendecomposition) have been a part of graph theory for over a century.
Network researchers have used spectral methods either implicitly or explicitly since the late 1960's,
when computers became generally accessible in most universities. The eigenvalues of a network are
intimately connected to important topological features such as maximum distance across the network
(diameter), presence of cohesive clusters, long paths and bottlenecks, and how random the network
is. The associated eigenvectors can be used as a natural coordinate system for graph visualization;
they also provide methods for discovering clusters and other local features. When combined with
other, easily obtained network statistics (e.g., node degree), they can be used to describe a variety
of network properties, such as degree of robustness (i.e., tolerance to removal of selected nodes or
links), and other structural properties, and the relationship of these properties to node or link
attributes in large, complex, multivariate networks.

We introduce three types of spectral analysis for graphs and describe some of their mathematical
properties. We discuss the strengths and weaknesses of each type and show how they can be used
to understand network structure. These discussions are accompanied by interactive graphical displays
of small (n=50) and moderately large (n=5000) networks. Throughout, we give special attention to
sparse matrix methods which allow rapid, efficient storage and analysis of large networks. We briefly
describe algorithms and analytic strategies that allow spectral analysis and identification of clusters
in very large networks (n>1,000,000).
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1 We have introduced some notation which will be followed throughout:
• matrices are represented by bold capitals: D
• (column-)vectors are represented by bold lower case: e 
• inner products of vectors are represented as  eTe = n (a scalar) where eT is the transpose of e.
• outer products of vectors are represented as eeT = M (a matrix)
• eigenvalues are represented by greek letters, usually with some relationship to the latin letters representing a

matrix and an eigenvector. E.g.,( αi , ai ) is an eigenpair of adjacency matrix A.

Introduction
A standard method in statistics for handling multivariate data is to find the directions of maximum

variability, usually of variance-covariance or correlation matrices. These directions are called Principal
Coordinates or eigenvectors, while the relative importance of each direction is represented by
numbers called eigenvalues. (Jolliffe, 1986) Finding this coordinate system may be accomplished by
a series of rotations (although this is not the most efficient method) that end up pointing along the
direction of maximum variability, with the second largest maximum variability at right angles, and so
on. As a result, the data matrix is reduced to a diagonal matrix, with diagonal entries corresponding
to the importance (eigenvalue) of each direction (eigenvector). The collection of all eigenvalues is
called the spectrum. One goal is to reduce the problem so that only the most important dimensions
(those with the largest eigenvalues) contain most of the variability. Implicit in these methods
(variance-covariance or correlation) is that some kind of “expected” or “background” signal has been
subtracted: in the case of variances, these would be the means of each variable in the original data
matrix. To find these eigenvectors and eigenvalues we need to solve the eigenvalue equation:

E e = ε e
(we will derive this equation below) which states that along the direction represented by vector e,
multiplication by data matrix E does not change the direction, but only the length (where ε may be
any  number, including 0).1 The related pair (ε,e) is called an eigenpair of matrix E.

A network or graph G(V,E) is a set of nodes V (points, vertices) connected by a set of links E
(lines, edges). We will consider networks that are binary (edges have logical value 1 if an edge exists,
0 if not), symmetric (an edge from node i to j implies an edge from node j to i), connected (there is
a set of edges connecting any two nodes, consequently only one component), and without self-loops
(no edges between i and i). We may represent such a network as the adjacency matrix A = A(G)
with: 

1  in row i, column j if i is connected to j, 
0  otherwise.

We will not directly discuss weighted networks, where the entries for an edge may be a number other
than 1, although most of the results that follow generalize to such networks. For many “real world”
networks, A consists mostly of 0's: it is sparse. We will discuss efficient ways of storing and
manipulating A using sparse methods.

Associated with A is the degree distribution D, a diagonal matrix with row-sums of A along the
diagonal, and 0's elsewhere. D describes how many connections each node has. We call the number
of nodes, m, the order of G and it is equal to the number of rows or columns of A. We represent the
number of edges by |E|. We will also introduce two other matrices related to A:

•  the Laplacian:    L = D - A
•  the Normal:   N = D-1 A

and will discuss the properties of the spectrum and associated eigenvectors of A, L, and N.
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Distances and diameter:
One important property of a network is the set of distances between any pair of nodes i and j; that

is, the least number of links between any pairs i and j. One way of calculating this is to take powers
of the matrix A as follows:

1st power A = A by definition gives a matrix of all pairs of nodes linked to each other.
2nd power = AA has a non-zero in row i column j if j is two steps away from i. Since i is 2

steps away from itself, the diagonal i,i entry counts the number of these 2-steps.
3rd power = AAA has a non-zero entry in row i column j if j is 3 steps away from i.

Eventually, some power of A, say AN, will consist of entirely non-zero entries, meaning every node
has been reached from every other node. We call N the diameter of the graph: the longest possible
path between any pair of nodes.

This is a very inefficient way of calculating the diameter of a graph for two reasons:
1) calculating each power of A requires m3 calculations
2) as more nodes are reached, the powers of A become less sparse until eventually no 0's

remain: the amount of storage required approaches m2 .
If we continue taking powers of A, an interesting thing happens: all the columns become multiples

of each other. Taking higher powers of A corresponds to taking longer “walks” along the edges and
we can interpret this as a “loss of memory” about where we started from (Lovasz, 1995). We will see
why this happens soon, as well as other examples of this phenomenon.

We can approach this problem another way by the properties of the spectral decomposiiton of
A (Parlett, 1980). Let αi be the eigenvalues of A and a i the corresponding eigenvectors, with 
α0 ≥α1  ≥α2 ...  ≥αm-1 and  ||ai || = 1 (the eigenvectors are  normalized to length 1). Then the spectral
decomposition of A is:

(1) A =  Gi ("i)ai ai
T  where ai ai

T is an  m×m  matrix defining a 1-dimension subspace and 
(ai ai

T)N = ai ai
T  if  i=j;  ai aj

T = 0  if   i≠j

therefore AN = Gi ("i)
Nai ai

T for any power N, and this allows an easy way of calculating powers of
A, assuming we have already calculated all the eigenpairs (αi , a i ).

Another important property of the spectral decomposition is the approximation property. If we
take the first k of the eigenpairs (αi , ai ), then Ak = "i ai ai

T
  is the best least-squares approx-

i

k

=∑ 0
imation to A, meaning that we have captured most of the variability of A in the important eigenpairs.
For example, we can estimate an upper bound for the diameter using the second-largest eigenvalue
α1  (Chung, 1989):  

      Diam(G) # j ln(m-1)/ln(k/"1) k
Unfortunately, this bound applies only to k-regular networks (all degrees = k = "0). We will get
better bounds for general networks using different spectra. Nevertheless, this bound does show one
relationship between the spectrum and an important property like diameter. In particular, when k/"1

is large (there is a large gap between  the first two eigenvalues), the upper bound on diameter is
small, so all distances are short.
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The Power Method and Sparse methods:
Using (1) and eigenpair (α0 , a 0 ) we can see why taking taking large enough powers of A results

in columns that are multiples of one another – in fact, multiples of eigenvector a 0. This is the basis
of the Power method (Hotelling, 1933) for finding eigenpairs. We have mentioned that taking powers
of matrix A is not efficient, so we introduce a representation and methods that are far more efficient.

A very simple way of storing and manipulating a sparse matrix A is to use a link list representa-
tion, which stores only the non-zero entries of A as a list of pairs i,j for each link in A. We could then
calculate the diameter of A by starting at i=1 and following each link until we have reached every
node, repeat for i=2, and save the maximum number of steps. This requires about m|E| operations
(Aho, et  al., 1987) and a very moderate amount storage equal to 2|E|. We can now use (1) to devise
a very efficient version of the Power Method for finding the largest eigenpair:

Starting with some random vector p normalized to length 1:
            Repeat p' 7 Ap , q 7 p , p 7 p'   until p is no longer changing in direction.

Then the largest eigenpair of A is (p/q, p). There are some bookkeeping details: Ap uses the link
list representation, and the entries of  p' must be adjusted in size after each multiplication (for details
see Richards & Seary, 2000), but the method will always work for any matrix without repeated
eigenvalues, which is generally the case for social networks.

If we want more eigenpairs, we can iterate with 

   p' 7 Mp -α0 a0  a0
T

to get the second, and with

p' 7 Mp -α0 a0 a0
T -α1 a1 a1

T

to get the third, and so on, without destroying sparsity. However, we must store the (αi , a i) eigen-
pairs somewhere;  the procedure is subject to loss of precision on a computer; and the iterations may
converge slowly if αi /αi-1 is close to 1. There are better methods, such as Lanczos iteration (Parlett
et al.,1982) which converge very rapidly and do not have problems with loss of precision.

Some network invariants:
Some properties of A remain unchanged (invariant) under the series of orthogonal rotations that

diagonalize A (eigendecomposition). We will relate these to some network invariants of A.
The eigenvalues of any symmetric matrix M are the roots of the characteristic polynomial:

xm + c1 x
m-1 + c2 x

m-2 +c3 xm-3 ... + c m-1
 

Therefore, c1 = α0 + α1 + ... + αm-1 (sum over all eigenvalues) of A;

c2 = α0 α1 +α0 α2 ... + α0 αm-1 ... +αm-3 αm-1 + αm-2 αm-1 (sum over all pairs);

c3 = α0 α1 α2 + α0 α1 α3 + ... + αm-3 αm-2 αm-1 (sum over all triples)
The trace of a matrix is the sum of the entries on the diagonal, and this is invariant under

orthogonal rotations. Since A has trace of 0 (no self-loops), c1 = 0. The sum of product pairs is equal
to minus the number of edges so that c2 = -|E|. Most important is c3 which is twice the number of
triangles in G. Higher coefficients are related to cycles of length 4, 5,... although they also contain
contributions for shorter cycles (Biggs, 1993). It appears that the eigenvalues of A encode
information about the cycles of a network as well as its diameter. We will see related results for the
other two spectra.
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2 Similar results may be obtained from the moments of the eigenvalue distribution (Farkas. et al., 2001; Gho, et al.,
2001)

A bipartite network is one that can be partitioned so that the nodes in one part have connections
only to nodes in the other part, and vice-versa. Such a network cannot have odd cycles (of any
length) and hence no triangles. This means all the odd coefficients c2k-1  must be 0. It can also be
shown (Biggs, 1993) that, in bipartite networks, the eigenvalues occur in pairs with opposite signs,
so that α0 = −αm-1 and so on. Bipartite networks can be used to represent two-mode networks
(Wasserman & Faust, 1994), for example the network relating people and the events they attend.

These results scratch the surface of the information contained in the spectrum of A for k-regular
graphs. For general graphs, we need to turn to other spectra.2

The Laplacian spectrum:
The Laplacian of a network was originally discovered by Kirchoff (1847). There are a number of

definitions and derivations, perhaps the most revealing due to Hall (1970), who was interested in
situating the nodes of any network so that total edge lengths are minimized.

He considers the problem of finding the minimum of the weighted sum

 (2)    z = 1/2Gi,j(xi - xj)
2 aij

where a i j are the elements of the adjacency matrix A. The sum is over all pairs of squared distances
between nodes which are connected, and so the solution should result in nodes with large numbers
of inter-connections being clustered together.
Equation (2) can be re-written as:

= 1/2Σ i,j (xi
2-2xi xj + xj 

2) aij  = 1/2Σ i xi 
2 aij  -1/2Σ i,j 2xi xj

 aij + 1/2Σ j xj 
2 aij    

= Σ i xi
2 aij + Σ i Σ i,j xi xj 

 aij  = XTLX      

where L = D - A is the Laplacian. In addition to this, Hall supplies the condition that XTX = 1, i.e.,
the distances are normalized. Using Lagrange multipliers (a standard method for solving problems
with constraints), we have:

         z = XTLX - λXTX 

and to minimize this expression, we take derivatives with respect to X to give:

 (3)    LX -λX = 0 or LX = λX          

which is the eigenvalue equation. It is not hard to show that  λ0 =0 with l 0 = 1, the constant (or
trivial) eigenvector, and that 0=λ0 ≤ λ1≤... λm-1. For L, the most “important” eigenvectors belong to
the smallest eigenvalues (Pothen, et al., 1990).

It turns out that the discrete network Laplacian shares many important properties with the well-
known continuous Laplacian operator L2 of mathematical physics. This has led to an explosion of
research and results, mostly concerned with λ1 (Bein, 1991).

The definition of L shows that there is no loss of sparsity (except for the diagonal) and that the
sparse methods mentioned earlier can be applied to find all or some of the eigenpairs. The
requirement that we must find the smallest eigenpairs is easily overcome by subtracting a suitably
large constant from the diagonal of -L (which subtracts that constant from the eigenvalues without
changing the eigenvectors).This guarantees that the first eigenpairs returned by the Power Method
or Lanczos iteration are associated with the smallest eigenvalues of L.
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Some of the coefficients of the characteristic polynomial of L have an easy interpretation:
c1 = Trace(L) = 2|E| (i.e., twice the number of edges)
cm-1 = 0 (since 0 is an eigenvalue)

| m cm-1 | = λ0 λ1...λm-1 + λ0 λ2 ...λm-1 + ... + λ1 λ2 ...λm-1 = λ1 λ2...λm-1 = the number of spanning
trees of G  (this is the Matrix-tree theorem of Kirchoff, 1847).

In general, the eigenvalues of L encode information about the tree-structure of G (Cvetkovic, et
al., 1995). The spectrum of L contains a 0 for every connected component. There is no such direct
way to find the number of components of a network from the spectrum of A. There is also a bound
on diameter related to λm-1 and λ1 for general graphs from Chung, et al., (1994):

Diam(G) # j cosh-1(m-1)/ cosh-1 ((λm-1 + λ1)/(λm-1 - λ1))k
Intuitively, if λ1 is close to 0, the graph is almost disconnected, while if λ1 >> λ0 (an eigenvalue gap)
the diameter is small. 

The Normal spectrum:
We can repeat the same argument as Hall to derive the Normal spectrum, with the normalization

constraint that XTDX = 1 (Seary & Richards, 1995) to give:

LX = µ DX,  or assuming that D can be inverted,

D-1 LX =  D-1 (D - A)X = (I - D-1 A)X = µ X

where I is an identity matrix of proper size. In fact, we usually take the defining equation to be

(4)  D-1 AX = NX = ν X   with   D-1 A = N   and   ν = 1−µ

since adding an identity matrix shifts the eigenvalues by 1 without changing the eigenvectors. Note
that for connected networks D not only has an inverse, it also has an inverse square root D-1/2.

The Normal matrix N has a number of interesting properties:
1) It is a generalized Laplacian (with a different definition of orthonormality)

2) It therefore has a trivial eigenvector n0 with eigenvalue ν0 = 1

3) The spectrum of N is bounded by 1 = ν0  ≥ν1 ... ≥νm-1  ≥ -1
4) The rows of N sum to 1 (it is a stochastic matrix)
5) The spectrum of N contains a 1 for every connected component
6) The eigenvalue -1 only occurs if G is bipartite, in which case all eigenvalues occur in pairs.
7) N has been rediscovered a number of times: generalized or combinatorial Laplacian (Dodziuk &

Kendall, 1985; Chung,1995); Q-spectrum (Cvetkovic, et al.,1995).
The descriptive name Normal is suggested by points 2) - 5), although it is not standard terminology.

 It is easy to see that there is no loss of sparsity in the definition of N.  Each 1 in row i is simply
replaced by  1/Dii  and the 0's are unchanged,  but N is no longer symmetric.  However, the matrix
D-1/2A D-1/2 is similar to N (has the same eigenvalues) and we can apply the sparse methods described
above to solve for the eigenpairs (νi, ei) and then calculate  D-1/2 ei = ni  to get the corresponding
eigenvectors without losing precision or sparsity.

For N, the coefficients of the characteristic equation are harder to interpret except in special
cases, but the eigenvalues encode information about both the cycle and tree structure of G
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3 no external constraints need to be satisfied

(Cvetkovic, et al., 1995). Some examples:
c1 = Trace(N) = 0
c3 = c2k-1 = 0 (no triangles or other odd cycles) if G is bipartite

∏i deg(i)/Σi deg(i) Σi=1(1-νi) = number of spanning trees of G

In the last example we see how details of the degree distribution are also encoded in the spectrum.
Fan Chung uses this to derive two remarkable bounds (see Chung, 1995 for details):

         

where vol X is the total number of edges in a subset of nodes X⊂V and  is V-X. Chung’s firstX
bound applies to any graph (regular or not) and is much tighter than the previous bound (for the
Laplacian). Intuitively, if ν1 is close to 1, the network has a long path or is almost disconnected, and
if ν1 << 1, the diameter is small.

Chung’s second bound describes the distance between subsets for any number k of subsets, based
on the kth eigenvalue. The result suggests that we can use the eigenvalues to estimate how many
subsets we should look for in a network without forcing distances that are too short (and hence too
many subsets).

Interpreting the Spectra:
Many important properties of the spectrum of A(G) where G is k-regular are true for L(G) and

N(G), even when G is not regular. Another way of looking at this is that these properties of A are true
because the spectrum of A is simply related to those of L and N for regular graphs: ("i = k-8i = νi /k
for k-regular graphs, with the corresponding eigenvectors being identical).  In other words, both L
and N are more natural function of graphs. This point of view is shared by the authors of recent
papers on the Laplacian (Grone, et al., 1990, 1994). Mohar (1991) presents a collection of  important
results relating to the spectrum and eigenvectors of L. Chung (1995) has written several papers and
a book about N. 

We return to the goal expressed in the opening paragraph. We would like to find the most
important global features of a network, after accounting for what could be considered “expected” for
a random network with the same number of nodes and edges. The biggest problem with interpreting
the spectrum of A is the lack of an “expected” eigenvector (again, except for k-regular graphs). There
is a lot of literature on the so-called “main eigenvectors” of A: those which have a projection on the
“all-ones” vector (e.g., Harary & Schwenk, 1979) , but the results remain hard to interpret (Cvetkovic
and Rowlinson,1990). Both L and N have an “expected” all-ones eigenvector for which the
interpretation is clear (though different in each case).

To interpret L, we turn to physical analogy and the relation to L2 as discussed by Friedman
(1993). He considers a graph G as a discrete manifold (surface) subject to “free” boundary
conditions.3 For illustration, consider L2 as the spatial part of the wave equation (Fisher, 1966,
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4 This interpretation of the eigenvectors may be even more useful when considering L2 as the spatial part of the
Diffusion equation (for example, when considering diffusion of innovation or disease).
5A problem can arise with bipartite graphs: p0 does not exist since the chain oscillates between the two sets of
vertices (period = 2). Probabilists deal with this by a simple trick: divide N by 2 and add a self-loop of probability
1/2 to every vertex:  N' = I/2 + N/2   The eigenvalues of N' are then:  1 = ν'0  #ν'1# ... # ν'm-1  #  0  so that 
ν' = (1+ ν)/2 and again the eigenvectors are not affected.  In effect, this suppresses all negative eigenvalues.
However, negative eigenvalues are useful for directed and bipartite networks.
6 As we saw, AK shows a similar phenomenon, but there is no simple relation to D, due to “leakage” from all the
“main eigenvectors” (Cvetkovic, et al., 1988)

Chavel, 1984). Think of a fishing net subject to no forces. It just lies there at 0 energy with nothing
happening. As we subject it to regular oscillations, the net vibrates with the most highly-connected
regions moving together. Friedman shows how the Hilbert Nodal theorem (Courant & Hilbert, 1965)
can be applied to a discrete network, which generalizes Fiedler’s result (described below): the kth

eigenvector divides the network into no more than k+1 disconnected components.4

To interpret N, we have a number of choices:
1) N is the Laplacian for a network of nodes, each weighted by its degree
2) N is the transition matrix of a Markov Chain for a simple random walk on the nodes

3) N2 is similar to the χ2 matrix, thus treating A as a contingency table

The first leads to a physical analogy similar to that for L, so we consider 2) and 3):

The Normal spectrum and Random walks:
Specifically, we consider nearest-neighbour random walks on a network (Lawler & Sokal, 1988).

Define the probability-transition matrix for such a walk as        
         N = D-1 A

Then the probability of moving from vertex i to any vertex adjacent to i is uniform. N is a row-
stochastic matrix, and the random walk is a Markov chain. In this case 1 (the trivial all-ones
eigenvector) is related  to the stationary state of the Markov Chain:  the probability is 1 = ν0 that such
a probability distribution is eventually reached.5 The vector p0 = 1T  N = N T 1 is the stationary state,
and it is proportional to the degree distribution. The second eigenpair (ν1, n1 ) has become important
in the analysis of rapidly mixing Markov chains – those that reach the stationary state quickly
(Sinclair, 1995). From the previous discussion it should not be surprising that these are associated
with  ν1 << 1 (a large eigenvalue gap), which means that the walk quickly “forgets” where it started.6

Moreover, when ν1 is close to 1, there must be parts of the network that are hard to reach in a
random walk, implying long paths or a nearly disconnected network. 

Normal spectrum and χ2:
The χ2 matrix is defined in terms of the row and column marginals (sums). A typical element is

(Observed ij - Expected ij)
2 «Expected ij  which is not sparse. For a sparse network A, consider χ which

has a typical element (Observed ij - Expected ij) «√ Expected ij where 

Expected i j =    
deg (i) deg (j)___________
     G deg(i)
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7 While PCA results tell how much of the variance each dimension accounts for, the Normal eigenvalues tell how
much of the network’s chi-squared each eigenvector (dimension) accounts for.

We can write P  as:   so that non-zero elements of A become   Aij ¬/Eij  while the 0 terms
O

E
E−

are unaffected, maintaining sparsity. The second term corresponds to the trivial eigenvector which
can be dealt with separately. In matrix notation  χ = D-1/2A D-1/2  which has eigenpairs (νi, D

1/2ni) Thus
we have 

(5)  χ2 = Σj=1 νi
2 / Σi aij (omitting the ν0 =1 expected term for ni = 1)

This equation shows how much each dimension contributes to χ2  which is a measure of dependence
between rows and columns. In this interpretation, if ν1 is small (<1 << <0 = 1), then χ2 is also small:
there is no relation between rows and columns of A, and so there is no “signal” above the expected
“background”. If ν1 is close to 1, then χ2 will be large and there is a relation between rows and
columns of A, with the first eigenvector pointing in the direction of the maximum variability in χ2.
If ν2, ν3 ,...νk  are also large, we need  k+1  eigenvectors to describe the patterns in the χ2 matrix.
With (5) we can tell how many eigenvectors we need to explain most of the χ2 of the network.7

Compositions
The Kronecker product of two binary matrices A1 and A2 makes a copy of A1 for each 1 in A2.

It is well-know that for two matrices A1 and A2 of order m1 and m2 the eigenpairs of the Kronecker
product A1qA2 behave well (West, 1996): 

If A1 has eigenpairs ("i , ai ) and A2 has eigenpairs ($j ,bj ), then 
A1qA2 has eigenpairs ({"i × $j} ,{ ai q bj })
It is also well-known that A1 and A2 behave well under Cartesian sum:
A1rA2 = A1qI2 + A2qI1 (where I1 and I1 are identity matrices of appropriate size)
has eigenpairs ({"i + $j} ,{ ai q bj }).
The Laplacian L also behaves well under Cartesian sum. For L1rL2 the eigenpairs are
({8i + 6j} ,{ li q kj })
This fact is used by Pothen, et al., (1990) to study the Laplacian of grids, which are Cartesian

sums of paths. Further, the eigenvalues of L1 and L2 always contain a 80 = 0 with corresponding
constant eigenvector, so that the corresponding eigenpairs of L1rL2 are (8i+0, li  q1). The term li q1
means that the components of li are replicated m2 times. Since the Cartesian sum of two paths is a
grid, this produces a perfectly rectangular representation (Fig. 1b). The Laplacian is therefore a useful
tool in problems involving regular grids (or hypergrids). However, N does not behave well under
Cartesian sum (Fig. 1c).

The Laplacian does not behave well under Kronecker product. However, the Normal spectrum
does (Chow, 1997), so that N1qN2 has eigenpairs
 ({<i × :j} ,{ ni q mj })
Further, the eigenvalues of N1 and N2 always contain a <0 = 1 with corresponding constant
eigenvector, so that the corresponding eigenpairs of N1qN2 are (<i × 1, ni q1). The term ni q1 means
that the components of ni are replicated m2 times. Because all the coordinates are the same within
each copy, this produces clustering of the components of  N1qN2 for these eigenvectors.
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8 Hagen also uses deviations from median

It appears that the behaviour under Kronecker product explains why both the Adjacency and
Normal eigenvectors are good at detecting both on- and off-diagonal blocks (clusters of edges).

Visualization
The Laplacian can L provide good visual representations of graphs which are Cartesian products

(such as grids and hypercubes); while N can provide good visual representations of graphs which are
Kronecker products (such as graphs consisting of blocks). The reasons for this are suggested above
and have mostly to do with the behaviour of eigenpairs which are sums and products with 0 and 1,
respectively. For graphs that are not k-regular, eigenpairs of A do not provide such good
representations since, in general, there is no constant (expected, trivial) eigenvector to combine with.

Another way of describing these results is to consider the relationship between the eigenvector
components for a node and those it is connected to (Seary & Richards, 1999). It is evident from the
definition of eigendecomposition that (where  “u~v”  means  “u is connected to v”)

(6)      ai (u) = Eu~v ai (v)/"i    for eigenpair i of A

(7)      li (u) = Eu~vli (v)/(8i-deg(u)) for eigenpair i of L

(8)      ni (u) = Eu~vni (v)/(<i×deg(u)) for eigenpair i of N

Note that A has no control for node degree.  Consider the effect for "important" eigenpairs:
(*"*• k o 1, 8• 0 and *v* • 1) when deg(u) is small, a(u) will be folded toward the origin, while l(u)
and n(u) will sit further away from the origin than its neighbours. This effect makes it difficult to
interpret visual representations based on A, except for k-regular graphs where all three spectra are
essentially the same (Fig. 1)

The equation for ni shows that for <i near 1, each node is approximately at the centroid of those
it is connected to. The exact difference from the centroid for node u of eigenvector ni is:

ni (u)- Eu~vni (v)/deg(u)) = (1-<i)ni

For important eigenvalues <i  near 1, this produces very good visualization properties. In addition,
the eigenvector representation may be combined with derived properties such as betweenness
(Freeman, 1979)  to produce very helpful displays of large networks (Brandes et al., 2001)

Interpreting the eigenvectors
1. Partitions

Powers (1988) and others have shown how eigenvectors of A can be used to find  partitions of
highly connected subsets (clusters) of nodes, but these methods are not as general or as clear as those
derived from L or N.

The first non-trivial eigenvector l1  of L is the subject of extensive literature (Lubotzky, 1994;
Alon & Millman,1985). Fiedler (1975) first suggested that the eigenvector l1 associated with the
second-smallest eigenvalue λ1 could be used to solve the min-cut problem: separate the network into
two approximately equal sets of nodes with the fewest number of connections between them, based
on the signs of the components of  l1.

8 In fact, more recent derivations of L use the min-cut property
as a starting point (Walshaw, et al., 1995) and the results are used to partition compute-intensive
problems into sub-processes with minimal inter-process communication (Pothen, et al., 1990). This
technique is called Recursive Spectral Bisection (Simon, 1991). Other researchers have used l2 , l3
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9 see Dhillon (2001) for a formal derivation and proof

and higher eigenvectors to produce multi-way partitions of networks (Hendrickson & Leland, 1995).
The graph bisection problem (Mohar & Poljak.,1991) is to find two nearly equal-sized subsets

V1,V2 ⊂ V such that cut(V1,V2) = Σij aij   is minimized, where i∈V1, j ∈V2.  (i.e. nodes in V1 and V2

have few connections to each other).
This problem is known to be NP-hard  (Garey & Johnson, 1979), but a good approximation is

given by the signs of l1  (Walshaw & Berzins,1995). This gives two sets of nodes of roughly the same
size, but has no control for the number of edges in each part, and so any clustering of nodes is a side-
effect of the partition.

However, we can add an additional constraint that the number of edges in each part also be
roughly equal by weighting the node sets by their total degrees. This is exactly what a partition based
on n1 from N gives us, since it n1 points in the direction of maximum variability in χ2 (Greenacre,
1984).9 Similarly, further partitions based on n2, n3, ...will also produce sets of nodes with a large
number of edges in common (as long as <2, <3, ...make significant contributions to χ2).  Partitions
based on positive eigenvalues will produce blocks on the diagonal of A of edges associated with each
set of nodes, while those based on negative eigenvalues produce nearly bipartite off-diagonal blocks
(which occur in pairs if the network is symmetric) (Seary & Richards,1995).

2. Clustering
Ideally, the important eigenvectors should be at least bimodal to induce clustering based on sign-

partitions, and often they are multi-modal (Hagen ,1992), suggesting that standard clustering methods
can be used on the coordinates of these vectors.  Equations (7) and (8) show that L and N place
nodes approximately at the centroids of their neighbours. For N, the distances are actually measured
in χ2 space, meaning that nodes with very similar patterns of connections will be close together
(Benzecri, 1992). This clustering happens with either positive or negative eigenvalues (on- or off-
diagonal). The latter are important in nearly bipartite networks with few triangles (Fig. 3).

3. Problems
Farkas, et al., (2001) and Goh, et al., (2001) report that the important eigenvectors of A are very

localized on nodes of high degree, and suggest that this effect may be used to distinguish certain
types of networks. This effect does not occur for L or N (fig. 2), since each include some control for
degree, and so far no similar results for distinguishing network types have been reported for these
spectra.  The biggest problem for L and N is their sensitivity to “long paths”, especially to pendant
trees attached to the main body of the network (Seary & Richards, 2000). For N, these may be
interpreted as nodes that are hard to reach (distant) in a random walk. For long paths internal to a
network, this effect is actually an advantage, since these cycles are detected as “locally bipartite” and
emphasized in important eigenvectors. Nodes on such paths can have a large effect on global
properties such as diameter (Fig. 3-4).

Two-mode networks
Two-mode networks mix two different kinds of nodes and connections. A simple example is an

affiliation network such as people and the events they attend. We could be interested in finding sets of
people with events in common (or, equivalently, sets of events attended by the same people): this is an
example of co-clustering. Affiliation networks can be represented by bipartite graphs for which A and N
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are most suited, since they have symmetric spectra for these (the eigenvalues occur in pairs with opposite
sign). Because of this we don’t need the entire bipartite matrix: we can work with the rectangular
representation, and infer the missing parts of the eigendecomposition. If we assume m1 people and m2

events, the resulting eigenvectors consist of m1 components for people followed by m2  components for
events. The resulting blocks will be strictly off-diagonal and once again the eigenvectors of N provide a
superior solution by maximizing χ2. In fact, this solution is identical to that provided by Correspondence
Analysis, a statistical technique for finding patterns in 2-mode data (Benzecri, 1992).

Partial Iteration
For large networks, it is not necessary or desirable to calculate the entire eigendecomposition.

For very large networks, it may not be possible in terms of time and space to calculate even a few
eigenpairs. Nevertheless, it is possible to get at a large amount of the global and local network
structure by partially iterating using the Power Method. A few iterations of N = D-1 A , with each
iteration placing nodes at the means of their neighbours, will produce a mixture of the most important
eigenvectors. Consider the spectral representation

N K = Gi(<i)
KniDni

T 

We know that (niDni
T) K =niDni

T for all K, so the contributions of eigenvectors with small <i quickly
drop out as these (<i)

K approach 0. This means that N K is dominated by the dimensions with <i near
1. We start with a random vector, and quickly (6-10 iterations) produce such a mixture. Moody
(2001) describes a procedure in which this process is repeated a number of times, each producing a
slightly different mixture of the important eigenvectors (Fig 5). The results are then passed to a
standard cluster analysis routine (such as k-means, Ward’s method) to find any clusters of nodes.
 
Further analysis

The method of partial iteration of N has been used for years in the program NEGOPY (Richards
and Rice, 1981; Richards, 1995), as the first step in a more complex analysis. A key concept in
NEGOPY is that of liaisons. These are nodes which do not have most of their connections with
members of a cohesive cluster of nodes, but rather act as connections between clusters (Fig 3-4).
Often it is the liaisons that provide the connections that hold the whole network together. Finding the
liaisons requires detailed knowledge about the members of (potential) clusters and their connections,
and is not an immediate result of a partition based on eigenvectors or clustering methods. Neverthe-
less, eigendecomposition methods – full or partial – are an excellent strategy to begin such analysis.

Future prospects
More work needs to be done on the categorization of networks based on important eigenpairs of

L and N. Recent reports (Koren, et al., 2002; Walshaw, 2000) suggest we might not need to resort
to partial methods after all; we can find important eigenpairs exactly for enormous networks (m>105)
using “small” amounts of time and memory by first reducing the network in some way by sampling,
solving the reduced eigenproblem, then interpolating back up with a very good “first guess” for the
Power Method. Preliminary tests show that this should work equally well for Lanczos iteration.
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Cartesian sum Kronecker product
                    

  a) Using the eigenvectors of A. With no “trivial” vector to combine with, the displays are distorted.

         

b) Eigenvectors of L behave well under
Cartesian sum. Coordinates of a 1-D
path are replicated as straight lines.

Eigenvectors of L do not behave well under Kronec-
ker product.

     

c) Using eigenvectors of N. Lines are slightly
curved, so the cube is slightly distorted.

Largest negative eigenvector of N captures
bipartiteness perfectly.

Figure 1. Six views of a 6 x 8 x 10 grid. Left: as the Cartesian sum of three paths producing a three-
dimensional grid. Right: as the Kronecker product producing a bipartite graph.
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a) The first 3 eigenvectors of N produce clusters of
nodes. These are labelled with the resulting
partition into 4 blocks, along with the liaisons. The
central liaison is of high degree and holds the
network together. The figure is slightly rotated to
show the clusters.

b) Adjacency matrix permuted by partition numbers. The
blocks have no interconnections, and the network is held
together by the liaisons (right and bottom).

Figure 2. Two views of a small social network with 145 nodes. (Data Source: L. Koehly)

     

a) The first 3 eigenvectors of N. The 3rd eigenvalue
is negative, since there are very few triangles in the
rightmost cluster. The labelling is by ethnic group,
which shows a close relation to structure. There are
only two connections between the two main ethnic
groups.

b) Adjacency matrix permuted by partition numbers. In this
case the liasons are of low degree.

Figure 3. Two views of a small social network of drug users with 114 nodes. (Data Source: Scott Clair)
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a. This figure shows the close relation between the
first 3 eigenvectors of N and four needle exchange
sites, which are used to label the nodes. The figure is
rotated to make this clear.

b. This figure is like an Adjacency matrix, except
links are located by the coordinates of the first
eigenvector of N. The network is dominated by
exchanges within sites E and W.

Figure 4. Two views of a needle exchange network. (Data Source: T. Valente and R. Foreman). This
network is moderately large (N=2736) and roughly scale-free (k≈1.7). The eigenvectors of A are dominated
by nodes of high degree (>100). 

     

a) Close-up of clusters formed by the first 3
eigenvectors of N, labelled by construction.

b) Clusters formed by placing each node at the centroid of its
neighbours, iterating 8 times with 3 random starts (multiple
partial iteration). Labelled by construction.

Figure 5. A moderately large (N=20,000) artificial network (Data Source: J. Moody) constructed for
testing purposes. The network was constructed from tightly connected groups of 50 nodes, each group then
loosely connected in sets of 8, with 400 of these even more loosely connected into a single component.
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APPENDIX (Glossary, examples, facts and definitions)

adjacency matrix: A network (graph) may be represented by a matrix of  zeros and ones, with a one
indicating that two nodes are connected (adjacent), and a zero otherwise. In a weighted graph, the ones may
be replaced by other positive numbers (e.g.,  a distance or cost).
A sample adjacency matrix is shown below. See link list
                      a b c d e f g h      
            a  0 1 1 1 0 0 0 0      a has connections to b,c,d
            b  1 0 1 1 0 0 0 0       b has connections to a,c,d
            c  1 1 0 1 0 0 0 0       ...etc...
            d  1 1 1 0 0 0 0 0
            e  0 0 0 0 0 0 1 1
            f  0 0 0 0 0 0 1 1
            g  0 0 0 0 1 1 0 0 
            h  0 0 0 0 1 1 0 0 

Adjacency spectrum: The adjacency matrix of a graph, like any matrix, may be subject to an eigen
decomposition. In graph theory, the resulting set of eigenvalues is referred to as the graph spectrum, in
analogy to the  continuous spectrum from continuous spectral analysis methods such as Fourier analysis. In
Fourier analysis, the spectrum is understood to refer to the weighting of  sines and cosines, whereas the
discrete graph spectrum (eigenvalues) are weights of eigenvectors with unknown functional form. We
sometimes use the term eigenpair refer to both eigenvalues and eigenvectors. Since there are other spectra
associated with graphs, we refer to this one as the Adjacency or Standard spectrum.

block: A block may be contrasted with a clique in the sense that the former are defined as sets of nodes that
have similar patterns of links to nodes in other sets, while the latter is a set of nodes that have most of their
links to other nodes in their set. All cliques are blocs, but some blocks are not cliques.  One of the aims of
blockmodelling is to identify roles by clustering the nodes so that those with similar patterns of connections
are next to one another in the matrix. The members of each block perform similar roles in  the network.

block model: a higher-level description of a network, where roles (or blocks) are represented by a
simplified graph. For the matrix above, a block model would be: 1 0 0

0 0 1
0 1 0

Cartesian sum: A form of graph composition, which forms more complex graphs from simpler ones.
Cartesian sum may be expressed in terms of Kronecker product as: 

A1rA2 = A1qI2 + A2qI1  (where I1 and I1 are identity matrices of appropriate size) 
As an example, the Cartesian sum of two paths is a rectangular grid.

clique: In graph theory, a clique is a sub-graph in which all nodes are  connected to each other. In social
networks, a clique is a set of nodes with most of their connections with other members of the clique. This
would generally correspond to an informal role (e.g, friendship). In the above matrix {a,b,c,d} form a
clique.

cluster: A collection of points that are “close” to each other in some sense. Many definitions (and related
techniques) are available. For networks, we should also insist that the points share connections, either
within the cluster (clique) or with another cluster (see block model).

component: If a graph is connected, it consists of a single component. A disconnected graph does not have
a path between any pair of nodes, and may consist of several components.

connected: If there is a path between every pair of nodes in a graph, the graph is said to be connected. A
disconnected graph does not have a path between any pair of nodes, and so distances (and diameters)
cannot be defined, except within each component.
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distance: For graphs, the distance between nodes is defined as the smallest number of links connecting
them. Also called geodesic distance.

diameter: the largest geodesic distance between any pair of nodes in a graph

gap: The term gap or spectral gap refers to large distances in the spectrum of eigenvalues, particularly
between 0 and the second-smallest (Laplacian) or between 1 and the second-largest in absolute value
(Normal). A small gap means that a graph can be disconnected with few edge-cuts; a large gap means there
are many paths between sets of nodes.

global vs local methods: In graph theory, a local method is one that examines only a few neighbours of a
node. A global method is one which examines the entire graph, such as an eigendecomposition.

Kronecker product: A form of graph composition, which forms more complex graphs from simpler ones.
An example of the Kronecker product is:
  1 1 1 0 1 0 1 0
      q      = 0 1 0 1
  1 0 0 1 1 0 0 0
                  0 1 0 0
where every 1 in the first matrix has been replaced by a complete copy of the second matrix. In this
example the first matrix is a block model, not a graph.

Lanczos iteration: a generalization of the power method which allows calculation of a specified number of
eigenpairs without loss of precision or orthogonality. Currently one of the best methods for
eigendecomposition of large systems.

Laplacian spectrum: The eigenvalues (and eigenvectors) of a matrix formed by subtracting the adjacency
matrix from a diagonal matrix of node degrees. The eigenvalues are non-negative, with a "trivial" (constant)
eigenvector of eigenvalue 0.  This discrete analogue of the continuous Laplacian shares a great many of its
important properties. For this reason, it has become the focus of much research in the last decade.

liaisons: according to NEGOPY, these come in two types. Direct liaisons are individuals who have most of
their interaction with members of groups, but not with members of any one group. They provide direct
connections between the groups they are connected to. Indirect liaisons are individuals who do not have
most of their interaction with members of groups. They provide indirect or ’multi-step’ connections between
groups by connecting Direct Liaisons, who have direct connections with members of groups (Richards,
1995). 

link: A pair of nodes with some connection between them. In graph theory, links are also called edges or
lines. In social networks, links are often called ties.

link list: A sparse format for storing information in a network. Only the pairs of nodes that are connected
are in the link list. For symmetric graphs, only one pair is needed for each link. For weighted graphs, a third
column may be used to hold the weights. For the symmetric adjacency matrix shown above, the link list is:

1 2
1 3
1 4
2 3
...and so on...

localized: As applied to an eigenvector means that most of the coordinates are near zero, and only a few
have large values. Coordinates may be either positive or negative, and the eigenvectors are normalized to
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make the sum of squares of components 1, so the sum of 4th powers is generally used as a measure of
localization. If this sum is near 1 only a small number of coordinates are important. If it is near 1/m, then
all nodes contribute to the eigenvector.

neigbourhood: all the nodes which are connected to a given  node. May be extended to all nodes connected
to a set of nodes, but not including the original set.

NEGOPY: (NEGative entrOPY) (Richards and Rice, 1981, Richards, 1995) is a computer program
designed to find clique structures. It uses a random starting vector, and multiplies it by the row-normalised
adjacency matrix, subtracting off row means. Usually 6-8 such iterations are performed, resulting in a
vector which is a mixture of the the important Normal eigenvectors (Richards and Seary, 1997). This
vector is then scanned for potential clique structures, which are tested against the original network and for
some statistical properties (e.g., variance in the node degrees). Sparse matrix methods are used throughout,
allowing large networks to be analysed rapidly.

node: An object that may have some kind of connection (link) to another object. In some cases, nodes are
people, organizations, companies, countries, etc. In graph theory nodes are also called vertices and points.
In social networks, nodes are often called actors.

normal spectrum: The eigenvalues (and eigenvectors) of a row-normalised adjacency matrix. This matrix
is row-stochastic, and similar to a symmetric matrix, so its eigenvalues are real and less than or equal to 1
in absolute value. It is closely related to the Laplacian (indeed, it may be defined to be the Laplacian in the
χ2 metric defined by the node degrees).

partition: A partition of a graph is a division of the nodes into a collection of non-empty mutually exclusive
sets. A partition of the adjacency matrix shown above could be:  {a,b,c,d}, {e,f,g,h}, so that there are no
links between the nodes in each part of the partition.

sparse matrix techniques:  In analysis of networks with more than 50 or 60 members, it is usually the case
that each node is connected to only a fraction of the others. The adjacency matrix for such networks contain
mostly zeroes, which indicates the absence of links. In these situations, it far is easier to work with a list of
the links (link list) that are present, rather than the whole matrix which contains many times more numbers.
Any array (such as an adjacency matrix)  which consists mostly of some default number (usually zero) may
be treated as a sparse matrix. Since this value is known, it does not need to be stored as  part of the array.
This allows the array to be stored in a much more efficient manner, e.g., for an adjacency matrix, we only
need to store the links (pairs of nodes) when they exist. For a weighted adjacency matrix, we also need to
store the values of the weights, one for each link. Many matrix operations (e.g., multiplying a matrix by a
vector) can utilize this more efficient storage to run much faster as well.  Sparse matrix techniques are
those which avoid any manipulation of the matrix that would affect the sparseness property (e.g., taking the
inverse will generally do this, as will correlating each row or column with all the others). It is  quite
possible to find eigenvalues and eigenvectors using sparse techniques.

spectral analysis or methods: Loosely speaking, another term for eigendecomposition. Mathematically
speaking, a general term referring to any re-statement of some function in terms of a set of basis functions
(e.g. sines and cosines for Fourier analysis). The spectrum is the weights of these basis functions. The 
Fourier transform is especially useful in mathematical physics since the sines  and cosines (or ez for
complex z) are eigenfunctions of the ubiquitous derivative and integral operators. The terms function,
operator and  eigenfunction have the discrete analogues of vector, matrix and eigenvector. 

Standard spectrum: see Adjacency spectrum
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Abstract 

This paper presents recent advances in the statistical modeling of random graphs that have 
an impact on the representation of social networks. We also consider issues related to the 
estimation of random graph models. For concreteness the focus is cross-sectional social 
networks.  

Statistical exponential family models (Wasserman and Pattison, 1996) are a generalization 
of the Markov random graph models introduced by Frank and Strauss (1986), which in turn 
derived from developments in spatial statistics (Besag, 1974). These models recognize the 
complex dependencies within relational data structures.  

To date, the use of stochastic graph models for networks has been limited by three 
interrelated factors: the complexity of realistic models, lack of use of simulation studies, and 
a poor understanding of the properties of inferential methods.  

We discuss these factors and related issues of the degeneracy of inference for commonly 
promoted models. As a cornerstone of this development we present a Markov Chain Monte 
Carlo (MCMC) algorithm for general random graph models. We also review the role of these 
MCMC algorithms in simulation, likelihood-based inference, identifying degeneracy of 
inference, and Bayesian formulations.  
 
KEYWORDS: Random graph models; Markov Chain Monte Carlo; Bayesian statistics.  

1. Introduction 

   
Networks are a form of “relational data”. Relational data arise in many social science fields 
and graph models are a natural approach to representing the structure of these relations. In 
these applications, the nodes usually represent people, and the edges represent a specified 
relationship between the people. This framework has many applications including, for 
example, the structure of social networks, the behavior of epidemics, the interconnectedness 
of the WWW, and long-distance telephone calling patterns.  
 
We consider stochastic models for such graphs that form a statistical exponential family. This 
class has been referred to as the “ p∗ ” class of models in the psychology and sociology 
literatures (Wasserman and Pattison, 1996). Given their general nature and applicability, we 
shall refer to them simply as random graph models. A much studied sub-class of models are 
the Markov random graph models introduced by Frank and Strauss (1986). These models 
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attempt to model the stochastic mechanism that produces the social ties and so represent the 
complex dependencies so induced.  There is a large social network literature on this area 
which we do not review here. See Wasserman and Faust (1994), and Pattison and Robins 
(2000) for detailed information. The topic has connections to a broad array of literatures and 
here we emphasize the links to spatial statistics, statistical exponential families, log-linear 
models and statistical physics.  
 
The exploration of the properties of graph models has been limited by three factors. First the 
complexity of realistic models has limited the insight that has been gained by analytical 
methods. Most analytical work has focused on simple one or two parameter models with 
independence between the dyads (Wasserman and Faust 1994, Frank 1997). Second 
statistical methods for the stochastic simulation from general random graph models have not 
existed. Because of this the properties of general models (e.g., range of graphs represented, 
dependence among the parameters) can not be explored though simulation studies. Third the 
properties of statistical methods for estimating the parameters based on observed networks 
are poorly understood (we consider inference in Section 3). Hence the range of parameter 
values relevant to real networks is largely unknown. In this paper we improve understanding 
of the nature and properties of graph models important to social networks by further 
considering methods for the stochastic simulation of, and inference for, random graphs.  
 
We address one aspect of modeling that has been a persistent obstacle in the work in this 
area: inferential degeneracy. Many previous attempts to develop MCMC based estimation for 
Markov models have found that the algorithms nearly always converge to degenerate graphs 
– graphs that are either empty or full, or the algorithms do not converge consistently. Using 
statistical exponential family theory, we show that this is a function of the form of the model 
and algorithm used.  
 
In the next section we review the statistical theory of social network models expressed in 
exponential form. We also consider MCMC algorithms to simulate graphs from these models. 
In Section 3 we consider forms of inference for the parameters of the models with focus on 
likelihood-based forms and Bayesian methods in particular. In Section we consider model 
degeneracy and some possible solutions to it. 

2. Review of theory 

Let the random matrix X represent the incidence matrix of an undirected graph onn  
individuals. Thus X is an n n×  symmetric matrix, each of whose entries is a Bernoulli 
random variable; we assume further that the diagonal elements of X are 0, which is to say that 
self-partnerships are disallowed. Suppose that X  denotes the set of all possible graphs on the 
given n  individuals. The multivariate distribution of X can be parameterized in the form:  

 
exp ( )

( )
c( )

T t x
P X x xθ

θ
θ

� �� �= = ∈X  (1) 

where qθ ∈Θ ⊆ ¡  is the model parameter and ( )t x  is a q -vector of statistics based on the 
graph x . (Wasserman and Pattison, 1996). The denominator c( )θ  is the constant that ensures 

the distribution sums to one: c( ) exp ( )T

y

t yθ θ
∈

� �= � �� . Note that X  contains at most 

( 1) 2N n n= − /  graphs, and { }}( )cθ θΘ = : < ∞ . The dimension of Θ  is at most 2 1N −  (for 
the “saturated” model), although is typically much smaller than this. The parameter and 
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statistics that correspond to a given model for X  can be identified using the Hammersley-
Clifford theorem (Frank and Strauss 1986). Conversely, each choice of parameter and graph 
statistics ( )t x specifies a model for X . For example, if the dyads ijX  are mutually 

independent the model can be written: log[ ( )] ( )ij ij
i j

P X x x xθ θ κ θ
<

= = − , ∈� X  where 

logit[ ( )]ij ij ijP X xθθ = =  and ( ) log[c( )] log[1 exp( )]ij
i j

κ θ θ θ
<

= = +� . Thus q=N and the 

elements of ( )t x  are just ijx . This model is often called a Bernoulli graph. In the special case 

where the dyads have a common probability, log[ ( )] ( ) ( )P X x t xθ θ κ θ= = −  where 1q = ,  
( )t x  is the number of partnerships in the graph, and θ  can be interpreted as the common log-

odds of partnership formation within a dyad. The mathematical properties of this 
homogeneous Bernoulli graph model has been extensively studied (see, e.g., Renyi and Erdos 
1959), although its simplicity and homogeneity make it less useful as a realistic model for 
social phenomena.  
An alternative specification of the model (1) clarifies the interpretation of the parameters. Let 

{ }}c
ij klX X kl ij k l= : ≠ , < , { }}c

ij klx x kl ij k l= : ≠ , < , { }}and 1c
ij ij ijx x x+ = = , and 

{ }} and 0c
ij ij ijx x x− = = . Thus, c

ijX  represents all elements in the graph excluding ijX ,  while ijx+  

and ijx−  represent the graph with the ijx  equal to 1 and 0, respectively. The full conditional 

distributions of ijX  are given by 

 logit[ ( 1 | )] ( )c c T c
ij ij ij ijpr X X x x xθ δ= = = ∈X  (2) 

where ( ) ( ) ( )c
ij ij ijx t x t xδ + −= −  (Strauss and Ikeda 1991). The statistic ( )c

ijxδ  is the change in 

the graph statistics when ijx  changes from 0 to 1. Hence θ  can be interpreted as the increase 

in the conditional log-odds of a partnership between individuals i  and j  induced by the 
formation of the partnership and conditional on all other ties remaining unchanged. In the 
homogeneous Bernoulli graph, for example,θ  is the common log-odds of individual 
partnership formation.  
Holland and Leinhardt (1981) appear to be the first to propose log-linear models for social 
networks. Suppose that the dyads are independent with  

 

if 1
Pr( ) if 0

if 0 0

ij

ij ji ij

ij

m x y l

X x X y a x y l
n x y

� = , =
�= , = = = , =�
� = , =	

 (3) 

Thus each dyad can have its own probability distribution. Thus the model can represent 
arbitrary attractiveness between individuals and degree of reciprocity within relationships. 
However the dyad independence implies specific transitivity and higher-order interactions. 
The model can be expressed in log linear form as:  
 [ ]Pr( ) ( )ij ij ji ij ij

i j i j

log X x x x x xρ θ κ θ
< ≠

= = + − ∈� � X  

They called this the 1p  model.  
Based on developments in spatial statistics (Besag 1974), Frank and Strauss (1986) extended 
this work and introduced forms of dependence with Markov structure. Further extension were 
made by Wasserman and Pattison (1996) to incorporate actor attributes (Pattison and 
Wasserman 1999) and to allow explanatory and response variables (Robins, Pattison and 
Wasserman 1999), resulting in social influence (Robins, Pattison and Elliott 2000) and social 
selection models (Robins, Elliott and Pattison, 2000). These generalizations essentially allow 
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analysis of graphs with “colors” on the nodes, the coloring indicating the attribute. Recent 
developments have included new forms of dependency structures, to take into account social 
settings, and on the other hand a relaxation of Markovian dependence assumptions, allowing 
investigation of longer range configurations, such as longer paths in the network or larger 
cycles (Pattison and Robins, 2000). Models for bipartite (Faust and Skvoretz, 1999) and 
tripartite (Mische and Robins, 2000) graph structures have also been developed.   
The incorporation of attribute information into the random graph model is straightforward. 
Suppose we wish to incorporate p exogenous covariates represented by a n n p× ×  array of 
attributes W  where the thijk  element is the covariate for the thp  attribute on the thij  dyad. 
Note that this allows the covariates to be attributes of the pairs of individuals (e.g., age 
difference) as well as specific to the individual alone. The graph statistic ( )t x  in (1) is then 
replaced by ( )t x W, ,  indicating that the statistics depend on the attribute information in 
addition to the relationship information. In this sense, the statistic ( )t ⋅  can be defined to 
reflect the attribute information.  We consider an implementation of this in the next section. 

2.1. Cross-sectional models for random graphs 

  
The most common form of random graph models exhibit Markov dependence in the sense of 
Frank and Strauss (1986). For these models, dyads that do not share an individual are 
conditional independent: an idea analogous to the nearest neighbor concept in spatial 
statistics. Typically a homogeneity condition is added: all isomorphic graphs have the same 
probability under the model. Frank and Strauss (1986) show that homogeneous Markov 
graphs are exactly those having the triangle parameterization: Nq n θ= , ∈ Θ = ¡  and  

 
0 1 0

0

1 1
( ) 1 1 ( )

6k

k

k i i i i n ij jk kl
i i i j k

t x x x k n t x x x x
k ,..., , ,

= ... = ,..., − = ,
! � �  

where ( )kt x  is called a stark −  and ( )nt x is a count of the complete triads. An equivalent 
form is the degree distribution parameterization:  
 ( ) the proportion of individuals withexactly relationships 1 1kd x k k n= = ,..., −  

1
( )

6n ij jk kl
i j k

t x x x x
, ,

= ,�  

 
in which ( )kd x  counts the proportion of individuals with degree k.  The degree distribution 
parameterization has the advantage that it is directly interpretable in terms of concurrency of 
partnerships (i.e. ( ) for 0md x m >  counts the number of individuals with m  concurrent 
partners). 
 
A form of model that may realistically represent dependent social processes, reflect the 
impact of covariates is: 
 

1

0
exp ( ) ( )

( ) (4)
( )

nT T
k kk

x Z d x t x
P X x x

c

β α θ

α β θ

−

=
� �+ +
� �= = ∈

, ,
�

X  

where x  is the N -vector of the unique elements of X , { }ij N p
Z z

×
=  is a matrix of 

(exogenous) covariates on the thij  dyad, ( )t x a q -vector of additional network statistics, β  
p -vector of regression parameters, α  g -vector of degree parameters, and θ  a q -vector of 
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network structure parameters. 
 
This model is an extension of equation (1) and contains a number of special cases that have 
been considered in separate literatures. First the homogeneous Markov graphs of  Frank and 
Strauss (1986) correspond to the case where there are no covariates and the additional 
network statistic is the count of complete triads. Second, if there are no covariates and no 
additional network statistics the model corresponds to the random graphs with arbitrary 
degree distributions considered in Newman, Strogatz and Watts (2001). This model assumes 
that all graphs with the same degree distribution are equally likely. On particular interest are 
the various “scale-free,” preferential attachment and power-law models popular in the physics 
literature (see, e.g.,  Newman 2002). Third, if there are no degree distribution parameters and 
no additional network statistics the model corresponds to the random graphs with 
independent dyads. The model still allows differential activity levels and assortative missing 
via the covariate parameters. Such models have been traditionally specified as log-linear 
models of mass action. See Morris, Goodreau  and Koehly (2003) for an examination of the 
connections between the two. 
 
As an example, consider a random graph model for a social network based on heterosexual 
partnerships. An example of a cross-sectional model that incorporates captures both 
concurrency and the assortative mixing based on race is: 

4

h
1

( ) exp ( ) race( ) / ( , ),k k
k

P X x d x x c xθ β β θα α
=

� �= = + ∈
 �
� �
� X  

h( ) 0P X x xθ = = ∈X/ X  
where race( )x  is the proportion of partnerships where both partners say they are of the same 
race, hX is the subset of graphs in X  in which all ties are heterosexual, and 4α ∈ ¡ . The 
parameter 1α  represents the propensity to form monogamous relationships. The parameters 

2 4α α, ...,  represent the propensity to form concurrent partnerships with 2, 3 and 4 partners, 
respectively. Hence positive values for the latter parameters indicate the propensity of the 
graph toward higher degrees of concurrency. The parameter β  represents the propensity for 
partnerships to be formed between individuals of the same race. Note that the graph and 
model reflect the heterosexual nature of the graph (i.e., 0ijX =  unless i  and j  are of 

opposite sex). If 1 4α α, ...,  are zero the dyads are independent and the model is simply 
assortative mixing by race. The model can then be re-written as a contingency table form 
(Morris, Goodreau  and Koehly 2003). If β  is zero then there are no preferences for 
partnerships based on race. We consider alternative parameterizations for this model in 
Section 3. 
 
These models have a form that is flexible enough to capture the structure of many real 
networks.  However to be practically useful we need to be able to simulate graphs with these 
distributions, infer their parameters from real data and measure their overall and relative 
goodness-of-fit. We now turn to each of these topics.  

2.2. Simulating random graph models 

The mathematical form of the models (1) and (4) allow graphs to be generated from them 
using Markov Chain Monte Carlo (MCMC) algorithms. Indeed MCMC algorithms have been 
much studied and are a nature way to simulate social networks (e.g. Gilks et. al. 1996, 
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Newman and Barkema 1999). The basic idea is to construct a Markov Chain onX with 
( )P X x=  as the equilibrium distribution. This is operationalized by starting from a graph in 

X,  and making a large number of Markov transitions until approximate convergence to 
( )P X x= is reached. Subsequent transitions are sampled and form a (dependent) sample 

from the desired model. For details, see the extensive literature cited in the above books. 
Many chains are possible with vastly different statistical properties. However convergence is 
“ensured” under mild conditions on the Markov Chain (irreducibility and aperiodicity). For 
the social network representation (1) this process has been studied by Crouch, Wasserman 
and Trachtenberg (1998), Coriander et. al. (1998), and Snijders (2002).  
 
The full-conditional MCMC for the model (1) and (4) has a simple form and is motivated by 
the auto-logistic representation (2). In this algorithm each dyad is updated separately based 
on the conditional probabilities given in (2). This so-called  “Gibbs sampling” or “heat bath” 
algorithm chooses the dyads randomly, sequentially, or using some mixture of the two. Each 
update requires the difference ( ) ( ) ( )c

ij ij ijx t x t xδ + −= − to be determined. The speed of the 

calculation of ( )c
ijxδ is an important factor in the computational quality of the algorithm (i.e., 

speed of convergence to ( )P X x= , the relative frequency of producing each graph in X ). 
Alternative Metropolis algorithms propose transitions from currentx to proposedx  based on the 

unconditional probabilities require the determination of ( ) ( )proposed currentt x t x− . These tend to 
perform better for the same amount of computation. More general Metropolis-Hastings 
algorithms choose proposedx  from an ancillary stochastic process dependent on currentx  and 

aimed at either focusing the transitions or spreading them more broadly through X .  The 
behavior of these algorithms is very dependent on the choice of statistics ( )t x .  
 
The papers that use MCMC algorithms to simulate social network models report difficulties 
in convergence to realistic distributions (Crouch, Wasserman and Trachtenberg 1998, 
Coriander et al 1998, and Snijders 2002). A typical occurrence is for the algorithm to produce 
graphs that are complete, empty, or else are extreme in related ways. Coriander et. al. 1998 
consider algorithms that condition on the number of ties in the graph. This ensure that the 
realizations are not complete or empty graphs. However, in most circumstances the density of 
the graph is a product of the social process that produced it and can not be assumed to be 
known in advance. Snijders 2002 reports on a number of related odd properties. In some 
cases the sequences of realizations transition quickly between very different graphs after 
periods of minor variation. In Section 3 we indicate why these algorithms behave in this way, 
how it relates to the model and how it can be resolved. 

3. Inference for random graph models 
 
Statistical methods for estimating the parameters in a random graph model are 
underdeveloped. Developing inference with a likelihood framework has the advantage of 
being able to draw upon a statistical theory for closely related models in statistical physics 
and spatial statistics (Besag 1975, Geyer 1999). This framework is also compatible with the 
Bayesian paradigm (Gelman, Carlin, Stern and Rubin 1995). The likelihood framework 
makes available exploratory graphical tools useful for inference about the underlying random 
field (Handcock, Meier and Nychka 1994). These tools, for example, can identify when a 
maximum likelihood approach is insufficient for inferential purposes.  
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Major barrier to the application of random graph models to social networks has been the lack 
of a sound statistical theory to evaluate how closely the models capture the structure in the 
observed graphs. This has two dimensions to it: the degree to which the graph structure of the 
models matched that in the data, and second the degree to which disease propagation through 
the model matches that of the data. The likelihood-based approach allow one to measure the 
first dimension of “goodness-of-fit” using Monte-Carlo p-value statistics and Bayes Factors 
under the Bayesian paradigm (Gelfand 1996).  

3.1. Likelihood inference for random graph models 

  
In principal, likelihood inference is straightforward for exponential random graph models. In 
this section we describe the most fundamental ideas and why direct computation is difficult.  
The log-likelihood for model (1) is:  
 [ ]( ) log ( ) ( ) ( )TL x P X x t x x Xθθ θ κ θ; ≡ = = − ∈  (5) 

 where ( ) log[ ( )]cκ θ θ= .  Likelihood inference is difficult as direct evaluation of ( )L xθ ;   
requires calculating  
 {( ) exp[ ( )]T

x

c t xθ θ
∈

= �
X

 

  
For even simple and modest models this can be problematic. Table 1 gives the number of 
elements in X  (i.e., 2N ) as the number of actors grows.  

 
Table 1: Number of Graphs for Different Numbers of Actors  

 _  
Number of Actors, 

n 
Number of Elements 

in X  
3 8 
6 32,728 

10 271 24 10. ×  
25 902 307 10. ×  

 

3.2. Alternative inference for random graph models 

 
Clearly for realistic graphs direct enumeration is not feasible. Many alternatives have been 
proposed. Frank (1971) and Frank and Strauss (1986) consider (linear) approximations to the 
cumulant generating function:  
 ( )( ) log ( )C E t Xψ ψ= � �� � 

 as a means to solve the likelihood equations  
 [ ]( ) ( )observedE t X t xθ =  (6) 

 
This approach is generally difficult to apply to general multiparameter models unless 
supplemented by a means of simulation from the same network model (Coriander et al 1998).   
 
One commonly used method is pseudolikelihood originally motivated by, and developed for, 
spatial models by Besag (1975). The idea is to use an alternative local version of the 
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likelihood function  defined the pseudolikelihood. The pseudolikelihood for model (1) is 
algebraically identical to the likelihood for a logistic regression of the unique elements of X  
on the design matrix with i th row ( )c

ijxδ .  The value of the maximum pseudolikelihood 
estimator for social networks can then be expediently found by using logistic regression as a 
computational device. Explicitly, the value of the maximum likelihood estimator for the 
logistic regression will also be the maximum pseudolikelihood estimator. Note, however, that 
the other characteristics of the maximum likelihood estimator do not necessarily carry over. 
In particular the standard errors of the estimates of θ  from the logistic regression will not be 
appropriate for the maximum pseudolikelihood estimator. The statistical properties of 
pseudolikelihood estimators for social networks are only partially understood and are 
discussed in Handcock (2000). In the remainder of this paper we focus on likelihood based 
estimation. 

3.3. Existence and uniqueness of MLE 

  
The maximum likelihood estimator (MLE) for θ  is:  
 ˆ ( )observedL xargmaxθθ θ∈Θ= ;  (7) 

  
Many properties of the MLE can be derived from statistical exponential family theory. Let C  
be the closed convex support of ( )t X  - the convex hull of the discrete support points. Denote 
the interior of C  by ( )int C  and the boundary by C∂ .   
 
Result: 
 
a) If Θ  is open, the MLE exists if, and only if, ( )observedt x  is inside the interior of C.  
b) If it exists, it is unique.  In addition, when it exists, it can be found as the unique solution 

of (6) or equivalently as (7), the unique local minima of (5). 
c) As the support of ( )t X  is discrete, and ( )observedt x  is in it, a necessary and sufficient 

condition for the MLE not to exist is that ( )observedt x  falls on the boundary of the support 
and that boundary be part of C.  

 
The result is a fundamental property of statistical exponential families (Barndorff-Nielsen 
1978). 
 
In practice this means that attempt to numerically maximize the likelihood leads to 
unbounded estimates when the observed graph has statistics falling on the boundary of C.  
This typically means the optimization algorithm does not converge. Simulation studies in 
Handcock (2000) show that this is common for realistic models. If ( )observedt x  falls on the 
boundary of C  it is still possible that subsets of θ  have MLEs that exist. Let 
( ) ( ( ) ( ))observed a observed b observedt x t x t x= ,  and ( )a bθ θ θ= ,  be similar partitions of ( )observedt x  and 

θ .  Under mild conditions, if ( )a observedt x  is on the boundary of C  and ( )b observedt x  is in the 

relative interior of the convex hull of { }( ) ( ) ( )a a observedt X t X t x: =  then the MLE of bθ  exists 
and is the unique local minima of the conditional likelihood equation:  
 [ ]( ) log ( ( ) ( )) ( ) ( ( ))T

a a observed b a observedCL x P X x t X t x t x t xθθ θ κ θ; , ≡ = | = = − ,  
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 ( ) ( )a a observedx t X t x∈ : =X  

3.4. Likelihood inference based on MCMC algorithms  

 
The difficulties in determining the normalizing function for the model (1) can be overcome 
using MCMC algorithms. The approach is based on the following idea: If a large number of 
simulations from a social network in the same ballpark as that of the observed network can be 
generated then these can be used to approximate the normalization function  to a desired 
accuracy. Estimate the “population” value:  
 ( ) exp ( )T

x X

c t xθ θ
∈

� �= � ��  

 by the weighted “sample” mean:  
 }( ) exp ( ) ( )T

M sampled graphs y

c X t y w yθ θ� �= | | � ��  

 
where the sample weights }( )w y are internally normalized to sum to unity. We can use the 
MCMC approach of Section 2.2 to simulate a sample of graphs from a model similar to the 
true, but unknown, model. The approximation to the likelihood using this approach is called 
the MCMC likelihood. The MLE for the data is them approximated by the maximum of the  
of the MCMC likelihood (the MC-MLE). This idea has been made precise and studied by 
Geyer and Thompson (1992).  They show the MC-MLE converges to the true MLE as the 
number of simulations increases. The procedure also produces estimates of the asymptotic 
covariance matrix, the size of the MCMC induced error, and other related quantities.  
 
As the sampled graphs form the basis of a statistical exponential family with sample space 
the realized values and probabilities the empirical proportions, the existence and uniqueness 
of the MC-MLE can be understood: 
 
Result: 
 
Let CO  be the convex hull of sampled sufficient statistics. In practice, there are two 
situations: 
1) ( ) ( ) ( )observedt x int CO int C∈ ⊆ : The MC-MLE exists and is unique. It is found as the unique 

maximum of the MCMC likelihood. 
2) ( ) ( )observedt x int CO∈/  but is in ( )int C : The MC-MLE does not exist, even though MLE 

does. 
3) ( ) ( )observedt x int C∈/ : Neither the MC-MLE nor the MLE exists. 
 
This result explains why attempts to calculate MC-MLE estimates for social network models 
fail. If the model used to simulate the graphs is not close enough to produce realizations that 
cover the observed values of the statistics, the MC-MLE will not exist even in cases where 
the MLE does.  This behavior is quite common. As we shall see in Section 3, it is magnified 
by properties of commonly used models that do not place probability mass broadly enough. 
In sum, the MC-MLE may not exist for at least two reasons. First, the MLE itself may not 
exist (in which case neither does the MC-MLE). Second, it is difficult to specify parameter 
values for commonly used models to produce realizations that cover the observed values of 
the network statistics. In particular, simulations in Handcock (2000) show that simulations 
based on the maximum pseudolikelihood estimates usually do not produce realizations 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


10 

sufficiently similar to those of the true values to support MC-MLE estimation. These 
properties of the models are very similar to those for spatial point processes considered in 
Geyer (1999). 

3.5.  Bayesian models and inference for random graph models 

 In random graph models of the form (1) the maximum likelihood estimator is not necessary 
optimal and, indeed, any point estimator of θ  can be very poor. As such we need to move 
away from point estimators of θ  and to frameworks for inference that naturally allow the 
uncertainty about the value of θ  to be expressed. 
 
We do this by supplementing likelihood-based inference with the Bayesian paradigm, mainly 
as it provides an elegant way of incorporating parameter uncertainty into the final inference 
and the incorporation of expert knowledge when it exists (Gelman, Carlin, Stern and Rubin 
1995). Inference with the Bayesian paradigm, implemented via the now standard Markov 
Chain Monte Carlo (MCMC) methods can address, and even solve, many very difficult 
inferential problems, often making it the only realistic option. 
 
Bayesian approaches to random graph models for social networks have received little 
attention (Wang and Wong 1987). We are in the process of developing Bayesian 
methodology for random graphs paying particular attention to the specification of prior 
distributions for the parameters that are meaningful for social networks. Under a Bayesian 
formulation, let ( )pr π  be an arbitrary prior distribution for θ .  The posterior distribution of 

θ  is then ( ; ) ( ) ( ) ( )pr X x pr P X x m xθθ θ= = = /  where ( ) ( ) ( )m x pr P X x dθφ φ
Θ

= =�  can be 

interpreted as the apriori probability that X x= .  ( ; )pr X xθ =  captures our knowledge about 
θ  after the observed data (i.e., that is X x=  ) has been taken into account. 
 
Note that ( )pr θ  may be chosen to restrict the parameter space to a subset of Θ  by placing 
zero prior mass on the excluded values. Under these circumstances the posterior mass on 
these same values will always be zero regardless of their likelihood under the model and data.   
Computationally, Bayesian inference for an arbitrary prior is straightforward if MCMC 
simulation of the process is available. Conceptually this can be achieved by sampling a value 

mθ  from the prior distribution for ( )prθ θ, , and then sampling mX  from the distribution 
( )mP X xθ =  using MCMC simulation. If this is repeated until mX  equals the observed graph 

obsx  then the corresponding value of m mθ θ,  (say), is a random sample from the posterior 
( ; )obspr X xθ = . By repeating this process, a large sample of values of θ  from 
( ; )obspr X xθ =  can be generated. The posterior mean of θ  can then be estimated by the 

mean of the sample. The posterior density corresponding to ( ; )obspr X xθ =  can be estimated 
by a non-parametric density estimate based on the sample. Note that this applies even when 
θ  is multivariate, and so the posterior dependence between the components of θ  can also be 
determined. There are alternative computational methods that are vastly superior in terms of 
computational efficiency to the above algorithm. These alternatives will almost always be 
used in practice. However, the above algorithm does show how Bayesian inference is 
achieved using MCMC simulation.  
 
The definition and properties of families of conjugate priors for exponential families has been 
addressed in Barndorff-Nielsen (1978), Diaconnis and Ylvisaker (1979) and, more recently, 
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Gutiérrez-Peña and Smith (1997). Of the many possible families possible, one of the most 
richest classes is discussed by Gutiérrez-Peña and Smith (1997). Let ( )g ν γ,  be the ( 1)q +  
parameter exponential family with distributions:   

 
exp ( )

Pr( ) 0
( )

T

c

ν θ γψ θ
θ ν γ θ γ

γ ν
� �+� �; , = ∈ Θ, ≥

,
 

           Thus ( )g ν γ,  has canonical statistics θ  and ( )ψ θ−  and is minimal unless ( )ψ ⋅  is a 
linear function of θ .  Here ( )ψ ⋅  is a prespecified function. The hyperparameters ν  and γ  
specify, respectively, the location and scale of θ .  If qΘ = ¡  then this distribution is proper if, 
and only if, ν γ/  is in the interior of the convex hull of the sample space of ( )t X  and 0γ > .  
Suppose the prior for θ  is chosen to be ( )g ν γ,  then, formally, the posterior for θ,  having 
observed X x= ,  is ( ( ) 1)g t xν γ+ , + .  That is,  

 
( ( )) ( 1) ( )

Pr( ; ) 0
( 1 ( ))

Tt x
X x

c t x

ν θ γ ψ θ
θ ν γ θ γ

γ ν
� �+ + +� �= ; , = ∈Θ, ≥

+ , +
 

            This family can be generalized to a p − variate .γ  Let ( )g ν γ,  be the ( )q p+  
parameter exponential family with distributions:  

 1

exp ( )
Pr( ) 0 0

( )

T T

p…
c

ν θ γ ψ θ
θ ν γ θ γ γ

γ ν
� �+� �; , = ∈Θ, ≥ , , >

,
 

           Here ( )ψ ⋅  is a prespecified p − variate function. Thus ( )g ν γ,  has canonical statistics 
θ  and ( )ψ θ−  and is minimal unless some component of the ( )ψ ⋅  is a linear function of θ .  
Suppose the prior for θ  is chosen to be ( )g ν γ,  then, formally, the posterior for θ,  having 
observed X x= ,  is ( ( ) 1)g t xν γ+ , + .   
While inference for this family is quite tractable it is unclear under which circumstances the 
prior can be chosen to realistically represent knowledge about θ .  It is more natural to choose 
the prior to reflect knowledge we do have and which is often quite strong. Examples include 
selectivity of graphs, degeneracy and stability. For these cases the prior family is unlikely to 
be conjugate.  

4. Identifiability, Degeneracy and Stability for social networks 
models 

The research reviews in the previous sections has allowed progress to be made in both the 
estimation and simulation of random graphs models. This work, and that of Besag (2000), has 
allowed provided insight into the properties of random graphs models. Two properties of 
random graph models that have a big impact on practice are degeneracy and stability. This 
builds on ideas of Ruelle (1969), Strauss (1986), Geyer (1999) and Baddeley (1999), Section 
4.  This work is in statistical physics and spatial point process theory.  
 
The issue of what makes a useful model for a social network is a complex one. All models 
are representations of the manifestations of the social processes that produced the social 
network. Some models represent the proximate mechanisms of the formation of ties. This can 
be done by representation the temporal dynamics of the social process that produced the 
social network, or by direct representation of the network itself through appeal to concepts 
like structural balance and transitivity. Alternatively models may only aim at describing the 
probabilistic structure of the social ties. In all cases the models will be idealizations and 
simplification of the actual processes. Ultimately the answer to the question of what is a 
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useful model is fundamentally dependent on the purpose for which the model is intended. 
Simple models are often adequate, and even desirable, if there is a simple objective (e.g., 
what is the density of ties in the network). For other purposes, such as understanding the 
dynamics of the spread of STDs over networks, more sophisticated models are necessary.  
 
Here we consider a basic property that a useful model should have. Broadly speaking, useful 
stochastic models place a significant proportion of their probability mass on graphs that have 
high probability of being produced by the underlying social process.  We define a random 
graph model to be degenerate if the model places almost all its probability mass on a small 
number of graph configurations inX . Hence degeneracy of a graph model occurs when the 
model places disproportionate probability mass on only a few of the possible graph 
configurations. A common case is where the distribution places almost all its mass on the 
empty graph (i.e., 0 )ijX i j= ∀ , ,  and/or the complete graph (i.e., 1 )ijX i j= ∀ , .  Such models 
are not useful for modeling networks as almost all realizations from these models will be 
empty or full. In addition is such a model is used for simulation and MCMC likelihood 
inference the approximations to the true model will be very poor. 

4. Discussion and future work 

  
While estimation techniques are often of little interest to non-statisticians, this case is an 
exception. The complete enumeration of all graphs required by the denominator in (1) makes 
simple maximum likelihood estimation impossible for graphs larger than about 30 nodes. In 
early applications a form of pseudo-likelihood was used to solve this problem (Besag 1974, 
Wasserman and Pattison 1996). More recent approaches, however, employ Markov Chain 
Monte Carlo (MCMC) methods (Geyer and Thompson 1992). This is particularly interesting 
for our purposes because MCMC methods effectively simulate the network over the space of 
possible graphs in order to maximize the likelihood. One can, however, just as easily use the 
MCMC algorithm to simulate the network given the parameter estimates, and this provides 
the solution to the problem of linking network data to the network simulation.  
 
This paper address the question of what is a good model and in doing so helps resolve the 
dilemma lack of convergence when estimation or simulating using MCMC. Many of the 
models that are proposed in literature suffer from degeneracy. Further algorithms used for 
inferential purposes are often inadvertently based on degenerate forms resulting in inferential 
degeneracy. One implication of these results is that the effective parameter space of 
exponentially parameterized random graph models is bounded and a small subset of the 
theoretical parameter space. The Bayesian framework for inference promises to be very 
powerful in social network modeling. It facilitates the propagation of parameter uncertainty 
into the final inference and allowing the incorporation of expert prior knowledge when it 
exists. 
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The Key Player Problem1 
Stephen P. Borgatti2 

 
 
Introduction 
 
The key player problem (KPP) consists of two separate sub-problems, which can be described at a general 
level as follows: 
 

1. (KPP-1) Given a social network, find a set of k nodes (called a kp-set of order k) which, if 
removed, would maximally disrupt communication among the remaining nodes. 
 

2. (KPP-2) Given a social network, find a kp-set of order k that is maximally connected to all other 
nodes.  

 
Of course, these introductory definitions leave out what is meant precisely by “maximally disrupt 
communication” and “maximally connected”. Part of the process of solving these problems is providing 
definitions of these concepts that lead to feasible solutions and useful outcomes. However, it would seem 
clear that KPP-1 involves fragmenting a network into components, or, failing that, making distances 
between nodes so large as to be practically disconnected. In contrast, KPP-2 involves finding nodes that 
can reach as many remaining nodes as possible via direct links or perhaps short paths. 
 
The first problem, KPP-1, arises in a number of contexts. A prime example in the public health context is 
the immunization/quarantine problem. Given an infectious disease that is transmitted from person to 
person, and given that it is not feasible to immunize and/or quarantine an entire population, which subset 
of members should be immunized/quarantined so as to maximally hinder the spread of the infection? An 
example in the military context is target selection. Given a network of terrorists who must coordinate in 
order to mount effective attaches, and given that only a small number can be intervened with (e.g., by 
arresting or discrediting), which ones should be chosen in order to maximally disrupt the network? 
 
The second problem, KPP-2, arises in the public health context when a health agency needs to select a 
small set of population members to use as seeds for the diffusion of practices or attitudes that promote 
health, such as using bleach to clean needles. In the organizational management context, the problem 
occurs when management wants to implement a change initiative and needs to get a small set of informal 
leaders on-board first, perhaps by running a weekend intervention with them. In the military context, 
KPP-2 translates to locating an efficient set of enemies to surveil, turn (into double-agents), or feed 
misinformation to.  
 
At first glance, both KPP-1 and KPP-2 would appear to be easily solved by either employing some graph-
theoretic concepts such as cutpoints and cutsets, or via the methods of social network analysis, such as 
measuring node centrality. It turns out, however, that none of the existing methods are adequate. This 
paper explains why and presents a new approach specifically designed for the key player problem. 
 

                                                 
1 Acknowledgements: This research is supported by Office of Naval Research grant number N000140211032. 
Thanks to Scott Clair for leading me to this problem, Mark Newman for suggesting reciprocal distances, Kathleen 
Carley for useful discussions, and Valdis Krebs for providing illustrative data.  
2 Dept. of Organization Studies, Carroll School of Management, Boston College, Chestnut Hill, MA 02467 
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Centrality Approach 
 
The centrality approach consists of measuring the centrality of each node in the network, then selecting 
the k most central nodes to comprise the kp-set. Since many measures of centrality exist, one question that 
arises is which measure to use. For KPP-1, we can expect the best measures to be those based on 
betweenness. For example, Freeman’s betweenness measure sums the proportion of shortest paths from 
one node to another that pass through a given node. Thus, a node with high betweenness is responsible for 
connecting many pairs of nodes via the best path, and deleting that node should cause many pairs of 
nodes to be more distantly (if not completely disconnected).  
 
For KPP-2, we can expect measures based on degree centrality and closeness centrality to be useful. 
Degree centrality is simply the number of nodes that a given node is adjacent to. Hence, depending on 
what the social relation represented by the graph is and assuming that adjacency implies potential for 
influence, a node with high degree can potentially directly influence many other nodes. Closeness 
centrality is defined as the sum of geodesic distances from a given node to all others, where geodesic 
distance refers to the length of the shortest path between two points.  Thus, a node with a low closeness 
score (very central) should be able to influence, directly and indirectly, many others.  
 
The centrality measures are plausible solutions for KPP. However, they are not optimal. There are two 
basic problems, which I refer to as the design issue and the group selection issue. Of the two, the group 
selection issue is the more serious. 
 
The Design Issue 
 
The design issue arises ultimately from the fact that centrality measures were not designed with KPP-1 
and KPP-2 specifically in mind. Starting with KPP-1, consider the graph in Figure 1.  
 

 
Figure 1. 

 
Node 1 has the highest centrality on all considered measures, including betweenness centrality. Yet 
deleting node 1 has relatively little effect on the network. Distances between certain pairs of nodes do 
increase, but it is clear that communication among all points remains possible as there is no 
fragmentation. In contrast, deleting node 8, which does not have the highest betweenness, is more 
effective. Removing 8 splits the graph into five unconnected fragments (components).  
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For KPP-2, the picture is a little brighter. If we formulate KPP-2 in terms of reaching the most nodes 
directly, degree centrality is optimal. If we formulate it in terms of reaching the most nodes in up to m 
steps, then we can readily define a new measure of centrality (“m-reach centrality”) that counts the 
number of nodes within distance m of a given node.  
 
The Group Selection Issue 
 
The group selection issue, discussed as the group centrality problem in Everett and Borgatti (1999), refers 
to the fact that selecting a set of nodes which, as an ensemble, solves KPP-1 or KPP-2, is quite different 
from selecting an equal number of nodes that individually are optimal solutions for KPP. To start with, 
consider KPP-1. Figure 2 shows a graph in which nodes h and i are, individually, the best nodes to delete 
in order to fragment the network. Yet deleting i in addition to h yields no more fragmentation than 
deleting i alone. In contrast, deleting m with h does produce increased fragmentation, even though 
individually m is not nearly as effective as i. The reason i and h are not as good together as i and m is that 
i and h are redundant with respect to their liaising role – they connect the same third parties to each other. 
In a sense, the centrality of one is due to the centrality of the other, with the result being that the centrality 
of the ensemble “control” is quite a bit less than the sum of the centralities of each.  
 

 
Figure 2 

 
The redundancy principle also applies to KPP-2. Consider the graph in Figure 3. Nodes a and b are 
individually the best connected. Each reaches five other nodes, more than any other by far. But together 
they reach no more than either does alone. In contrast, if b is paired with c (which individually reaches 
only three nodes), the set reaches every node in the network. 
 

a

b
c

 
Figure 3. 
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Graph Theoretic Approaches 
 
In addition to basic concepts such as components and distance, a number of graph-theoretic concepts are 
relevant to KPP. For KPP-1, the most obvious are the notions of cutpoint and bridge, which are nodes and 
lines respectively whose deletion would increase the number of components in the graph. These concepts 
do not address the group-selection issue. However, both have set-level counterparts in the form of cutsets. 
A cutset is a set of nodes (or lines) whose removal would increase the number of components in the 
graph. Most work has focused on minimum weight cutsets, which are smallest sets that have the cutset 
property. There are three difficulties with cutsets in the KPP context. First, we cannot specify the number 
of nodes in the set and then seek the set of that size that does the best job (rather, the measure of success 
is fixed and we are able to find a smallest set that achieves that level of success). In this sense, the graph 
theoretic approaches solve the inverse of the problem we seek to solve. Second, no account is taken of 
distances among nodes. Third, all solutions that increase the number of components are equal, even if one 
solution creates just two components while another creates ten.  
 
For KPP-2, applicable concepts include vertex covers and dominating sets. A vertex cover is a set of 
nodes whose members are incident upon every edge in the graph. A dominating set is a set of nodes 
whose members are adjacent to all other nodes in the graph.3 For our purposes these are equivalent and 
fail for exactly the same reasons as cutsets. 
 
Measuring Success 
 
In order to optimally solve KPP, we must have a clear definition of success. I propose that for KPP-1 
there are two network properties we want to maximize by removing the kp-set: fragmentation and 
distance. For KPP-2, we want to measure the distance-based reach of the kp-set into the network around 
it. Therefore, we need measures for each of these concepts.  
 
Fragmentation 
 
Perhaps the most obvious measure of network fragmentation is a count of the number of components. If 
the count is 1, there is no fragmentation. The maximum fragmentation occurs when every node is an 
isolate, creating as many components as nodes. For convenience, we normalize the count by dividing by 
the number of nodes. 
 

n
K

C =  

Eq. 1 
 

The problem with this measure is that it doesn’t take into account the sizes of the components. For 
example, in Figure 2, deleting node m would break the network into two components, but the vast 
majority of nodes remain connected. In contrast, deleting node i would also result in just two components, 
but more pairs of nodes would be disconnected from each other.  
 
This suggests another measure fragmentation that simply counts the number of pairs of nodes that are 
disconnected from each other. Given a matrix R in which rij = 1 if i can reach j and rij = 0 otherwise, we 
can define the new measure as follows: 
 

                                                 
3 Graph theorists differ on whether these sets are understood to be minimal or not.  
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Eq. 2. 
 
Since, by definition, nodes within a component are mutually reachable, the F measure can be rewritten 
more economically in terms of the sizes (sk) of each component (indexed by k): 
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Eq. 3. 
 
The F measure is remarkably similar to a diversity measure known variously as heterogeneity, the 
concentration ratio, the Hirschman-Herfindahl index, or the Herfindahl index. Applied to the current 
context it is defined as follows: 
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Eq. 4. 
 

One difference between F and H is that while both achieve minimum values of 0 when the network 
consists of a single component, when the network is maximally fragment (all isolates) the H measure can 
only achieve 1-1/n. If we normalize H by dividing by 1-1/n, we obtain the F measure (and seeing F as a 
normalization of H points us to a slightly faster computing formula).  
 
An alternative approach is information entropy. Applied to this context, the measure is defined as  
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Eq. 5. 
 

The measure is bounded from below at zero, but is unbounded from above. We can bound it by dividing it 
by its value when all nodes are isolates: 
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Eq. 6. 
 
 
Distance 
 
While the fragmentation measure F is very satisfactory for what it does, it does not take into account the 
shape – the internal structure – of components. A network that is divided into two components of size 5 in 
which each component is a clique (Figure 4a) is seen as equally fragmented as a network divided into two 
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components of size 5 in which each component is a line (Figure 4b). Yet distances and therefore 
transmission times are much higher in the latter network. Further, if we can delete only so many nodes, it 
may be that there is no possible selection of nodes whose removal would disconnect the graph. In such 
cases, we would still like some way of evaluating which sets are better than others.  
 
An obvious solution would be to measure the total distance between all pairs of nodes in the network. 
However, this only works in the case where the graph remains connected. Otherwise, we must sum 
infinite distances. A practical alternative is to base the measure on sum the reciprocals of distances, 
observing the convention that the reciprocal of infinity is zero. In that case we can create a version of F, 
based on Equation 2, that weights by reciprocal distance.  
 

)1(

1
2

1
−

−=
�
>

nn

d
F ji ijD  

Eq. 7. 
 
The DF measure is identical to F when all components are complete (i.e. each component is also a clique). 
However, when distances within components are greater than 1, the measure captures the relative 
cohesion of the components. For example, the graph in Figure 4a has two components of size 5 and the 
DF measure is 0.556. The graph in Figure 4b, which is less cohesive, also has two components of size 5, 
but the DF measure is 0.715, indicating much less cohesion . Like the F measure, DF achieves its 
maximum value of 1.0 when the graph consists entirely of isolates. 
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Figure 4a. DF = 0.556 Figure 4b. DF = 0.715 
 
 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


 7

Distance-Based Reach 
 
The measures discussed for KPP-1 are graph-level measures that we apply to a kp-set by removing the set 
and measuring the fragmentation in the remaining graph. For KPP-2, we seek a set of nodes that, as a 
group, is maximally connected to all other nodes. Hence, we need a direct measure of the centrality of the 
kp-set as a group. The concept of group centrality has already been elaborated by Everett and Borgatti 
(1999), but only degree, closeness, betweenness and eigenvector group centrality measures have been 
discussed. As noted earlier, these measures are not optimal for the KPP-2 problem. Hence, we must 
develop new ones based on the concept of reach. 
 
The simplest group reach measure, termed m-reach, is a count of the number of unique nodes reached by 
any member of the kp-set in m links or less. The advantage of this measure is its face validity. The 
disadvantage is that it assumes that all paths of length m or less are equally important (when in fact a path 
of length 1 is likely to be more important than a path of length 2) and that all paths longer than m are 
wholly irrelevant.  
 
A more sensitive measure, called distance-weighted reach, can be defined as the sum of the reciprocals of 
distances from the kp-set S to all nodes (see Equation 8).  As described by Everett and Borgatti (1999), 
the distance from a set to a node outside the set can be usefully defined in a number of ways, such as 
taking the maximum distance from any member of the set to the outside node, taking the average 
distance, or taking the minimum distance. For KPP-2, the minimum distance is appropriate since the fact 
that the distance to an outside node might be large for a given member of the set will usually be 
irrelevant. 
 

n

d
R j SjD
�

=

1

 

Eq. 8. 
 
In the equation, the distance from kp-set S to node j is indicated by dSj.  In addition, it should be noted that 
the summation is across all nodes and the distance from the set to a node within the set is defined to be 1. 
As before the reciprocal of an infinite distance is defined to be 0. Taking some interpretive license, we 
can view DR as the proportion of all nodes reached by the set, where nodes are weighted by their distance 
from the set and only nodes at distance 1 are given full weight. Hence, DR achieves a maximum value of 1 
when every outside node is adjacent to at least one member of the kp-set (i.e., the kp-set is a dominating 
set). The minimum value of 0 is achieved when every node is an isolate.  
 
Selecting a KP-Set 
 
For KP-sets of size 1, the measures presented above can used straightforwardly to select key players by 
simply choosing the one with the highest score on any given measure.  Thus, they can be regarded as new 
measures of node centrality that are optimized for the key player problem.  
 
For kp-sets of size k > 1, however, there is no simple procedure for choosing an optimal set. Some 
heuristic procedures may be of value. For example, for KPP-2, we start by selecting the node with the 
highest DR score. Then, for each of the remaining k-1 selections, we choose the node with the highest 
score that is not adjacent to any of the nodes already selected. This algorithm, a variant of the first fit 
decreasing algorithm for the bin-packing problem, is fast and easy, but often yields solutions that are 
considerably less than optimal.  
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Other heuristic approaches specific to the KPP can be constructed, but the fact that we have clear 
measures of success that are easily computed recommends a generic combinatorial optimization 
algorithm, such as tabu-search (Glover, 1986), K-L (Kernighan and Lin, 1970), simulated annealing 
(Metropolis et al, 1953) or genetic algorithms (Holland, 1975). Initial experiments suggest that all of 
these do an excellent job on KPP, and so I present only a simple greedy algorithm. Figure 5 outlines the 
method, which is normally repeated using dozens of random starting sets. 
 

 
Figure 5. Greedy optimization algorithm. 

 
 
Empirical Trials 
 
The operation of the algorithm is illustrated using two datasets drawn from the public health (AIDS) and 
military (terrorism) contexts. Both cases are approached from both KPP-1 and KPP-2 points of view.  
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Figure 6.  Acquaintance network. Upward triangles indicate African-Americans, downward triangles 
indicate Puerto-Ricans, and squares identify all others.  

 

1. Select k nodes at random to populate set S 
2. Set F = fit using appropriate key player metric 
3. For each node u in S and each node v not in S 

a. DELTAF = improvement in fit if u and v were swapped 
4. Select pair with largest DELTAF 

a. If DELTAF <= then terminate 
b. Else, swap pair with greatest improvement in fit and set F = F + DELTAF 

5. Go to step 3 
 
Figure 5. Greedy optimization algorithm. 
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AIDS Example 
 
The AIDS dataset consists of an acquaintance network among 293 drug injectors on the streets of 
Hartford, CT. The data are described in Weeks et al (2002). The network consists of one large main 
component (193 nodes), and many very small components. As shown in Figure 6, the main component of 
the network has a very clear structure. It consists of two groups, one african-american (with higher HIV+ 
proportion), and the other largely puerto-rican (with lower HIV+ proportion). Connection between the 
two groups is limited by just a few acquaintances and this bottleneck helps maintain the lower HIV+ rate 
in the Puerto-Rican part of the network. Whether through immunization (should that become possible) or 
quarantining, it is clear that one thing we would want to do early on is to isolate the two groups from one 
another, both because we want to maintain the low HIV+ rates in Puerto-Rican cluster, and because risk is 
a function of the size of the component a node is part of. Thus, we have a case of KPP-1.  
 
The network provides a useful first test of the key player optimization algorithm for two reasons. First, 
the structure of the network makes it quite vulnerable to disconnection, and easy to check the results 
visually. If the algorithm fails this test, it is clearly not adequate. Second, the network is already 
fragmented, providing noise that could confuse some algorithms.  
 
Based on visual inspection, it is clear that immunizing or quarantining just two nodes would separate the 
main component into two nearly equal halves. So for the first run of the algorithm we seek a kp-set of size 
2. The starting fragmentation index for the graph is 0.567. The algorithm selected two nodes, identified in 
black in Figure 6, which, if deleted, would increase fragmentation to 0.658 (a proportional increase in 
fragmentation of 16%).  The selected nodes match our intuition and divide the main component in two big 
chunks.  
 
Turning to KPP-2, we are also interested in selecting a small group of nodes to be subjects of an 
intervention – specifically, to be trained as peer educators (known as Peer Health Advocates or PHAs) to 
disseminate and demonstrate HIV prevention practices. Weeks et al (2002) did this by hand, laboriously 
selecting the smallest group that could reach more than 50% of the main component of the network. The 
winning set contained 14 nodes. Running Key Player on the same data, yields the same result, as shown 
in Table 1.  
 

Group 
Size 

Number 
Reached 

Percent 
Reached 

1 16 8.3 
2 27 14.0 
3 36 18.7 
4 43 22.3 
5 49 25.4 
6 55 28.5 
7 61 31.6 
8 67 34.7 
9 72 37.3 

10 77 39.9 
11 82 42.5 
12 87 45.1 
13 92 47.7 
14 97 50.3 

Table 1. 
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As might be expected, the number of people reached increases as a fractional power of the group size, but 
fuller consideration of this phenomenon is outside the scope of this paper. 
 
Terrorist Example 
 
The terrorist dataset, compiled by Krebs (2001), consists of a presumed acquaintance network among 74 
suspected terrorists. For the purposes of this analysis, only the main component is used, consisting of 63 
individuals. 
 

 
Figure 7. Terrorist network compiled by Krebs (2002). 

 
The first question we ask is which persons should be isolated in order to maximally disrupt the network. 
Let us assume that we can only isolate three people. A run of the KeyPlayer program selects the three red 
nodes identified in red in Figure 7 (nodes A, B and C).  Removing these nodes yields a fragmentation 
measure of 0.59, and breaks the graph into 7 components (including two large ones comprising the left 
and right halves of the graph).  
 
The second question we ask is, given that we would like to diffuse certain information, which nodes 
would we want to be exposed to the information so as to potentially reach all other nodes quickly and 
with certainty? Let us assume that information that travels more than two links tends to degrade or be 
viewed with suspicion. Hence we want the smallest set of nodes that can reach all others within two links 
or less. The KeyPlayer algorithm finds that a set of three nodes (the square nodes in Figure 7, labeled A, 
C and D) reaches 100% of the network (including themselves).  
 

A 

B 

C 

D 

E 
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Discussion 
 
In this paper we have defined the KeyPlayer problem and demonstrated why the naïve centrality-based 
approach and more sophisticated graph-theoretic approaches fail to solve the problem. We have 
introduced new metrics for measuring success, and implemented a combinatorial optimization algorithm 
to maximize these quantities. Applications in both health and military areas were demonstrated.  
 
The metrics for measuring success in the KPP-1 problem are essentially measures of graph cohesion that 
may be useful descriptively in a number of contexts besides the key player problem. Typical applications 
might be the comparison of similar organizations, or using cohesion as a predictor of group performance.  
 
The fact that KPP-1 and KPP-2 have different solutions is interesting. For many, centrality is either a 
unitary concept with many highly correlated measures, or a fully multidimensional concept in which each 
measure indicates a different kind of centrality. I would suggest an intermediate view that divides notions 
of nodal importance into two basic types, corresponding to the KPP-1 and KPP-2 problems. KPP-1 
measures quantify the extent to which a graph’s cohesion is reduced by the removal of that node, while 
KPP-2 measures quantify the extent to which a node’s ties reach into the network. It is the second type 
that is most directly about centrality: a node that is well-connected. The first type is not as much about the 
node’s well-connectedness as about the connectedness of the rest of the graph in the absence of the node. 
From the graph’s point of view, there is a loose analogy to the distinction in operant conditioning between 
positive reinforcement (KPP-2) and negative reinforcement (KPP-1):  positive reinforcement provides 
benefit (connectivity) by directly providing a boon (the node’s connections), while negative 
reinforcement provides benefit by relieving a stressor (the node holds together the otherwise fragmented 
graph). From the node’s point of view, a node achieves its highest values on KPP-2 measures when the 
graph is highly cohesive. In contrast, high values on KPP-1 measures will normally occur only when the 
graph is not very cohesive. Actors high on KPP-2 measures lend themselves to maximizing utilization of 
resources flowing through the network, while actors high on KPP-1 measures lend themselves to 
maximizing the benefits of brokerage, gatekeeping and playing actors off each other.  
 
Limitations and Next Steps 
 
There are significant dimensions to the problem that I have ignored. Perhaps the most important is the 
issue of data quality. If this approach is to yield a practical tool, we cannot simply assume perfect data. 
Rather, the method should be robust in the face of errors in the data. Two approaches will be explored. 
First, there is the notion of not optimizing too closely to the observed dataset. If the data are known to 
vary from the truth by a given magnitude (e.g., 10% of observed ties don’t actually exist and 10% of 
observed non-adjacent pairs are in fact adjacent), then we can randomly vary the data by this magnitude 
and optimize across a set of “adjacent” datasets obtained in this way. The result is a kp-set that is not 
necessarily optimal for the observed dataset, but will represent a high-quality solution for the 
neighborhood of the graph as a whole.  
 
An alternative approach is to treat knowledge of ties as probabilistic, modifying the KeyPlayer metrics 
accordingly. For example, suppose we knew, for each pair of nodes, the independent likelihood that a tie 
exists between them. Then, in principle, we could work out the expected distance (including infinity) 
between the nodes across all possible networks.4 KPP measures based on distance and reachability could 
then be computed substituting expected distance for observed distance. The practical challenge here is to 
find shortcut formulas for expected distance and connectedness that enable fast computation.  

                                                 
4 Note that the problem being addressed is certainty of observed data values, not the existence of ties. It is assumed 
in this approach that ties are fixed and not probabilistically emerging as a function of node attributes or other ties. 
The dynamic nature of ties is a different phenomenon that wants its own models.  
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Another issue concerns the use of geodesic distance at all. As discussed by Borgatti (2002), different 
kinds of flows processes have different kinds of characteristic trajectories. For example, infections that 
immunize (or kill) the host don’t return to nodes they have previously infected. Hence, they travel along 
graph theoretic paths. In contrast, gossip transmitted via email can easily reach the same node multiple 
times, but in general not from the same sources (i.e., a person doesn’t usually tell the same confidential 
story to the same person more than once). Hence, stories travel along trails. Neither infections nor stories 
necessarily travel via the shortest paths to each node. Consequently, for those processes, the expected 
distance travelled by something flowing through the network is not equal to geodesic distance, and it 
would make sense to substitute this other expected distance in the equations.  
 
For simplicity of exposition, this paper has assumed undirected simple graphs with non-valued edges. The 
extension to directed graphs is straightforward, but the extension to valued edges will require some 
development. An exception is the class of fragmentation measures, which generalize nicely along the 
lines of minimum weight cutsets, losing only the computational shortcuts available with non-valued data. 
The distance-based metrics will require different generalizations depending on the kinds of values, which 
could range from distances to capacities to probabilities of transmission. Multiple relations, recorded as 
separate graphs with a common node set, might be handled by summing the success criterion across all 
relations.  
 
Finally, it may be of interest in the future to incorporate actor attributes. In the military context, com-
munication among actors with redundant skills may sometimes be less important than communication 
between actors with complementary skills. In the public health context, it is helpful in slowing epidemics 
to minimize mixing of different populations (such as when married women are linked to commercial sex 
workers via their husbands). Hence, an additional criteria we would want to consider in fragmenting a 
network is maximizing separation of actors with certain attributes.  
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Abstract 
 
Network centrality is thought to be crucial for the efficient distribution of information or 

resources through a social network. Inherent to this structure, the flow of information in high-

centrality networks can be easily undermined.  By introducing two concepts, network efficiency 

and vulnerability, we show that efficiency is compromised more in networks characterized by 

high degree centralization when degree and betweenness centrality are not distinct than in other 

networks, following the removal of network positions. Vulnerability is the loss in efficiency 

resulting from the elimination of nodes.  The resiliency of a network was then assessed following 

progressive removal of nodes and all adjacent nodes. Nodes were removed in two ways: 1) 

randomly, which modeled incidental vulnerability; or, 2) based on the calculated centrality 

measures, which modeled vulnerability to a strategic attack.  Our findings highlight the social 

impact of removing a person from a network, which is likely to disable, or make inactive, all 

direct ties to that individual. Such network analyses can be used to undermine or fortify existing 

network structures necessary for law enforcement and those concerned with national security.  
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Introduction 
 

Social networks can be generally defined as a group of inter-connected individuals. The 
patterns of exchange of information or resources from person to person varies dependent on the 
inherent structure of the network. One simple network can be modeled as a pinwheel structure: 
each person, e.g., node, is connected to a common tie, which is the individual occupying the hub, 
or center, of the network (Fig. 1a). This structure has been shown to facilitate the flow of 
communication, since information from any location requires only two steps to saturate the 
network. If, however, the center node is removed the entire network collapses as the nodes 
occupying the periphery of this structure become isolated. As such, the pinwheel network is both 
very efficient and highly vulnerable as it is easily penetrated from an outside attack. The stability 
of a network is, therefore, dependent on its organization and ability to withstand such an attack. 

 
Initial research found that networks with one, or several, central nodes were more 

efficient than networks in which the number of connections between nodes was more evenly 
dispersed (Bavelas, 1950). Freeman (1978) distinguished three conceptually different types of 
individual centrality: degree, betweenness and closeness, together with their corresponding 
system-wide, measure of the dispersion of the centrality, or centralization (Freeman, 1978:228). 
Degree is number of connections: a node with high degree has many connections. A network 
with high degree centralization is likely to have a few nodes with many ties and many nodes with 
few ties, such as the hub in a pinwheel structure. Betweenness measures the frequency with 
which a node is located on a path between other nodes: a node with high betweenness is in a 
position to act as either a bridge or a bottleneck. A network with high betweenness centralization 
is likely to have a few nodes that act as bridges. Closeness measures the degree to which a node 
is close to other nodes in the network. Centrality measures have been shown to be indicators of 
prestige or importance among actors in networks. Similarly, centralization has been associated 
with efficiency.    

 
In another study (Cook, 1983), it was shown that, for tasks other than communication, 

centrality measures are not good indicators of who has power in the network. While local 
centrality measures predicts which individuals in a network have more control of the flow of 
information, and global centrality measures are good predictors of overall efficiency, this study 
(Cook, 1983) showed that in exchange networks, where the value of the commodity exchanged is 
lost to the person who relinquishes it, centrality measures do not predict who will have power to 
control resources. As an alternative to traditional centrality measures, this study (Cook, 1983) 
employed a vulnerability measure known as point vulnerability which measures the reduction in 
maximum resource flow (RMF) to the network that results when each position is removed. In an 
exchange network each individual adds value to the total value possible for the network, the 
network is vulnerable from the removal of an individual to the degree that value is lost to the 
network. This concept, point vulnerability did not do any better than centrality, ultimately, as a 
measure of power in exchange networks, so development of this measure was abandoned 
(Markovsky et al., 1988). Application of network methods to criminal and terrorists activity 
suggests that vulnerability may be an important and under-utilized network measure.   
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A recent report suggested that high degree centrality networks were both efficient and 
invulnerable to random attacks when compared to random networks (Barabasi 2002).  This 
finding is in part a function of the definition used to define attack as the removal of one node 
from the network. Consider the pinwheel (Fig 1a). The only node essential for the functioning of 
the network is the central node and that node has only a 1/9 chance of being selected. The odds 
are good that the network can withstand a random attack. However, this report also notes that 
these networks are very susceptible to strategic attacks. If the network structure is known and 
centrality measures are calculated, then critical nodes are easily identified. 

 
 In this paper, we examine which network properties are required to design networks that 
are both efficient and resilient by comparing of networks based on the following four prototypes: 
random, scale-free, lattice and bipartite. We show that lattice structures and bipartite graphs that 
include a small proportion of random ties are the best at achieving enduring efficiency. While 
scale-free, high centrality networks do well when compared to random networks, they do not do 
well when compared with these other structures. We also expanded the scope of vulnerability, 
defining vulnerability as the removal of a node and all adjacent nodes. This models the likely 
effect of the removal of a node in a social network. When this more stringent type of 
vulnerability is considered the rewired lattice and rewired bipartite networks do well. 

 
        a.         b.         c. 
 
Figure 1.  A pinwheel, lattice, and bipartite graph.  
 
 
Methods  
 
Efficiency is defined as:       
 
 
 

E is the “efficiency” of a communications network; dij is the distance between vertices i 
and j. Shorter distances imply more effective communication and more efficient networks. When 
a network consists of more than one component such that i and j are not connected, dij is 
undefined. The reciprocal of the distance between nodes is zero for vertices in separate 
components and approaches one as the distance between two nodes diminishes.  The 
denominator creates a measure that varies from zero to one where one is complete connectivity, 

E

d

n n

ij
j i

n

i

n

=
−

>=
�� 1

1
1

/

( )

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


 4

all nodes are directly connected to all other nodes, and zero indicates the dissolution of the 
network into separate components.  
 
 Vulnerability (EA ) is a measure of the average decrease in efficiency of the network after 
attack and takes into account the entire history of the attack and the rapidity of the decline.  

 
Let E1, E2,…,EK  be the efficiency the network after the elimination of 1, 2,  up to K nodes. EA 
measures the average loss of efficiency during K attacks so that networks with a more rapid 
decline will have higher EA scores.  Efficiency and the reduction in efficiency were compared for 
ten networks of each type. The reduction in efficiency resulting from random attacks, attacks 
aimed against individuals with high betweenness centrality and attacks aimed against individuals 
with high degree were was calculated for each network. Table 1 summarizes the measures 
calculated for each network and compared in the analysis that follows.  
 
  
Table 1. Measures compared: Efficiency, reduction in efficiency and centralization. 
 
E Initial efficiency.  The range is from 0 to 1. 
ER Recalculated efficiency after K attacks on randomly selected nodes.  The range is from 

0 to K.  
EB Recalculated efficiency after K attacks on nodes with highest betweenness centrality.  

The range is from 0 to K. 
ED Recalculated efficiency after K attacks on nodes with highest degree centrality 

The range is from 0 to K. 
CB Betweenness centralization.  The range is from 0 to 1. 
CD Degree centralization.  The range is from 0 to 1. 
 
Networks  
 
 Four network structures were compared. Networks were the same with respect to size 
(N=100) and density (density = 4). 
 
Random networks. Random networks serve as a baseline and have desirable properties of the 
own in terms of efficiency and vulnerability.  Distances between vertices are short and they are 
decentralized and thus relatively invulnerable.  To guarantee the connectedness of the network a 
circle frame network was imposed on 100 modes and 100 additional connections were randomly 
assigned. 
 
Scale-free networks.  Scale-free networks are networks characterized by having hubs (Fig 1a). 
Therefore, we predicted high degree centralization. Beginning with a small random network of 
ninety-five, additional positions with initial degree 2 were added using the scale-free algorithm; 
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the probability that a new node would connect to an existing node was proportional to the degree 
of the existing node.  
 
Lattice networks.  A ten by ten lattice network on a torus was created using the Von Neumann 
definition of neighbors (Fig 1b). As counterpoint to the scale-free network, lattice degree and 
betweenness centralization are zero. We also investigated a lattice that was rewired so that forty 
connections from the lattice network were replaced with randomly chosen connections, modeling 
a small world network (Watts, 1999).  Since a lattice is not an efficient structure, but it is very 
resistant to attack, we predicted a rewired lattice to be more efficient then the lattice with no 
random connections (Watts, 1999).  We hypothesized that this increase in efficiency would not 
undermine its resistance to attack in standard two-dimensional lattice. Lastly, we investigated the 
efficiency and resilience of three-dimensional lattices.  
 
Bipartite networks.  Bipartite networks were included because they modeled a structure that 
resembled real world criminal network structures. The network was composed of two types of 
actors. Actors can only be connected to members of the other class (Fig 1c). We were interested 
in a network that modeled a hierarchy where one class represented group leaders and the other 
the soldiers. The sizes of the two classes were twenty and eighty. Bipartite networks differ from 
actual criminal network insofar as in real networks members of the leadership are often directly 
connected. For that reason, bipartite network are likely less vulnerable than real life networks. In 
addition to strict bipartite networks we investigated bipartite networks that included some 
randomness. Forty edges from a bipartite network were randomly eliminated and replaced with 
40 connections between positions in the larger class.  We expected this to increase efficiency. To 
ensure networks were connected each of the eighty vertices in the larger class was randomly 
connected to one of the vertices in the smaller class and 120 additional randomly chosen edges 
were then added. 
 
Results 
 
Node Vulnerability 
 
A comparison of the loss in efficiency for the random, scale free, rewired bipartite and rewired 
lattice structures to removal one node from the network, for five consecutive attacks confirm 
results of prior research that scale free networks are better than random networks at resisting 
random attacks, but they do not do better then a rewired bipartite graph structure. Values in table 
2 and the error bars in Figure 2 indicate that scale free networks are the least resistant to strategic 
attacks that target nodes based on degree or betweenness centrality.   
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Table 2. Average Initial Efficiencies and Efficiencies Averaged over five attacks for ten 
networks of each type.   
 
 

 Average Efficiency during 5 Attacks 
Criteria for Target Selection 

 Initial 
Efficiency 

 
Random 

High 
Betweenness 

 
High Degree 

Random 0.329 0.306 0.165 0.167 
Scale-free 0.370 0.346 0.037 0.041 
Bipartite 
Rewired 0.373 0.349 0.155 0.145 

2D Lattice 
Rewired 0.307 0.286 0.181 0.179 

] Random
S Scale Free
H Bipartite Rewired
X Lattice Rewired

network

Error Bars show 95.0% Cl of Mean

Random Betweenness Degree
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Figure 2. Average Efficiency during random, betweenness and degree based attacks for 
four network types.  
 
Node Vulnerability vs. Neighborhood Vulnerability 
 

The removal of a node from a graph is only the first step toward modeling the effect of 
the removal of an individual from a social network. The nature of human interaction is such that 
when one person is removed from a network, others, especially those who are directly connected 
to that person, are also affected. When considering the effect of the removal of an individual on 
network efficiency a model that focuses only on an isolated individual underestimates the impact 
that the loss a key person can have on a network. For example, in a criminal network, the arrest 
of one individual could result in a lull in the criminal activity simply because those connected to 
the arrested individual are alerted to the possibility that they may be under surveillance. 
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Alternatively, one network member’s ability to function may be contingent on the presences of 
another, for example when there is a division of labor in an organization. In this case the removal 
of one network member can incapacitate many.  To expand the scope of vulnerability 
accordingly we define vulnerability as the removal of a node and all adjacent nodes. 

 
 The following simulation illustrates the effect on network efficiency when vertices and 

their neighbors are eliminated by attacks rather than when vertices alone are eliminated.  
Random networks of size 15 with different average degrees were created and attacked either by 
eliminating the most central (betweenness) position or by eliminating the most central position 
plus its neighbors.  Each cell table 3 is based on 10 simulations.  
 
Table 3.  Average degree and efficiency in random networks when position or position plus 
its neighbors eliminated. 
  

Average degree Efficiency Nodal attack Neighborhood 
attack 

3 .534 .456 .249 
4 .607 .520 .252 
5 .663 .571 .199 
6 .707 .612 .268 
7 .750 .648 .191 
8 .786 .683 .120 

 
These results indicate that nodal vulnerability differs from neighborhood vulnerability. 

Depending on the research question the implications for vulnerability are different for different 
measures. As degree, or connectivity of the average node increases and high betweenness nodes 
are targeted the decrease in efficiency is minor. In fact, just as efficiency increases with degree 
so does efficiency in spite of nodal attack. However, if neighborhoods are implicated along with 
the node the opposite is true. As average degree increases network efficiency decreases. This is 
not only because more people are removed from the network, but also because there is an 
increasing likelihood that a random person will be connected to a person with higher degree 
centrality. The implication is that cells of criminal activity, connected by a few individuals with 
high betweenness are very vulnerable to the discovery of these individuals.  
 
Centralization 
 

For each structure type, ten networks were generated, each network containing 100 
vertices with an average degree of 4 (200 edges).  When networks were rewired (the bipartite 
and lattice networks), the number of rewired edges was 40. The maximum number of attacks was 
5. An attack is the removal of a node along with all adjacent nodes. Criteria for node selection 
were 1) random, 2) high degree centrality, or 3) high betweenness centrality.  
 

For most networks, there was no difference between betweenness and degree 
centralization. This is, in part, because for most networks betweenness and degree were highly 
correlated, as high betweenness is a function of high degree centrality. Networks in which these 
two centrality measures were not synonymous were likely to be most capable of balancing 
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Network Initial Efficiency Betweenness Centralization Degree Centralization 

0.331 0.265 0.095 Random 
 0.000 0.020 0.006 

0.357 0.613 0.345 Scale Free 
 0.002 0.019 0.023 

0.341 0.639 0.215 Bipartite 
 0.001 0.038 0.008 

0.373 0.449 0.196 Bipartite 
Rewired 0.001 0.026 0.009 

0.258 0.000 0.000 Lattice 
 0.000 0.000 0.000 

0.307 0.238 0.048 Lattice 
Rewired 0.001 0.014 0.003 

efficiency and invulnerability. For example, when correlations of nodal degree and betweenness 
were compared for three rewired-lattice networks, the correlations were 0.785, 0.729, and 0.753; 
for three scale-free networks the correlations were 0.943, 0.973, and 0.957. 
 
 Average values for initial efficiency, betweenness centralization and degree centralization 
for ten simulations runs for each type of network are presented in Table 4. The standard errors 
were small, so even small differences were significant. There was a relationship between 
centralization and efficiency: efficiency was related centralization as structures with high 
centrality also had high values for efficiency.  The scale-free network, which is highest in both 
types of centralization, did not have the highest initial efficiency. Rather, the rewired bipartite 
graph had the highest initial efficiency score. Table 5 presents correlation coefficients for initial 
efficiency by betweenness and degree centralization.  
 
Table 4. Initial efficiency, betweenness centralization and degree centralization with 
standard errors for six network structures.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 5. Correlation of Initial efficiency, betweenness centralization and degree 
centralization for six network structures.  
 

 Initial 
Efficiency 

Betweenness 
Centralization 

Degree 
Centralization 

Initial 
Efficiency 1.000 0.751* 0.740* 

Betweenness 
Centralization 0.751* 1.000 0.921** 

Degree 
Centralization 0.740* 0.921** 1.000 
*Correlation is significant at the 0.05 level (2-tailed) 
**Correlation is significant at the 0.01 level (2-tailed) 
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Average Efficiency during 5 Attacks Criteria for Target 

Selection 

Network 
Initial 

Efficiency Random Betweenness  Degree 

Random 0.331 .238 .166 .165 
  0.000 0.016 0.008 0.009 

Scale Free 0.357 .234 .058 .057 
  0.002 0.034 0.014 0.013 

Bipartite 0.341 .207 .132 .138 
  0.001 0.021 0.008 0.020 

0.373 0.220 0.146 0.146 Bipartite 
Rewired 0.001 0.018 0.007 0.009 
Lattice  0.258 .186 .187 .205 

  0.000 0.003 0.000 0.000 
0.307 0.222 .182 .184 Lattice 

Rewired 0.001 0.006 0.006 0.006 

 

Neighborhood Vulnerability to Attacks 

To be invulnerable to attacks, networks must be able to sustain successive attacks and still 
remain a network. In others words the network should not disintegrate into many components. A 
network should also be able to continue functioning. Table 6 presents data from ten runs of six 
network types. Each network was subject to a five hits of three types. After each hit the efficiency of 
the remaining network was computed and averaged for all attacks (EA). Values for random attacks, 
attacks based on degree centrality and attacks based on betweenness centrality are compared. 

Table 6. Efficiency and average reduction in efficiency due to random and selective attacks 
based on betweenness and degree centrality by network type.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 Scale-free networks are initially efficient, as are rewired bipartite graphs. The scale-free 
network is also more resistant than most other structures to random attacks (Figure 3) although 
again, not as resistant as random networks or the rewired lattices. The distinction between these 
structures becomes salient when strategic attacks are considered (Figure 4). Scale-free networks 
are the least resistant of all networks to strategic attacks. Adding random connections to the 
lattice and bipartite networks increases efficiency without sacrificing resilience. In fact the 
rewired bipartite network has higher efficiency after any type of attack then its rigidly structured 
counterpart. Graphs for degree vulnerability are not plotted since they do not differ significantly 
from the values for betweenness vulnerability.  
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Figure 3. Loss of Efficiency resulting from 5 random hits.  

 

 

 

 

 

 

 

 

 

 

Figure 4.  Loss of Efficiency resulting from 5 hits targeted at nodes with high betweenness.  
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Finally, the data clearly demonstrate that using centrality measures to select targets to 
weaken networks is beneficial. Table 5 presents the differences between measures of efficiency 
after attacks on targets chosen randomly or based on betweenness centrality. All but two values 
are positive indicating that efficiency levels after each attack are higher when the target is chosen 
randomly than when it is chosen strategically. In the two instances where this is not the case the 
values are nearly zero. 

Table 7. Differences in efficiency between random and selective attacks by network 
structure         

 Scale Free Rewired 
Bipartite 

Rewired Lattice 

0 0.000 0.000 -0.001 
1 0.045 -0.003 0.063 
2 0.139 0.007 0.089 
3 0.135 0.010 0.102 
4 0.125 0.017 0.106 
5 0.095 0.022 0.106 

Conclusion 

Insights from social network analysis may assist those who design networks in 
constructing structures that maximize communication yet minimize vulnerability. Designers of 
networks that may come under attack face two dilemmas. First, centralized networks are very 
efficient but also vulnerable to selective attacks on their most central members.  Second, a high 
density of connections leads to shorter communication paths and less dependence on particular 
members but to ensure resistance to attack network members must be separated from one another 
so an attack on one member does not unravel the entire network. This paper explores classes of 
networks, random, scale-free, bipartite, and small-world, to explore what properties of networks 
obviate these dilemmas. The focus of this paper was on the resistance of networks to random 
attacks and attacks aimed at positions of high centrality. Future work will expand this to test 
network resilience to attacks based on other criteria. For example, selecting targets based on 
point vulnerability rather than centrality may prove detrimental to other structures.  

This research provides insight into the relationship between network structure in terms of 
centrality, density, efficiency and vulnerability. Future work will test the robustness of these 
results by expanding the model and the analysis to include larger networks of varying densities. 
Understanding the relationship of standard network measure to efficiency and vulnerability is a 
first step toward designing organizational networks that maximize both efficiency and resistance 
to attack. This will allow researchers and analyst a systematic way to evaluate existing networks 
to uncover vulnerabilities.  
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SESSION IV

Networked Worlds
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Data Mining in Social Networks

David Jensen and Jennifer Neville

Knowledge Discovery Laboratory
Computer Science Department, University of Massachusetts, Amherst, MA 01003

{jensen, jneville}@cs.umass.edu

Abstract. Several techniques for learning statistical models from relational data have been
developed recently by researchers in machine learning and data mining. All of these
techniques must address a similar set of representational and algorithmic choices and must
face a set of statistical challenges unique to learning from relational data.

Introduction

Recent research projects in two closely related areas of computer science — machine learning
and data mining — have developed methods for constructing statistical models of network data.
Examples of such data include social networks, networks of web pages, complex relational
databases, and data on interrelated people, places, things, and events extracted from text
documents. Such data sets are often called "relational" because the relations among entities are
central (e.g., acquaintanceship ties between people, links between web pages, or organizational
affiliations between people and organizations).1

These algorithms differ from a substantially older and more established set of data mining
algorithms developed to analyze propositional data. Propositional data are individual records,
each of which can be represented as an attribute vector and each of which are assumed to be
statistically independent of any other. For example, a propositional data set for learning medical
diagnostic rules might represent each patient as a vector of diagnostic test results, and analysis
would assume that knowing the disease of one patient tells you nothing about another patient. In
contrast, analysis of a relational representation of the same data would retract this latter
assumption and add information about familial relationships, workplace contacts, and other
relationships among patients that might influence their medical status.

The handful of data mining techniques that have been developed recently for relational data
include probabilistic relational models (PRMs) (Friedman, Getoor, Koller, and Pfeffer 1999),
Bayesian logic programs (BLPs) (Kersting and de Raedt 2000), first-order Bayesian classifiers
(Flach and Lachiche 1999), and relational probability trees (RPTs) (Jensen and Neville 2002). In
each of these cases, both the structure and the parameters of a statistical model can be learned
directly from data, easing the job of data analysts, and greatly improving the fidelity of the
                                                            
1 This meaning of "relational" should be distinguished from the more restrictive meaning of "data stored in relational databases."

While relational databases can represent relational data, relational data can also be represented and accessed in other ways.
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resulting model. Older techniques include inductive logic programming (ILP) (Muggleton 1992;
Dzeroski and Lavrac 2001) and social network analysis (Wasserman and Faust 1994).

For example, we have employed relational probability trees (RPTs) to learn models that
predict the box office success of a movie based on attributes of the movie and related records,
including the movie's actors, directors, producers, and the studios that made the movie. We have
also analyzed relational data in other ways to predict fraudulent cell phone use based on the
calling patterns of individual phone numbers. Finally, we have produced models that predict the
function and location of proteins in a cell based on network of interactions with other proteins.

Many of these techniques for relational learning share a common set of statistical challenges
and design issues. In this paper, we survey these issues, using examples from our work on
PROXIMITY, an integrated system for relational learning, and an algorithm for learning RPTs that
we have incorporated into PROXIMITY. For each issue, we briefly discuss our design choices in
PROXIMITY, and point to alternative approaches used by other systems.

We begin by describing a specific data set and an example analysis task — predicting the
box-office receipts of movies — that we use throughout the remainder of the paper. Next, we
describe some of the basic features of PROXIMITY and our approach to querying data and learning
RPTs. The next several sections discuss a set of representational and algorithmic choices faced
by techniques for relational learning and a set of statistical issues unique to relational data. We
finish with some brief conclusions.

Example Data and Analysis Task

Consider the relational data shown schematically in Figure 1. The data consist of movies and
associated objects including people (who act in, produce, or direct the movies), organizations
(studios), events (releases of the movie), and other objects (awards). These objects are connected
in the ways that you would expect (e.g., actors are linked to movies they act in) and in some
occasionally unexpected ways (e.g., movies are linked directly to other movies that are remakes).
In addition to the high-level structure of the database shown in Figure 1, the database contains
attributes associated with each object, including the titles and genres of movies, the names and
ages of persons, and the countries and box-office receipts of movie releases.

The data are drawn primarily from a large online resource, the Internet Movie Database
(www.imdb.com) that makes its data public for research and other non-commercial purposes. In
addition, we have added other data drawn from the Hollywood Stock Exchange (www.hsx.com),
an artificial market where players trade in stocks that track the relative popularity of movie
actors.

The data are voluminous, consisting of over 300,000 movies, 650,000 persons, and 11,000
studios. Those objects are connected by over 2.3 million acted-in links, 300,000 directed links,
and 200,000 produced links. The available data on movies vary widely. For example, not all
movies have releases, and HSX data are only available for a small percentage of actors in IMDb.
Data are more complete for more recent movies and persons.
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Figure 1: Example schema for data from the Internet Movie Database.

The movie data support a variety of interesting predictive modeling tasks. We have already
mentioned one — predicting the opening weekend box office receipts of a movie — and we will
use this task as an example throughout the paper. Specifically, we will focus on predicting a
probability distribution over a simple binary attribute of movies — Does the movie make more
than $2 million in its opening weekend? We will call this attribute receipts.

We could attempt to build models of other attributes of objects (e.g., a movie's genre or an
actor's gender) or attributes of links (e.g, the type of a link between a person and a movie) with
PROXIMITY. In addition to these, other types of prediction tasks are certainly possible. One could
attempt to learn models that predict missing links between objects. For example, reviewers
sometimes call a movie a "crypto-sequel" when it stars the same actors and has a similar plot line
as another recent movie, but does not explicitly tie the two storylines. For example, the 1998
movie "You've Got Mail" starring Tom Hanks and Meg Ryan was said to be a crypto-sequel to
the 1993 movie "Sleepless in Seattle" (as well as a remake of the 1940 movie "Shop Around The
Corner" starring James Stewart and Margaret Sullavan). Given enough examples of crypto-
sequels, a data mining algorithm could learn a predictive model from the movie data. Recent
work by Getoor, Friedman, Koller, and Taskar (2001) has created models that predict the
existence of missing links.

One could also attempt to learn models that predict an attribute of a subgraph, rather than
only a single object or link. For example, the emergence of a highly paid Hollywood movie star
may consist of a set of successful movies in which the actor had a starring role and one or more
awards. Models of this pattern would consist of many objects and links, combined in a particular
temporal sequence.

In this paper, we will focus almost exclusively on the task of learning probability
distributions over the values of attributes of objects and links. While predicting link existence
and classifying subgraphs are extremely interesting problems, the techniques learning
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probabilistic models for these tasks are much less numerous and much less well-developed than
for simple attribute modeling.

One important input to relational learning algorithms is a schema or interpretation of the
data that specifies a type system over the objects and links in the data. For example, Figure 1
above specifies one schema for the movie data, but others are possible. For example, an
alternative schema might specify people as either actors, directors, or producers. Figure 2
provides a hierarchy of possible object types as well as two possible families of schemas
constructed from those object types (a full schema would also specify a set of link types). Such a
hierarchy is sometimes called an ontology (Gruber 1993).

Figure 2: An example ontology of movie objects.

Querying and Learning

To address learning tasks of this kind, our research group is constructing PROXIMITY — a system
for machine learning and data mining in relational data. The system is designed as a framework
within which a variety of analysis tools can be used in combination. At the foundation of
PROXIMITY is a graph database for storing semi-structured data that can be represented as a
graph. The database can be accessed by tools for querying data, sampling data, and calculating
attributes that depend partially or entirely on network structure (e.g., measures drawn from social
network analysis). Sampled data can then be analyzed with tools that construct statistical models.
Finally, all these tools can be called from a scripting language interface. In addition to these
components, we are developing additional components for clustering, graph partitioning, and
additional types of statistical modeling.

In this paper, we will focus on a relatively simple combination of two tools — our query
language and one of our learning algorithms. The query language is a visual language for
expressing queries to the graph database. The learning algorithm constructs relational probability
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trees (RPTs), a type of probabilistic classifier for relational data. The two components work in
concert. The query language is used to extract subgraphs from a large network of data; the RPT
algorithm is used to learn a model that estimates a conditional probability distribution for the
value of an attribute of a class of objects or links represented in all those subgraphs. That
estimate is conditioned on the attributes of other objects and links in the subgraph.

For example, a query might extract subgraphs consisting of a movie and all directly related
actors, producers, directors, studios, and awards. An RPT could then be constructed to estimate
the probability that a movie makes more than $2 million in its opening weekend (receipts =
True), given attributes of the actors, producers, directors, studios, and awards. Note that different
movies will have different numbers of related objects such as actors and awards. Thus, the
subgraphs could not be represented directly as simple attribute vectors.

Our query language, QGraph, represents queries as graphs with associated attribute
constraints and annotations on vertices and edges (Blau, Immerman, and Jensen 2002). For
example, Figure 3 shows the query described above with a movie and all its related objects. The
numeric annotation [1..] on the actor vertex specifies that a match must have one or more actors,
and that all associated actors should be returned as part of each matching subgraph. Some object
types and link types are left unspecified because of known connectivity constraints in the data.
Matches to the query are shown in Figure 4. Actual names of people, studios, and movies are left
out for simplicity. The first match has three actors and no award; the second has four actors and
no award, and shares an actor and a studio with the first match; the third match has only a single
actor, but won an award. The fact that entire subgraphs are returned as part of a match is a subtle,
yet vital, feature of the language for our purposes. Other languages such as SQL, for example,
can only return a single record as a match, not a record of variable size, such as a subgraph.

Figure 3: QGraph query for IMDb data.
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Figure 4: Matches to the query in Figure 3.

Our learning algorithm for relational probability trees constructs trees such as the one shown
in Figure 5. The tree represents a series of questions to ask about any subgraph returned by the
corresponding query. In this tree, the root node asks whether the movie has more than five actors
born after 1943. If so, the subgraph travels down the left-hand branch to a node asking whether
the movie at the center of the subgraph is a drama. The subgraph continues moving down
appropriate branches of the tree until a leaf node is reached. The leaf nodes contain probability
distributions over the values of the receipts attribute. Leaf nodes in Figure 5 shows the number
of movie subgraphs of each class that reach the leaf, as well as their respective probabilities. The
leftmost pair of numbers indicate the number and probability of movies with opening weekend
box office receipts exceeding $2 million (receipts = True). The second numbers indicate the
converse (receipts = False).

Figure 5: An example relational probability tree (RPT)

Our construction algorithm for RPTs is a recursive partitioning algorithm similar in spirit to
CART (Breiman, Friedman, Olshen and Stone 1984), C4.5 (Quinlan 1993), and CHAID (Kass
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1980). However, the RPT algorithm searches over the attributes of different object types in the
subgraph and multiple methods of aggregating the values of those attributes and creating binary
splits on those aggregated values. For example, for a numeric attribute such as birth year, it
searches over splits such as MEAN(birthyr)>x, PROPORTION(birthyr>x)>y, MAXIMUM(birthyr)>y,
MINIMUM(birthyr)>x, and COUNT(birthyr>x)>y. Our current approach continues partitioning the
training data until a stopping criteria is reached. Our current stopping criteria uses a Bonferroni-
adjusted chi-square test analogous to that used in CHAID. However, such methods face a variety
of problems due to multiple comparison effects (Jensen and Cohen 2000), and we are exploring
the use of randomization tests (Jensen 1992) to better adjust for such effects.

This two-step approach of querying and then learning is necessary because of the semi-
structured data model that underlies Proximity. In Proximity's graph database, objects and links
are not created with strong type information. Rather, data about each object or link is stored in
zero or more attributes, name-value pairs such as <age, 54> or <genre, comedy>. Even type
information (e.g., person or movie) is stored as an ordinary attribute without privledged status.
As a result, attributes are not constrained to occur in particular combinations, in contrast to more
conventional relational databases, where a static schema defines both type information and the
fields (attributes) corresponding to each entity or relation type. If such structure is needed in
Proximity, it can be imposed by a QGraph query. The labels in a query (e.g., the "movie",
"actor", and other labels in Figure 3) are assigned to the matching portions of a subquery and
remain on those elements for use by other algorithms such as the RPT construction algorithm.
Similarly, we often employ particular schemas (such as the one shown in Figure 1) to aid
communication, but this is a convenience, not a necessity.

This high degree of flexibility imposes a performance penalty for querying. However, such
flexibility is essential for effective machine learning and data mining. First, practical data mining
often involves the creation of many new attributes as a human data analyst tries alternative
methods for understanding and modeling the data. Adding many attributes to a conventional
database would require constant updates to its schema, a costly operation for traditional
relational databases. Second, a particular schema is just one way of interpreting a given data set,
and it can bias analysis in important ways. To enable truly effective data mining, analysts must
be able to change the schema easily, and thus reconceptualize the domain (Jensen & Neville
2002b; Neville & Jensen 2002).

Design Choices: Data, Tasks, and Models

Techniques for relational learning can be better understood by examining them in the context of
a set of design choices and statistical issues. This section describes several decision choices and
the next section covers a small set of unique statistical issues facing relational learning
algorithms.
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Data characteristics

• Network size — Raw size is one of the most obvious methods of characterizing a relational
data set. PROXIMITY has been constructed and evaluated on relatively large networks. The
largest data set we have analyzed (on wireless phone fraud) contains nearly 2 million objects
and 7 million links. The complete IMDb data set contains over 1.1 million objects and over 3.1
million links. These fairly large data sets contrast with the relatively small networks typically
examined by work in social network analysis and inductive logic programming.

• Connectivity — The degree of connectivity among different portions of the data graph is
another important characteristic of relational data sets. Our work focuses on networks
consisting of a small number of large connected components. In contrast, much of the work in
ILP and SNA has focused on many small disconnected components, each of which can be
considered a data instance. For example, some work in ILP has analyzed the relational
structure of molecules to predict their mutagenicity (Srinivasan, Muggleton, Sternberg, and
King 1996). Each molecule is considered a single instance for purposes of learning. Some
other work has focused on forms of relational data in which linkages are formed by space and
time.  However, these types of relations are highly homogeneous (e.g., a square spatial region
is linked to eight adjoining regions), whereas the types of relations we consider can be highly
irregular (e.g., a given movie might have only a few actors or a cast of thousands).

• Homogeneity — Many techniques that analyze relational data assume the data consist of
homogeneous objects. Such networks include sets of web pages, phone numbers, or persons
within an organization. In contrast, several recently developed techniques, including our work
on RPTs, can analyze sets of relational data with heterogenous objects, such as movies,
people, and studios that make up the IMDb data.

Task

• Level of relational dependence — The most commonly used modeling techniques from
machine learning, data mining, and statistics analyze independent attribute vectors, thus
assuming that relational dependencies are unimportant, or at least beyond the scope of
analysis. Specialized techniques for spatial and temporal data have been developed that
assume a highly regular type of relational dependence. In contrast, the work discussed here
addresses relational data sets with potentially irregular relational structure, with variation in
the number and type of links among objects, and these variations are assumed to have
significance for modeling.

• Type of task — Nearly all the algorithms discussed here focus on supervised learning. That is,
they attempt to predict the value of some attribute whose true value is known in the data set. In
contrast, some approaches focus on unsupervised learning, where the task is to discern some
unknown structure in the data. Clustering algorithms are a form of unsupervised learning, and
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similar work has recently been undertaken for relational data (e.g., Taskar, Segal, and Koller
2001).

• Level of determinism — RPTs, PRMs, and many of the other approaches discussed here
attempt to learn probabilistic models of relational data. However, some techniques are
specially adapted to learning in deterministic domains. For example, such techniques have
been applied to chess, learning grammars for artificial and natural languages, and inducing
computer programs from examples. Most work in inductive logic programming is focused on
deterministic domains, though some recent work extends this work into probabilistic domains
(Dzeroski and Lavrac 2001).

• Locality of inference — PROXIMITY's combination of querying for subgraphs and learning
based on those subgraphs assumes that all relevant relational information is preserved in the
portion of the entire data set represented in the subgraph. If important information resides on
elements outside the matched subgraph, then the RPT cannot capture it. The subgraph is
assumed to represents the relevant "local neighborhood" of an object (e.g., a movie), and more
global features of the graph are assumed to be unimportant. A user can choose to alter the
query, thus forming subgraphs with smaller or larger local neighborhoods, depending on their
beliefs about the size of the relevant neighborhood. Similar locality constraints apply explicitly
or implicitly for most techniques, but the degree of these constraints can vary considerably.

Model Representation and Learning

• Type of model — To date, we have incorporated modeling algorithms into PROXIMITY that
construct conditional or discriminative models. This contrasts with other work focused on
constructing generative models. Generative models define a probability distribution over the
entire space of data instances. For example, for the problem of predicting the receipts of
movies, a generative model would define the probability of all possible movie subgraphs along
with a probability distribution over possible values of the receipts attribute. In contrast, a
discriminative model defines a probability distribution over the values of receipts, given a
particular subgraph. As with other types of Bayesian network models, PRMs are generative
models. As with other types of tree-based models, RPTs are discriminative models. Generative
models have a wider range of uses (such as detecting anomalies in a data set), provide a more
complete description of the dependencies in a data set, and allow for more robust inference in
the presence of missing data. However, their accuracy on purely discriminative tasks is often
lower than models explicitly learned for that purpose, and they can be more difficult to learn.

• Search over model structures — The RPT learning algorithm searches over a wide range of
possible structures for the tree and for the attributes included in the tree. In contrast, some
approaches to relational learning, including first-order Bayesian networks, PROXIMITY's own
relational Bayesian classifer, and other techniques in social network analysis only learn the
parameters for a model with fixed structure and attributes.
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• Attribute construction — RPT learning involves a limited form of attribute construction.
Aggregate attributes (e.g., average actor age) are constructed and evaluated when constructing
the tree. Some techniques such as ILP offer far more extensive search of such "constructed"
attributes, greatly expanding the set of possible models that can be learned (Silverstein and
Pazzani 1991). Other techniques do no search whatsoever, relying on the existing attributes on
objects and links.

• Use of background knowledge — Data analysts often have substantial background knowledge
that can greatly assist model construction. Some techniques can used encoded background
knowledge in the learning process. For example, background knowledge in first-order logic
can be used by ILP approaches to improve both efficiency and the quality of induced models.
Similarly, prior probability distributions can be used in Bayesian learning techniques. To date,
PROXIMITY does not employ any explicit form of background knowledge in its learning
algorithms.

Statistical Issues

Our recent work on relational learning has concentrated on the unique challenges of learning
probabilistic models in relational data. Specifically, we are examining how particular
characteristics of relational data affect the statistical inferences necessary for accurate learning.
We have identified three features of relational data — concentrated linkage, degree disparity, and
relational autocorrelation — and shown how they lead to two pathological behaviors in learning
algorithms.

To explain more fully, the relevant features of relational data are:

• Concentrated linkage — Real relational data sets can show striking non-uniformities in the
concentration of linkage between different types of objects. For example, in our IMDb data,
movies are linked to only a single primary studio, and each such studio is typically linked to
many movies. We refer to this as concentrated linkage (Jensen and Neville 2002a). It contrasts
with other situations where a smaller number of movies link to a single object (e.g., directors)
or where many movies link to many objects of the same type simultaneously (e.g., actors).
Figure 6 shows a schematic of the two situations. We have found concentrated linkage in
many relational data sets. Perhaps the best example is publicly traded companies that each link
to a single accounting firm, of which there are only a very small number.
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Figure 6: Concentrated linkage

• Degree disparity — Another characteristic that occurs in some relational data sets is degree
disparity. This condition arises when objects of different classes have widely different
distributions of degree (the number links to objects of a particular type). For example, in
IMDb, we found that US-based studios were systematically linked to a larger number of
movies than foreign studios (p<0.0001). Figure 7 shows degree disparity schematically. We
have found similar degree disparity in other data sets. For example, the number of owners
differs systematically among publicly traded companies in different industries and the number
of hyperlinks differs systematically among different classes of web pages at university web
sites.

Figure 7: Degree disparity

• Relational autocorrelation — Autocorrelation is the correlation among values of the same
attribute for related objects. For example, temporal autocorrelation occurs when values of a
given attribute (e.g., stock price) at time t tend to correlate highly with the value of the same
attribute at time t+1. By analogy, we define relational autocorrelation as the correlation
among values of given variable on objects that are nearby in graph space (Jensen and Neville
2002a). For example, the box office receipts of a movie tend to be highly correlated with the
receipts of other movies made by the same director (correlation coefficient = 0.65) but not for
movies starring the same actors (correlation coefficient = 0.17). Figure 8 shows
autocorrelation schematically. We have found many other examples of autocorrelation,
including correlation of the fraud status of interconnected wireless phone numbers and topics
of interconnected web pages.
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Figure 8: Relational autocorrelation

These three characteristics of relational data can greatly complicate efforts to construct good
statistical models. Specifically, they can lead to:

• Biased feature selection — Our recent work has shown that high levels of concentrated
linkage and relational autocorrelation can cause data mining algorithms to select models that
have the weakest, rather than the strongest, statistical support from the data (Jensen and
Neville 2002a). This pathology occurs because linkage and autocorrelation combine to reduce
the effective sample size of the data, thus increasing the variance of statistics used to assess the
relatively utility of different components in learned models. Given that learning algorithms
select the best component among many options, they can often select components with high
variance, but low true utility, thus reducing the overall accuracy of the resulting model.

• Spurious correlation — In other work, we demonstrate a pathology associated with building
models that aggregate the values of many objects (e.g., the ages of many actors associated with
a movie). This is a common method for simplifying relational data, and it is used in both RPTs
and PRMs. When aggregation is used on data with degree disparity, it can lead data mining
algorithms to include completely spurious elements in their models (Type I errors) and to
completely miss very useful elements (Type II errors) (Jensen and Neville, in preparation).
These errors occur with degree disparity because many aggregation functions (e.g., MAXIMUM)
will produce apparent correlation between the aggregated values (e.g., maximum movie
receipts) and a class label (e.g., studio location) whenever degree disparity occurs, regardless
of whether movie receipts has any correlation with studio location.

Both of these effects show the problems associated with violating the assumption of
independence among data instances that underlies so many of the techniques common to
machine learning, data mining, and statistical modeling techniques. These results imply that new
approaches are necessary to extend current techniques for data mining to relational data. We are
developing one potentially promising class of techniques, based on randomization tests and
resampling-based methods. We expect that these computationally intensive statistical procedures
will allow us to adjust for the unique characteristics of a given relational data set, and make
accurate parameter estimates and hypothesis tests. We are incorporating these approaches into
our algorithm for constructing relational probability trees. We conjecture that similar approaches
will need to be incorporated into all accurate techniques for building statistical models from
relational data.

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


13

Conclusions

Recent work in machine learning and data mining has made impressive strides toward learning
highly accurate models of relational data. However, little of this work has made good use of
research in other areas, such as social network analysis and statistics. Cross-disciplinary efforts
and joint research efforts should be encouraged to promote rapid development and dissemination
of useful algorithms and data representations. In particular, this work should focus on the unique
statistical challenges raised by relational data.
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Abstract

One impediment to the statistical analysis of network data has been the difficulty
in modeling the dependence among the observations. In the very simple case of binary
(0-1) network data, some researchers have parameterized network dependence in terms
of exponential family representations. Accurate parameter estimation for such models
is quite difficult, and the most commonly used models often display a significant lack of
fit. Additionally, such models are generally limited to binary data. In contrast, random
effects models have been a widely successful tool in capturing statistical dependence
for a variety of data types, and allow for prediction, imputation, and hypothesis test-
ing within a general regression context. We propose novel random effects structures
to capture network dependence, which can also provide graphical representations of
network structure and variability.

1 Network Dependence

Network data typically consist of a set of n nodes and a relational tie yi,j, measured on each
ordered pair of nodes i, j = 1, . . . , n. This framework has many applications, including the
study of war, trade, the behavior of epidemics, the interconnectedness of the World Wide
Web, and telephone calling patterns.

It is often of interest to relate each network response yi,j to a possibly pair-specific vector
valued predictor variable xi,j. A flexible framework for doing so is the generalized linear
model (see, for example McCullagh and Nelder 1983), in which the expected value of the
response is modeled as a function of a linear predictor β ′xi,j, where β is an unknown vector
of regression coefficients to be estimated from the data. The ordinary regression model
E(yi,j) = β ′xi,j is perhaps the most commonly used model of this type. A generalized
linear model for binary (0-1) data is logistic regression, which relates the expectation of the
response to the regression variable via the relation g(E[yi,j]) = β ′xi,j, where g(p) = log p

1−p
.
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As an example of the use of such statistical models, consider the analysis of strong
friendship ties among 13 boys and 14 girls in a sixth-grade classroom, as collected by Hansell
(1984). Each student was asked if they liked each other student “a lot”, “some”, or “not
much”. A strong friendship tie is considered present if a student likes another student “a lot.”
Also recorded is the sex of each student. The data, presented in Figure 1, suggest a general
preference for same-sex friendship ties. Of potential interest is statistical estimation of this
preference, as well as a confidence interval for its value. One approach for such statistical
analysis would be to formulate the logistic regression model g(E[yi,j|xi,j, β]) = β0 + β1xi,j,
where xi,j is one if children i and j are of the same sex, and zero otherwise, and β = (β0, β1)

(a)

boy
girl

(b)

Figure 1: (a) Sociomatrix for friendship data: Rows and columns 1-13 are boys, 14-27 are
girls; (b) Graphical representation of friendship data: Dark blue lines are reciprocated ties.

are parameters to be estimated.
Estimation of regression coefficients β typically proceeds under the assumption that the

observations are conditionally independent given β and the xi,j’s. However, this assumption
is often violated by many network datasets. For example, the data on friendship ties display
several types of dependence:

Within-node dependence: The number of ties sent by each student varies considerably,
ranging from 0 to 19 with a mean of 5.8 and a standard deviation of 4.7 (the standard
deviation of the number of ties received was 3.2). This node level variability suggests
that responses from the same individual are positively dependent, in that the proba-
bility that yi,j = 1 (i sends a tie to j), is high if we know yi,k = 1 for lots of other nodes
k, and lower if yi,k is mostly zero. More formally, we may wish to have a model in
which Pr(yi,j = 1|yi,1, . . . , yi,j−1, yi,j+1, . . . , yi,n) is an increasing function of yi,k, k 6= j.

Reciprocity: For directed relations, it is often expected that yi,j and yj,i are positively
dependent. The classroom data exhibit a sizable degree of reciprocity, in that the
number of pairs in which yi,j = yj,i = 1 is 24, which is more than we would expect due
to just random chance: In only 11 of 500 (2.2%) random permutations of the network
data, holding constant the number of ties sent by each student, did the number of

2
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such reciprocal dyads exceed 24. The average number of reciprocal dyads in the 500
permutations was 17.2. This suggests an appropriate model would be one which allowed
for positive dependence between yi,j and yj,i.

Transitivity and Balance: In many situations we expect that two nodes with a positive
relation will relate similarly to other nodes. For relations which are positive or negative,
this has led to the concept of “balance” in which a positive value for yi,j implies yi,k and
yj,k are likely to be of the same sign for other nodes k. A related concept is transitivity,
in which a large value of yi,j together with a large value of yj,k implies a large value of
yi,k (see Wasserman and Faust, 1994, Chapter 6).

The classroom data exhibit a large degree of transitivity, in that the number of non-
vacuously transitive ordered triples (see Wasserman and Faust, page 244), is 400. In
500 random permutations of the network data, holding constant the number of ties
sent by each student, the largest observed number of transitive triples was 347. This
indicates the data exhibit significantly more transitivity than would be expected due to
just random chance and node-level variability, and an appropriate model should allow
for some form of transitive dependence.

In this article, we discuss statistical regression models which can describe such types of
network dependence. This is done by incorporating random effects structures in a general-
ized linear model setting. We discuss parameter estimation for these models in a Bayesian
framework, and provide example statistical analyses of the classroom data described above
and of a dataset on alliances and conflict among New Guinean tribes.

2 Network Random Effects Models

Generalized linear models, or glm’s, are ubiquitous tools which extend linear regression
models to non-normal data and transformably additive covariate effects (McCullagh and
Nelder, 1983). A standard glm assumes the expectation of the response variable yi,j can be
written as a function of a linear predictor η = β ′xi,j. Assuming observations are conditionally
independent given the xi,j’s and β, the model is:

Pr(y1,2, . . . , yn,n−1|X, β) =
∏

i6=j

p(yi,j|xi,j, β)

g(E[yi,j|xi,j, β]) = ηi,j = β ′xi,j.

Examples of glm’s include ordinary linear regression, logistic regression, Poisson regression,
and quasilikelihood methods.

As discussed above, one feature that distinguishes network data is the likely dependence
among the yi,j’s. This lack of independence makes standard glm models inappropriate. In
other settings which involve dependent data, a common approach to parameter estimation
has been the generalized linear mixed-effects model (McCulloch and Searle, 2002) in which
it is assumed the network observations can be modeled as conditionally independent, given

3
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appropriate random effects terms which can be incorporated into the glm framework. The
model above becomes

Pr(y1,2, . . . , yn,n−1|X, β, γ) =
∏

i6=j

p(yi,j|xi,j, β, γi,j) (1)

g(E[yi,j|X, β, γi,j]) = ηi,j = β ′xi,j + γi,j,

where γi,j is an unobserved random effect. The distribution of and dependence among the
γi,j’s determines the dependence among the yi,j’s. For many kinds of network data, we may
wish to find a form for the γi,j’s that induces the kinds of dependence described above, such
as within-node dependence, reciprocity, transitivity, and balance.

A simple approach to modeling the node variability that gives rise to within-node de-
pendence is the use of random intercepts, that is, to let γi,j = ai + bj + εi,j, where ai and bj

represent independently distributed sender- and receiver-specific effects. Such a distribution
on the ai’s and bj’s induces a positive dependence among responses involving a common
node. Typically, the distribution of these effects are taken to be normal distributions with
means equal to zero, and variances to be estimated from the data.

Modeling other forms of network dependence is not as straightforward. In the case of
binary logistic regression, Hoff, Raftery, and Handcock (2002) propose using a latent-variable
approach as a means of modeling balance, transitivity, and reciprocity in network data. As
applied to the glm above, such an approach presumes the error εi,j can be written as a
function f of independent k-dimensional latent variables zi, zj ∈ R

k so that εi,j = f(zi, zj),
i, j = 1, . . . , n. The function f is chosen to be simple and to mimic the forms of network
dependence described above. Incorporating both the random intercepts and the zi’s into the
model, and assuming independent normal distributions, (1) becomes

ηi,j = β ′xi,j + ai + bj + f(zi, zj)

a1, . . . , an ∼ i.i.d. Normal(0,σ2
a)

b1, . . . , bn ∼ i.i.d. Normal(0,σ2
b )

z1, . . . , zn ∼ i.i.d. Normal(0,Ik × σ2
z),

where β, σ2
a, σ

2
b , and σ2

z are parameters to be estimated, and Ik is the k × k identity matrix.
Additionally, if the researcher is interested in local network structure, it may be desirable to
estimate ai, bi, zi for each node.

It remains to choose a suitable function f . One approach is to presume reciprocity,
transitivity, and balance arise due to the existence of unobserved node characteristics, and
that nodes relate preferentially to other nodes with similar values of those characteristics.
This motivates letting f be a measure of “similarity” between the random effects zi and zj,
which gives rise to a “latent position” interpretation as discussed in Hoff et al. (2002). For
example, consider the following forms for f :

• (distance model) f(zi, zj) = −|zi − zj|;

• (inner product model) f(zi, zj) = z′izj.

4
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In the case of directed responses, each of the above functions induces a degree of reciprocity
as εi,j = f(zi, zj) = f(zj, zi) = εj,i due to the symmetry of f . The common error term
induces a positive dependence between yi,j and yj,i.

The above functions also give rise to higher-order dependence. For example, the distance
model gives an error structure that is inherently transitive, since |zi−zj | ≤ |zi−zk|+ |zk−zj|
by the triangle inequality. The observation of strong ties from i to k and k to j suggests
that |zi − zk| and |zk − zj| are small, and therefore |zi − zj| cannot be too large and we
might expect strong ties from i to j. The inner product model satisfies a similar but more
complicated relation: in the special case that the vectors zi are of unit length, z′izj ≥
z′izk + z′kzj − (1 + 2

√

(1 − z′kzi)(1 − z′kzj)).
An undirected signed graph is said to be balanced if the product of the relations in all

cycles is nonnegative, i.e. yi1,i2 ×yi2,i3 ×· · ·×yik−1,ik ≥ 0 for all sequences of indices for which
the corresponding data are available (Wasserman and Faust 1994, Chapter 6). As f(zi, zj)
exists in the model for each pair i, j, balance in terms of this random effect is equivalent to the
balance of the complete graph formed by the sociomatrix with i, jth entry equal to f(zi, zj).
For a complete signed graph, all cycles are balanced if and only if each triad is balanced,
i.e. f(zi, zj) × f(zj, zk) × f(zk, zi) ≥ 0 for all triples i, j, k. Interestingly, this is satisfied
by the inner product model in one dimension (zi ∈ R), as (z′izj) × (z′jzk) × (z′kzj) ≥ 0. For
zi ∈ R

k, k > 1, these terms are not necessarily balanced, although they are “probabilistically”
balanced in the following sense: if the directions of the zi’s are uniformly distributed, then
the expected number of balanced triads exceeds the number of imbalanced triads, with the
difference decreasing with increasing k. An additional feature of the inner product model is
that if the directions of the z′

is are uniformly distributed, then in general E(z′
izj) = 0. In

particular, if each zi is a vector of k independent normal random variables with mean 0 and
variance σ2

z , then z′izj will have mean 0 and variance kσ4
z , furthering the interpretation of

z′izj as an error term.
On the other hand,−|zi − zj| is always negative, and so we lack this interpretation for

the distance model. However, the distance model may be easier to interpret as a spatial
representation of network structure: The zi’s can be interpreted as positions in a latent
“social space,” with nodes having strong ties to one another being estimated as close together,
and subsets of nodes with strong within-group ties being estimated as clusters in this social
space. Additionally, plotting estimates and confidence regions for the zi’s gives a graphical,
model-based representation of the network data.

3 Parameter Estimation

Given network data Y = {yi,j} and possible regressor variables X = {xi,j}, the goal is to
make statistical inference on the unknown model parameters, which we generically denote
as θ. The parameter θ may include the regression coefficients β, the variances of the random
effects, and possibly the random effects themselves. We take a Bayesian approach to param-
eter estimation, in that we posit a (potentially diffuse) prior probability distribution p(θ),
and base our inference on the posterior, or conditional distribution of the parameters given
the information in the data, which is given by Bayes’ rule, p(θ|Y ) = p(Y |θ) × p(θ)/p(Y ).
A closed form expression for the desired conditional distribution is generally unavailable,
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however we can make approximate random samples from this distribution using Markov
chain Monte Carlo (MCMC) simulation (Gelfand and Smith 1990, Besag, Green, Higdon,
and Mengersen 1995). MCMC-based inference constructs a dependent sequence of θ-values
as follows: Given the lth-value θl in the sequence,

• sample a parameter value θ∗ from a proposal distribution J(θ|θl);

• compute the acceptance probability

r = max

(

1,
p(Y |θ∗)p(θ∗)J(θl|θ

∗)

p(Y |θ)p(θ)J(θ∗|θl)

)

;

• set θl+1 = θ∗ with probability r, otherwise set θl+1 = θl.

The particular details, such as the choice of the proposal distribution J , will depend on the
model and the data. See Hoff et al. (2002) for MCMC algorithms designed specifically for
such latent variable models.

The result of the algorithm is a sequence of θ values having a distribution that is approx-
imately equal to the target distribution p(θ|Y ). Statistical inference can be based on these
samples. For example, a point estimate of θ is often taken to be the posterior mean, which
is approximated by the average of the sampled θ-values. Posterior confidence intervals can
be based on the sample quantiles.

4 Example Data Analyses

We now apply the methods described above to the statistical analysis of two example
datasets. In the first example, we use the inner product model as a means of making
inference on the preference for same sex friendship ties in Hansell’s classroom data. In the
second example, we use the distance model to make inference on the network of alliances
among sixteen New Guinean tribes studied by Read (1954). Both datasets involve binary
network data, although the methods are easily adapted to other types of network data via
an appropriate generalized linear model.

4.1 Classroom Friendships

Hansell’s (1984) data exhibit a tendency of children to form same sex friendship ties, in that
72% of the ties are same-sex. We consider a statistical analysis of this preference, in which
we estimate the log odds of a same-sex tie, as well as make a confidence interval for its value.
This is done via the logistic regression model with random effects described above,

g(E[yi,j|β, xi,j, γi,j]) = β0 + β1xi,j + γi,j,

where xi,j is the indicator that i and j are of the same sex, β = {β0, β1} are parameters to
be estimated, and γi,j is a random effect. In this parametrization, β0 is the log odds of a
friendship between children of opposite sexes, and β0 + β1 is the log odds for children of the
same sex.

6
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As described in the introduction, Hansell’s (1984) classroom data exhibit several forms
of network dependence, including node-level variability, reciprocity, and transitivity. This
suggests we model the data with node-specific rates of sending and receiving ties, as well as
a term which captures reciprocity and transitivity. We choose the following inner-product
model with random sender and receiver effects:

log odds(yi,j = 1) = β0 + β1xi,j + ai + bj + z′izj

a1, . . . , an ∼ i.i.d. Normal(0, σ2

a)

b1, . . . , bn ∼ i.i.d. Normal(0, σ2

b )

z1, . . . , zn ∼ i.i.d. Normal(0, σ2

z)

The parameters in this model are the regression coefficients β0 and β1, as well as the variance
terms σ2

a, σ
2
b , σ

2
z , which determine the dependencies between ties.

A Bayesian analysis was performed using the methods outlined in Section 3. The prior
distributions for β0 and β1 were taken to be independent, diffuse normal distributions, both
having mean zero and variance 100. The variance terms σ2

a, σ
2
b , σ

2
z were given diffuse inverse-

Gamma(2,1) distributions, having an expectation of one but an infinite variance. An MCMC
algorithm was used to obtain the 500,000 approximate samples from the posterior distribu-
tion p(β0, β1, σ

2
a, σ

2
b , σ

2
z |Y ). Marginal posterior distributions of β1, σ

2
a, σ

2
b , σ

2
z are presented in

Figure 2. The results suggest a significant preference for same sex friendship ties, in that the
posterior distribution for β1 is centered around a median of 1.49, and a 95% quantile-based
confidence interval for β1 is (0.84, 2.11), which does not contain zero. The posterior dis-
tributions of σ2

a and σ2
z have deviated from their prior distributions and have moved to the

right, giving evidence for sender-specific variability as well as the need for the latent variables
z1, . . . , zn. The posterior for σ2

b concentrates mass on low values, and is not much different
from the prior distribution, indicating little evidence for strong receiver-specific variability.

In comparison, a naive approach to inference would be to treat each possible tie as a
Bernoulli random variable, independent of all other ties. Using standard logistic regression,
our estimate of β1 is 1.3 with a standard error of 0.2, giving an approximate 95% confidence
interval of (0.91,1.70), which is of substantially smaller width than the interval obtained
with the random effects model. Of course, we might expect the confidence interval based on
this naive analysis to be too small, as it incorrectly assumes all ties between individuals are
independent and thus overestimates the precision of the parameter estimate.

4.2 Tribal alliances

Read (1954) describes a number of network relations between sixteen New Guinean tribes.
Here we consider the network of alliances between tribes, letting yi,j = 1 if tribes i and j
have an alliance, and yi,j = 0 otherwise. We analyze these data using the simple distance
model with no covariates or separate sender- and receiver-specific random effects:

log odds Pr(yi,j = 1|β0, zi, zj) = β0 − |zi − zj|,

where β0 represents the baseline odds of a tie between two nodes that have the same latent
position (i.e. β0 the maximum log odds of a tie), and the zi’s are latent positions in R

2.
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Figure 2: Marginal posterior distributions for the classroom data: Dashed lines represent
the prior distributions for the variance parameters, solid lines the posterior. Vertical lines
give the posterior median.

Without separate sender- and receiver-specific effects, we may expect that tribes with many
alliances will be estimated as being more centrally located, and those with few ties as being
on the periphery.

Bayesian estimates and confidence intervals for β0 and the zi’s are obtained using the
methods outlined in Section 3. In particular, samples of latent positions from the posterior
distribution p(z1, . . . , z16|Y ) are plotted in the first panel of Figure 1 (colors are chosen so
that nearby node locations will have similar colors). Additionally, a black line drawn between
nodes indicates the presence of an alliance.

Ad-hoc approaches, or simple point estimates of latent locations, might uncover some of
the structure of the network. Our method goes beyond this by providing posterior confidence
regions for node locations, which in turn give us a model-based measure of uncertainty about
the network structure. Additionally, forms of predictive inference can be obtained from such
a model. For example, suppose that the presence or absence of an alliance between pair (i, j)
is unobserved or missing. The model can be fit with all available information (excluding the
unknown yi,j), and from the available information the posterior distributions of zi and zj

can be obtained. From these, predictive inference about the value of yi,j can be made.

8
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Figure 3: Tribal alliance network and marginal posterior distributions of locations.

Also collected by Read (1954) were data on conflicts between the tribes. It is interesting
to note that, based on a clustering of nodes (1,2,15,16), (3,4,6,7,8,11,12), and (5,9,10,13,14),
there were no within-cluster conflicts, even though not every tribe within a cluster had an
alliance with every other cluster co-member. Additionally, node 7, towards the center of
the alliance structure, had no conflicts with any of the other 15 tribes. We note that both
responses (conflict and alliance) could be modeled concurrently by a similar method, in
which a multinomial logistic random effects model is employed in place of the binary logistic
random effects model above.

5 Discussion

This article proposes a form of generalized linear mixed-effects model for the statistical
analysis of network data for which parameter estimation is practical to implement. The
approach has some advantages over existing social network models and inferential procedures:
the approach allows for prediction and hypothesis testing; lends itself to a model-based
method of network visualization; is highly extendable and interpretable in terms of well
known statistical procedures such as regression and generalized linear models; and has a
feasible means of exact parameter estimation.

The models discussed here can capture some types of network dependence, although it is
possible (or even likely) that in many datasets there are types of dependencies that cannot
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be well-represented with these models. It then becomes important to develop methods for
assessing model lack of fit, and determining the effect of lack of fit on the estimation of
regression coefficients. Furthermore, it may be useful to combine the types of random effects
discussed here with other types of random effects, or latent variables. For example, Nowicki
and Snijders (2001) discuss a latent class model, a useful model for identifying clusters of
nodes that relate to others in similar ways. Their latent class model, combined with types
of random effects models presented here and possibly other random effects structures, could
provide a rich class of models for dependent network data.
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Predictability of Large-scale Spatially Embedded
Networks∗†
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Abstract

Although it is well-known that there is a relationship between socio-physical dis-
tance and edge probability in interpersonal networks, the predictive power of such
distances for total network structure has not been established. Here, it is shown that
upper bounds on the marginal edge probabilities for far-flung dyads can be used to
place a lower bound on the predictive power of distance, and one such bound is de-
rived. Application of this bound to the special case of uniformly placed vertices on
the plane suggests that only modest constraints are required for distance effects to
dominate at large physical scales.

Keywords: social networks, spatial models, Shannon entropy, predictive power, dis-
tance

1 Introduction

Numerous studies show a strong relationship between physical distance and social structure
(e.g., Merton (1948); Festinger et al. (1950); Caplow and Forman (1950); Blake et al. (1956);
Whyte (1957); Sommer (1969); Snow et al. (1981); Latané et al. (1995)); arguably, few other
findings in the social sciences can claim such a degree of strength and generality. While this
is an interesting and important result in and of itself, it begs a critical question: assuming

∗This material is based upon work supported by the National Science Foundation under Grant No.
0100999, as well as an NSF Graduate Research Fellowship. Additional support was provided by the Center for
the Computational Analysis of Social and Organizational Systems and the Institute for Complex Engineered
Systems at Carnegie Mellon University.

†I would like to thank Kathleen Carley, David Krackhardt, Shelby Stewman, David Rode, and Katie
Faust for their comments and input.

‡Institute for Mathematical Behavioral Sciences and Department of Sociology, University of California-
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that the distance/edge probability relationship is as it appears to be, to what extent can this
account for the variability of social structure writ large? In his 1984 comment, “Chance and
Necessity in Sociological Theory,” Bruce Mayhew makes the characteristically bold claim
that well over 90% of the variation in social structure is determined by physical space1.
If Mayhew’s assertion is correct, then we would expect for network models based on vertex
position to allow us to develop extremely credible predictions of large-scale network structure.
Since individual positions can be inferred from population data, such a result should (in
principle, at least) allow us to reduce the problem of macrostructural prediction to one of
spatial demography. If the assertion is false, by contrast, then other approaches will be
required to effectively model the structure of social macrostructure.

While the “Mayhew question” is unlikely to be settled by a single paper, it is shown here
that the requirements for predicting network structure from vertex layout are fairly modest.
Fairly minimal constraints on the probability of edges between distant alters are sufficient
to establish a lower bound on the predictive power of distance, where predictive power is
defined in terms of reduction in the Shannon entropy of the total structure. Application of
this bound to the special case of vertices in a planar region suggests that the requirements
for strong distance effects (e.g., > 90% uncertainty reduction) are likely to be attainable
in practice for moderate to large physical scales, and thus that it is reasonable to expect
that large-scale spatially embedded social networks will be readily predictable from vertex
position data.

2 Notation and Basic Assumptions

For the results which follow, we will focus exclusively on the case of a loopless undirected
graph G = (V,E) with known vertex set V and uncertain (i.e., random) edge set E. (For
convenience, we denote the cardinality of V by N = |V |.) It is assumed further that G is
spatially embedded, in the sense that there exists some space S and set V = {v1, . . . ,vN}
such that V ⊂ S and vi is the position of vertex vi. We assume that there exists some
distance function, d, on S, but do not require it to be a metric (i.e., it need not satisfy the
triangle inequality). Substantively, the the most obvious interpretation of S is as a socio-
physical space (often called a “Blau” space (Blau, 1977)); such a space may include both
physical and demographic dimensions, including gender, age, race, and primary language.
For the purposes of our present application, we will focus on a physical space interpretation
of S, but it should be emphasized that this is not required for the general result to apply.

1This, he quips, being an artificially low estimate due to measurement error.
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3 Predictability of Spatially Embedded Networks

What, precisely, is meant by the “predictability” of spatially embedded networks? In the
context of this paper, predictability is understood to be the extent to which our initial
uncertainty regarding network structure is reduced by the provision of new information.
Specifically, we are interested in the extent to which knowledge of vertex positions within S

reduces our uncertainty regarding the edge set of G. A natural measure of uncertainty – and
the one which we shall employ here – is the Shannon entropy, which can be interpreted as the
expected length of an optimally encoded signal expressing the value of a random variable.
Denoting the entropy function by I, we form the R2-like predictability measure

P(G|V) ≡ 1 − I(G|V)

I(G)
(1)

which expresses the extent to which knowledge of the vertex position set, V, can account
for the total information content of G. With P as our notion of predictability, we can state
the following general result:

Theorem 1 (Predictability). Let G = (V,E) be a spatially embedded random graph
with vertex position set V and distance function d, and let G be distributed such that
p
({vi, vj} ∈ E (G)

) ≤ ε ∀ vi, vj : d (vi,vj) ≥ rc, for some ε < 0.5. Then
P(G|V) ≥ p

(
d (vi,vj) ≥ rc

)(
1 − IB (ε)

)
, and limε→0 P(G|V) ≥ p

(
d (vi,vj) ≥ rc

)
, where

P(G|V) = 1 − I(G|V)
I(G)

, I is the Shannon entropy, and IB(ε) = −ε log2 ε − (1 − ε) log2(1 − ε).

Proof. For convenience in notation, let dij = d (vi,vj) and let eij ≡ {vi, vj} ∈ E (G).
We begin by assuming that, for actors within radius rc, distance tells us nothing regard-
ing edge probability; that is to say, p (eij |dij < rc ) = 0.5. Then it trivially follows from
the definition of the Shannon entropy that I (eij |dij < rc ) = 1. For the complementary
case, we begin by noting that I (eij |dij ≥ rc ) = −p (eij |dij ≥ rc ) log2 p (eij |dij ≥ rc ) −

(
1 −

p (eij |dij ≥ rc )
)
log2

(
1 − p (eij |dij ≥ rc )

)
. The fact that p (eij |dij ≥ rc ) ≤ ε < 0.5 then

implies that I (eij |dij ≥ rc ) ≤ −ε log2 ε − (1 − ε) log2 (1 − ε) = IB(ε).
We now consider the entropy of the entire graph. Using the well-known result that

I(X,Y ) ≤ I(X) + I(Y ) for (possibly dependent) random variables X,Y , we can bound the
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entropy of the graph by the sum of the (independent) edgewise entropies. Therefore we have

I (G |V ) ≤
∑
{i,j}

I (eij |V )

≤
∑

{i,j}:dij<rc

1 +
∑

{i,j}:dij≥rc

IB(ε)

=

(|V (G)|
2

)
p (dij < rc) +

(|V (G)|
2

)
p (dij ≥ rc) IB(ε)

=
[
p (dij < rc) + p (dij ≥ rc) IB(ε)

](|V (G)|
2

)

=
[
p (dij < rc) +

(
1 − p (dij < rc)

)
IB(ε)

](|V (G)|
2

)
.

Since the uninformative entropy of G is given by I(G) =
(|V (G)|

2

)
, it follows that

P(G|V) = 1 − I (G |V )

I (G)

≥ 1 −
[
p (dij < rc) +

(
1 − p (dij < rc)

)
IB (ε)

](|V (G)|
2

)
(|V (G)|

2

)
= 1 − p (dij < rc) −

(
1 − p (dij < rc)

)
IB (ε)

= p (dij ≥ rc) − p (dij ≥ rc) IB (ε)

= p (dij ≥ rc)
(
1 − IB (ε)

)
which demonstrates the first portion of Theorem 1. To complete the proof, we allow ε → 0
and take the limit:

lim
ε→0

P(G|V) ≥ lim
ε→0

p (dij ≥ rc)
(
1 − IB (ε)

)
= lim

ε→0
p (dij ≥ rc)

(
1 + ε log2 ε + (1 − ε) log2 (1 − ε)

)
= p (dij ≥ rc) .

This is a powerful and general result: it tells us that whenever we can place a reasonable
upper bound on the marginal edge probability between distant vertices, we can use the
quantiles of the distance distribution to place a lower bound on the predictive power of V.
Furthermore, when this bound on marginal edge probability becomes small, the predictive
power of the position set becomes bounded by the probability that the distance between
two randomly selected vertices will exceed the critical threshold. Thus, where the threshold

4

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


distance is small relative to the overall distribution, we can guarantee that the total structure
will be easily predicted from vertex position alone.

One important and somewhat counter-intuitive aspect of Theorem 1 is that it does not
depend on N : the predictability of the total structure can be bounded by a function which
depends only on the geometry of the population layout. Similarly, we did not have to
assume dyadic independence to obtain this result (only bounds on the edgewise marginals).
These two facts greatly facilitate the application of Theorem 1 in the field, where population
distributions and some crude estimates of the distance/edge probability relationship may be
all that is available. They also serve to reinforce the argument that the predictive power
of distance is robust to varying assumptions about the precise determinants of network
structure.

4 Uniform Population Distribution on the Plane

Consider the special case in which a population of arbitrary size is placed uniformly within
a square region of size � × �. Such a model may be thought of as a first approximation to
a sparse population distribution in physical space, particularly over large areas. Here, we
show the minimum threshold distances necessary to obtain a given level of predictive power
for a structure on the plane, as a function of the linear scale (�) of the embedding region.
As will be shown, the only modest critical thresholds are required to guarantee high levels
of predictability under uniform vertex placement.

4.1 Distribution of Inter-point Distances

In order to apply Theorem 1, we must first know the distribution of inter-point distances
for square planar regions. Under the assumption that d is the euclidean distance, we derive
this distribution in the following lemma:

Lemma 1. Let vi,vj designate two randomly selected points on a two-dimensional plane,
with each coordinate being IID U(0, �). Then the density function of d (vi,vj) is given by

f(d) =




2d
[

π
�2
− 4d

�3
+ d2

�4

]
0 ≤ d ≤ �

2d
[

2
�2

sin−1
(

2�2−d2

d2

)
− 4

�3

(
� −√

d2 − �2
)

+ 2�2−d2

�4

]
� < d ≤ √

2�

0 otherwise

,
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with associated distribution function

F (d) =




0 d < 0

2
[

πd2

2�2
− d3

3�3
+ d4

4�4

]
0 ≤ d ≤ �

1
3

+ 2d2

�2

[
1 − 2

(
�2d2−�4

d4

)
+ sin−1

(
d2−2�2

d2

)]
+

8(d2−�2)
3
2

�3
− d4

�4
� < d ≤ √

2�

1 d >
√

2�

.

Proof. For the two-dimensional case, we may write the euclidean distance in terms of coor-
dinate differences:

d (vi,vj) =

√(
(vi)1 − (vj)1

)2
+

(
(vi)2 − (vj)2

)2

By assumption, these coordinates are uniformly distributed on [0, �]. It can easily be shown
that the difference between two such uniform deviates is distributed Triangular with lower
bound −�, upper bound �, and mode 0. Thus, we may simplify the distribution of d as
follows:

d (vi,vj) ∼
√(

U (0, �) − U (0, �)
)2

+
(
U (0, �) − U (0, �)

)2

∼
√(

T (−�, �, 0)
)2

+
(
T (−�, �, 0)

)2

Note that T (−�, �, 0) is symmetric about the origin; thus, it is a standard result that
FT 2(x) = 2FT (

√
x) − 1, where FT 2 and FT are the cumulative distribution functions of

variates T 2 and T , respectively (Evans et al., 2000). For the distribution function of a
Triangular deviate with lower bound a, upper bound b, and mode c we have

FT (x) =




0 x < 0
(x−a)2

(b−a)(c−a)
0 ≤ x < c

1 − (b−x)2

(b−a)(b−c)
c ≤ x ≤ b

1 x > b

,

and hence

FT 2(x) = 2FT

(√
x
) − 1

=




0
√

x < 0

2
(
√

x−a)
2

(b−a)(c−a)
− 1 0 ≤ √

x < c

1 − 2
(b−√

x)
2

(b−a)(b−c)
c ≤ √

x ≤ b

1
√

x > b
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which, by symmetry, can be collapsed to

= 1 − 2 (b −√
x)

2

2bb

= 1 − (b −√
x)

2

b2

(for 0 ≤ x ≤ b2).

To obtain the associated density function, fT 2(x), we simply differentiate:

fT 2(x) =
∂

∂x
FT 2(x)

=
∂

∂x

(
1 − (b −√

x)
2

b2

)

=

{
1

b
√

x
− 1

b2
0 ≤ x ≤ b2

0 otherwise

Having derived the density of a single T 2 variate, we now must consider the sum of two
such (IID) variates. Since the variates in question are independent, their joint density is
simply the product of their individual densities, and we may obtain the density of the sum
via convolution. In this case, however, we note that the domain of T 2 + T 2 depends on the
individual variates, and hence some care is needed in choosing the limits of integration. We
divide the density at x = b2 (the point beyond which both variates must be greater than 0),
taking the lower region first:

fT 2+T 2

(
x

∣∣0 ≤ x ≤ b2
)

=

∫ x

0

fT 2 (y) fT 2 (x − y) dy

=

∫ x

0

(
1

b
√

y
− 1

b2

)(
1

b
√

x − y
− 1

b2

)
dy

=
1

b2
sin−1

(
2y − x

x

)∣∣∣x
0
− 2

√
y

b3

∣∣∣x
0

+
2
√

x − y

b3

∣∣∣x
0

+
y

b4

∣∣∣x
0

=
1

b2

[
sin−1 (1) − sin−1 (−1)

] − 2
√

x

b3
− 2

√
x

b3
+

x

b4

=
π

b2
− 4

√
x

b3
+

x

b4
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Now, we consider the upper region:

fT 2+T 2

(
x

∣∣b2 < x ≤ 2b2
)

=

∫ b2

x−b2
fT 2 (y) fT 2 (x − y) dy

=

∫ b2

x−b2

(
1

b
√

y
− 1

b2

)(
1

b
√

x − y
− 1

b2

)
dy

=
1

b2
sin−1

(
2y − x

x

)∣∣∣b2
x−b2

− 2
√

y

b3

∣∣∣b2
x−b2

+
2
√

x − y

b3

∣∣∣b2
x−b2

+
y

b4

∣∣∣b2
x−b2

=
1

b2

[
sin−1

(
2b2 − x

x

)
− sin−1

(
x − 2b2

x

)]
− 2

b3

(
b −

√
x − b2

)

+
2

b3

(√
x − b2 − b

)
+

2b2 − x

b4

=
2

b2
sin−1

(
2b2 − x

x

)
− 4

b3

(
b −

√
x − b2

)
+

2b2 − x

b4

Finally, putting this together, we obtain the complete density for a sum of two squared
triangular variates:

fT 2+T 2 (x) =




π
b2
− 4

√
x

b3
+ x

b4
0 ≤ x ≤ b2

2
b2

sin−1
(

2b2−x
x

)
− 4

b3

(
b −√

x − b2
)

+ 2b2−x
b4

b2 < x ≤ 2b2

0 otherwise

From the above, we may now derive the density of d. The last step in this process
involves applying a positive square root transformation to the sum of squared triangular
variates. This is a monotonically increasing one-to-one transformation, and we can thus
derive the new density by a simple change of variables:

f√T 2+T 2(x) = fT 2+T 2

(
x2

) |J |
(where |J | is the Jacobian determinant of the transformation)

= fT 2+T 2

(
x2

)
2x

=




2x
[

π
b2
− 4x

b3
+ x2

b4

]
0 ≤ x ≤ b

2x
[

2
b2

sin−1
(

2b2−x2

x2

)
− 4

b3

(
b −√

x2 − b2
)

+ 2b2−x2

b4

]
b < x ≤ √

2b

0 otherwise

To arrive at the distribution function of d, we need merely integrate f√
T 2+T 2 over the desired
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Scale P(G|V)
�x� 90% 95% 99%

0.1x0.1 km rc ≤ 0.019 0.013 0.006
1x1 km rc ≤ 0.192 0.133 0.058

10x10 km rc ≤ 1.924 1.331 0.578
100x100 km rc ≤ 19.236 13.311 5.923

All rc values given in kilometers.

Table 1: Maximum Critical Radius as a Function of Scale and Uncertainty Reduction, Uni-
form Vertex Placement

range.

F√
T 2+T 2(x) =




0 x < 0∫ x

0
2x

[
π
b2
− 4x

b3
+ x2

b4

]
dy 0 ≤ x ≤ b∫ b

0
2x

[
π
b2
− 4x

b3
+ x2

b4

]
dy

+
∫ x

b
2x

[
2
b2

sin−1
(

2b2−x2

x2

)
− 4

b3

(
b −√

x2 − b2
)

+ 2b2−x2

b4

]
dy b < x ≤ √

2b

1 x >
√

2b

=




0 x < 0

2
[

πx2

2b2
− 4x3

3b3
+ x4

4b4

]
0 ≤ x ≤ b

1
3

+ 2x2

b2

[
1 − 2

(
b2x2−b4

x4

)
+ sin−1

(
x2−2b2

x2

)]
+

8(x2−b2)
3
2

b3
− x4

b4
b < x ≤ √

2b

1 x >
√

2b

Substitution of d for x and � for b completes the proof.

4.2 Predictability

Using Lemma 1 together with Theorem 1, we may determine the maximum rc value needed
to guarantee that a given fraction of the uncertainty in G can be accounted for by the
euclidean distances between vertex positions; these threshold values are shown in Table 1.
As the table indicates, a critical radius at or below approximately %20 of the linear scale of
the region is adequate for a %90 uncertainty reduction, with a reduction of %99 possible for
radii of 0.06� or less.
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How do these threshold values compare to empirical assessments of the distance/edge
probability relationship? Fits of dyadic edge models to existing data sets suggest that a low-
probability threshold is attainable, but also clearly indicate that thresholds will depend upon
relational content (Butts, 2002). Recalling that P(G|V) ≥ p

(
d (vi,vj) ≥ rc

)(
1− IB (ε)

)
, we

can express the adequacy of the threshold approximation in terms of IB (ε). In this regard,
ε ≤ 0.001 is sufficient to bring the predictability bound within approximately 1% of the limit;
such a bound is not hard to achieve in practice. Based on the Butts models, thresholds of
as little as 0.05km may be reasonable approximations for face-to-face contact, with larger
thresholds of approximately 0.25km and 18km for social friendship and telephone contacts,
respectively. Although it may be possible to obtain more predictive power using these or
other models than Table 1 would suggest, the lower bounds alone indicate that physical
layout has the potential to account for the overwhelming majority of network structure at
even modest spatial scales.

5 Conclusion

To summarize, then, it would seem that even a very modest null model based on physical
distance (the threshold model) must account for the vast majority of network structure in
large-scale networks, under quite minimal assumptions. Since fitted models have the capacity
to be much more informative than the null model, they are expected to provide even more
information about network macrostructure at even smaller scales. Thus, not only might one
reasonably speculate that distance could account for most of the uncertainty in large-scale
interpersonal networks, it almost has to do so. This would seem to vindicate the intuition
of theorists such as Mayhew, who perceived that physical space was a critical structuring
force, but who did not demonstrate the extent of that result.
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Abstract 
 
 
This paper applies the multi-theoretical multi-level (MTML) model to study the creation, 
maintenance and dissolution of adversarial communication and knowledge networks.  It 
begins by identifying the theoretical mechanisms that influence the dynamics and co-
evolution of communication and knowledge networks in general.  Next it describes how 
examining adversarial social networks requires an extension to the MTML framework. In 
particular, we describe how community ecology theory helps us better understand how 
the network linkages in a focal network can be influenced by other networks within the 
same population as well as networks within other populations in the community. Finally, 
we briefly describe an analytic framework that we have developed to specify (i) multi-
theoretical multi-level models for the evolution of these network, (ii) agent based 
computational models in Blanche to assess the transient and long-term implications of 
these theoretical mechanisms on the co-evolution of the networks, and (iii) p* analytic 
techniques to validate these predictions using empirical data.   
 
 
 
 
 
 
 
 
 
 
Some of the material in this paper has been adapted from Monge & Contractor (2003). 
Theories of Communication Networks. New York: Oxford University Press. 
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 Using Multi-theoretical Multi-level (MTML) Models to Study Adversarial 
Networks 

 
Overview 
 

To date, most network research has been limited by five major problems.  First, it 
tends to be atheoretical, ignoring the various social theories that contain network 
implications.  Second, it explores single levels of analysis rather than the multiple levels 
out of which most networks are comprised.  Third, network analysis has employed 
limited theoretical insights from contemporary complex systems analysis and computer 
simulations.  Fourth, it typically uses descriptive rather than inferential statistics, thus 
robbing it of the ability to make theoretical claims about the larger universe of networks.  
Finally, almost all the research is static and cross-sectional rather than dynamic. In our 
book, Theories of Communication Networks (2003), we propose solutions to all five 
problems. First, we have developed a multi-theoretical model that relates different social 
theories with different network properties.  Second, the model is multi-level, offering a 
network decomposition that applies pertinent social theories at all network levels: 
individuals, dyads, triples, groups, and the entire network.  Third, the model relies on a 
complex systems perspective, implementing Blanche, an agent-based network computer 
simulation environment, to generate and test theories and hypotheses.  Fourth, the model 
utilizes the p* family, a set of innovative tools for statistical network analysis, to provide 
a basis for valid multilevel statistical inferences.  Finally, our model relates 
communication networks to other networks, enabling more sophisticated study of how 
dynamic organizational networks emerge.   

This paper advances arguments in support of a multi-theoretical multi-level 
approach to study the emergence of adversarial networks.  Recent advances in digital 
technologies invite consideration of organizing as a process that is accomplished by 
flexible, adaptive, and ad hoc networks that can be created, maintained, dissolved, and 
reconstituted with remarkable alacrity. We propose, and describe briefly, a Multi-
theoretical Multi-level (MTML) framework -- based on network formulations of social 
theories -- to examine the mechanisms that influence people and organizations to forge 
network links with other individuals, organizations, as well as non-human agents (such as 
knowledge repositories).  We extend the MTML framework to explicitly advance our 
understanding of adversarial networks. 

Adversarial social networks are defined as the networks of multiple organizations 
within a population or the networks of multiple populations of organizations within a 
community (van Meter, 2001). These networks exist in the same or similar niches, 
competing for the same or similar resources, and seek to drive out their competitors, thus 
dominating the community.  The relations among these nodes represent ties that vary in 
the extent to which they may be “adversarial.”  For instance, the multiple intelligence 
gathering organizations within the US (such as the CIA, FBI, and the NSA) are 
populations of organizations that are sometimes collectively referred to as the 
“intelligence community.” The relationships between these populations range from being 
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 cooperative to competitive. Also included within the “intelligence community.” are 
additional populations including intelligence gathering organizations of “friendly” 

countries as well as the intelligence gathering organizations of hostile countries and non-
sovereign entities. This conceptualization of adversarial networks includes communities 
(or populations of organizations) within a variety of contexts including the 
telecommunications industry, the Wi-Fi landscape, biological warfare, the film industry, 
and even the development and distribution of retail consumer products. Arquilla and 
Ronfeldt (2001) identify several recent social movements and ideological campaigns that 
they identify as “netwars” in which “numerous dispersed small groups using the latest 
communications technologies could act conjointly across great distances” (p. 2). The 
groups they consider include terrorists, criminals, separatists, drug cartels, radical 
activists, non-government organizations (NGOs) and civil society advocates. They noted 
similar adversarial network patterns when they examined the organizational forms of 
seemingly disparate activities such as the al-Qaeda network’s terrorist operations (see 
also Krebs, 2001), the Chechen effort to secede from Russia, the Direct Action Network’s 
operations during the 1999 World Trade Organization summit in Seattle, Greenpeace, the 
International Campaign to Ban Landmines (ICBL), and the Zapatista National Liberation 
Army. Therefore, although the notion of adversarial networks has captured a great deal of 
attention in the context of terrorist networks, the theoretical scope is increasingly relevant 
to a much wider cast of social contexts, many of which do not carry the same illegal and 
illicit connotations (Bryant, Shumate, & Monge, 2002). 
 
From “Networks in Organizations” to “Networks as Organization” 

Network forms of organization are neither vertically organized hierarchies like 
their bureaucratic predecessors nor are they unorganized marketplaces governed by 
supply and demand (Powell, 1990; Williamson, 1996).  Rather, network organizational 
forms are built on generalized structures that link people and knowledge in all parts of 
the organization to one other, while simultaneously tying them to multiple external 
contacts. These new forms are knowledge intensive (Badaracco, 1991), agile (Goldman, 
Nagel, & Preiss, 1995), and are constantly adapting as new links are added and 
dysfunctional ones are dropped.  Thus, the evolving network form is the organization. 

Knowledge networks by themselves and as organizational forms are understood 
as general concepts.  Knowledge circulates throughout network organizations in a variety 
of forms: as individual and cognitive networks (Carley, 1995); as distributed work team 
networks (Hollingshead, 1998); as internal organization-wide networks enabled by 
Intranets (Monge & Contractor, 2001; 2003); and as external network connections via 
Extranets (Bar, 1995). Further, these networks are highly interdependent and co-evolve 
with the network forms of which they are a part. In fact, because knowledge work 
consists primarily of linking and integrating the various components of knowledge 
together, it is crucial for scholars to examine all parts of the entire knowledge network 
concurrently over time.  This includes efforts to compile, extend, test and refine current 
understanding of (i) how best to characterize knowledge networks at various levels and 
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 measure their state and dynamic evolution; and (ii) the theoretical mechanisms that 
explain the evolution of these networks. 

 

Multi-Theoretical Multi-level (MTML) Model for Studying the Emergence of 
Networks 
 

Monge and Contractor (2003) have proposed a multi-theoretical multi-level 
(MTML) model to study the creation, maintenance, development, and reconstitution of 
network linkages in organizational and inter-organizational contexts. In general terms, we 
ask the question: “What are the social mechanisms that help us understand why 
individuals (or aggregates of individuals) seek to forge, sustain, or dissolve our network 
ties with other human and non-human agents?” As developments in information and 
communication technologies continue to reduce or eliminate the potential logistic barriers 
to our network relations, it becomes increasingly important to identify the various social 
factors that enable or constrain the development of these network linkages. Monge and 
Contractor (2003) identify a wide array of theories that can be used to develop network 
formulations. The theories and their theoretical mechanisms are summarized in Table 1. 
In the interest of brevity, the following summary does not include citations to the various 
scholars who have contributed to these theories. Details about the theories and their 
intellectual proponents can be found in Monge and Contractor (2003).  

Theories of self-interest focus on how actors (people, organizations, etc.) make 
choices that favor their personal preferences and desires (Bourdieu & Wacquant, 1992; 
Coleman, 1986). That is, Person i’s decision to forge a tie with another Person j is 
motivated entirely by Person i’s self-interest and ability in seeking a resource that Person 
j possesses. Two primary theories in this area are the theory of social capital (Burt, 1992, 
2001; Lin 2001) and transaction cost economics (Williamson, 1975, 1985). Distinct from 
human capital, which describes individual personal characteristics, social capital focuses 
on the properties of the communication networks in which people are embedded. 
Structural holes in the network provide people opportunities to invest their information, 
communication, and other social resources in the expectation of reaping profits. 
Transaction cost economics examines the information and communication costs involved 
in market and organizational transactions as well as ways in which to minimize these 
costs. Network forms of organization provide an alternative to markets and hierarchy, 
which focuses on embeddedness in complex networks (Powell, 1990). Information flows 
are essential in determining to whom a firm should link and joint value maximization 
offers an alternative principle to minimizing transaction costs (Zajac & Olsen, 1993). 
Self-interest mechanisms are likely to foster the formation of separate adversarial 
networks. These theories suggest that each network will invest its own social capital to 
expand its own network. They also suggest that each network will seek to exploit the 
structural holes of its adversaries. 

Theories of mutual interest and collective action examine how coordinated 
activity produces outcomes unattainable by individual action (Marwell & Oliver, 1993). 
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 That is, Individual i’s and Individual j’s decision to forge a tie is motivated by their 
belief that it serves their mutual (or collective) interest in accomplishing common or 

complementary goals. One theory that exemplifies this perspective is public goods theory 
(Hardin, 1982; Samuelson, 1954), which examines the communication strategies that 
enable organizers to induce members of a collective to contribute their resources to the 
Table 1. Selected Social Theories and their Theoretical Mechanisms 
 

Theory   Theoretical Mechanism 
 
Theories of Self-Interest 

Social Capital   Investments in opportunities 
Structural Holes      Control of information flow 
Transaction Costs      Cost minimization 
 

Mutual Self Interest &  
Collective Action   Joint value maximization 

Public Good Theory Inducements to contribute 
Critical Mass Theory Number of people with resources & interests 
 

Cognitive Theories   Cognitive mechanisms leading to: 
Semantic/knowledge Networks  Shared interpretations 
Cognitive social structures  Similarity in perceptual structures 
Cognitive Consistency 
 Balance theory     Drive to avoid imbalance & restore balance 

 Cognitive Dissonance     Drive to reduce dissonance 
 
Contagion Theories   Exposure to contact leading to: 

Social Information Processing    Social influence 
Social Learning Theory     Imitation, modeling 
Institutional Theory     Mimetic behavior 
Structural Theory of Action    Similar positions in structure and roles 
 

Exchange and Dependency   Exchange of valued resources 
Social Exchange Theory      Equality of exchange 
Resource Dependency      Inequality of exchange 
Network Exchange      Complex calculi for balance 
 

Homophily & Proximity  Choices based on similarity 
Social Comparison Theory     Choose comparable others 
Social Identity       Choose based on own group identity 
Physical proximity       Influence of distance 
Electronic Proximity       Influence of accessibility 
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 Theories of Network Co-evolution Variation, Selection, Retention 
Organizational ecology      Competition for scare resources 

NK(C)        Network density and complexity 
Community ecology      Commensalist/Symbiotic relns b/w populations 

 
realization of a public good. Mutual interest often conflicts with the individual self-
interests of the members of a collective and sometimes leads to free riding (Olson, 1965) 
and other social and communication dilemmas (Bonacich & Schneider, 1992; Kalman, 
Monge, Fulk, & Heino, 2002). Network relations are often essential to the provision and 
maintenance of the good. Mutual interest theories apply largely to the separate 
adversaries, as they seek to foster their own agendas in consort with those of like minds. 
Insight can be gained by analyzing what the various networks define as their collective 
goods and bads, and the strategies and enticements they use to induce others in join their 
networks or at least support their separate causes. 

Contagion theories address questions pertaining to the spread of ideas, messages, 
attitudes, and beliefs through some form of direct contact (Carley, 1991; Contractor & 
Eisenberg, 1990). For instance, Person i’s decision to forge a tie with another Person j is 
motivated by others in Person i’s network who have forged ties with Person j. Contagion 
theories are based on a disease metaphor, where exposure to communication messages 
leads to "contamination." Inoculation theory (McGuire, 1966) provides strategies that can 
be used to prevent contamination. Two competing contagion mechanisms have received 
considerable attention in the research literature. Contagion by cohesion implies that 
people are influenced by direct contact with others in their communication networks 
(Erickson, 1988). Contagion by structural equivalence suggests that those who have 
similar structural patterns of relationships within the network are more likely to influence 
one another (Burt, 1987). Social information processing (social influence) theory (Fulk, 
Schmitz, & Steinfield, 1990) suggests that the attitudes and beliefs of people become 
similar to those of the others in their communication networks. Social cognitive theory 
(Bandura, 1986) and institutional theory (DiMaggio & Powell, 1983; Meyer & Rowan, 
1977) posit that mimetic processes lead to contagion, whereby people and institutions 
imitate the practices of those in their relevant networks. Contagion theories apply to 
adversarial networks in at least three ways. First, each contending network attempts to 
extend itself by acquiring and linking new members that accept its core identity. Second, 
they seek to infect the members of their adversaries’ networks with messages, 
information, and ideologies that will undermine or destroy them. Finally, the adversaries 
seek to defend themselves by inoculating the members of their own networks against 
their rivals’ efforts to infect them. 

Cognitive theories explore the role that meaning, knowledge, and perceptions play 
in communication networks. Individual i’s decision to forge a tie with another Person j is 
motivated by who Individual i thinks Person j knows or what i thinks j knows or 
possesses. Semantic networks are created on the basis of shared message content and 
similarity in interpretation and understanding (Carley, 1986; Monge & Eisenberg, 1987). 
A complementary perspective views interorganizational networks as structures of 
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 knowledge (Kogut, Shan, & Walker, 1993). Creating interorganizational alliances 
requires building extensive knowledge networks among prospective partners and 

maintaining them among current partners. These knowledge networks are the 
mechanisms though which organizations share both explicit and tacit knowledge. 
Cognitive communication structures represent the perceptions that people have about 
their communication networks, that is, about who in their networks talk to whom 
(Corman & Scott, 1994). These individual cognitive communication networks can be 
aggregated to provide a collective or consensual view of the entire network (Krackhardt, 
1987). Cognitive consistency theory examines the extent to which the attitudes, beliefs, 
opinions and values of network members are governed by a drive toward consistency or 
balance (Heider, 1958). The theory suggests that network members tend toward cognitive 
similarity as a function of the cognitive balance in their networks rather than alternative 
mechanisms such as contagion (Davis & Leinhardt, 1972; Holland & Leinhardt, 1975). 
Transactive memory systems consist of knowledge networks in which people assume 
responsibility for mastery among various aspects of a larger knowledge domain. In this 
way the collective is more knowledgeable than any component (Hollingshead, 2000, 
Moreland, 1999; Wegner, 1987). Knowledge repositories linked to the larger knowledge 
network facilitate knowledge storage and processing (Wegner, 1995). While knowledge 
flow is essential to an effective knowledge network, communication dilemmas sometimes 
lead people to withhold potentially useful information (Kalman, et al., 2002). These 
theories offer insights into adversarial networks. Competitors often develop differing 
semantic networks based on ingroup-outgroup polarization. While developing their own 
knowledge networks, competitors seek to undermine the knowledge networks of others, 
often by disseminating misinformation and faulty knowledge to their opponents, 
including their cognitive communication structures. Finally transactive memory systems 
help identify where crucial expertise lies within knowledge networks, thus helping 
adversaries to build their own expertise and to mount attacks their opponents. 
Exchange and dependency theories seek to explain the emergence of communication 
networks on the basis of the distribution of information and material resources across the 
members of a network (Emerson, 1962, 1972a, 1972b; Homans, 1950). That is, Person i’s 
decision to forge a tie with another Person j is motivated by i’s interest in seeking a 
resource that j possesses, and in exchange offering Individual j some resource that i 
possesses and is of interest to j. People seek what they need from others while giving 
what others also seek. The exchange form of this family of theories is based largely on 
equality, assuming that giving and getting generally balances out across the network 
(Bienenstock & Bonacich, 1992; Cook, 1982). The dependency form emphasizes 
inequality and focuses on how those who are resource rich in the network tend to 
dominate those who are resource poor (Benson, 1975; Freeman, 1977, 1979). 
Consequently, power, control, trust, and ethical behavior are central issues to both 
theories (Oliver, 1991). Adversaries seek to dominate each other, perhaps to the point of 
destroying all opponents. While they are likely to utilize exchange mechanisms within 
their own networks, adversarial networks are dominated by attempts to assert dependency 
relations on their competitors. 

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


MTML Framework 

Page 8  
 

 

 Homophily and proximity theories account for network emergence on the 
basis of the similarity of network members' traits (Brass, 1995) as well as their 

similarity of place (Homans, 1950). Agent i’s decision to forge a tie with another Agent j 
is motivated by i and j sharing common traits (gender, tenure, etc.) or being proximate in 
physical or electronic spaces. Traits represent a variety of personal and demographic 
characteristics such as age, gender, race, professional interests, etc. (Carley, 1991; 
Coleman, 1957, Marsden, 1988) Social comparison theory suggests that people feel 
discomfort when they compare themselves to others who are different because they have 
a natural desire to affiliate with those who are like themselves (Festinger, 1954). Of 
course, this ignores the old adage that opposites attract, which would argue for a 
heterophily mechanism. Proximity theories argue that people communicate most 
frequently with those to whom they are physically closest (Monge, et al, 1985). The 
theory of electronic propinquity extends this to the realm of email, telephones and other 
forms of electronic communication (Contractor & Bishop, 2000;Korzenny & Bauer, 
1981; Wellman, 2001). Homophily theory suggests that networks engaged in adversarial 
relations are likely to be comprised of people and organizations who are more similar to 
each other than to the members of their competitors’ networks. A block model of all 
adversarial networks (in a given adversarial community) combined into a supra-network 
would reveal greater similarity within than between blocks. Proximity theory indicates 
that competing adversarial networks should exist in separate physical and electronic 
spaces. Yet similarity of traits and space also predicts likely points of contact between 
competitors and possible locations for penetration of one network by another, both overt 
and covert. 

Coevolutionary theory extends traditional evolutionary theory that posits 
aspirations towards “fitness” based on mechanisms of variation, selection, retention, and 
struggle or competition (Aldrich, 1999; Campbell, 1965; Hawley, 1986). For example, 
Entity i’s decision to forge a tie with Entity j is motivated entirely by i’s belief that the 
network linkage will increase i’s fitness (measured as performance, survivability, 
adaptability, robustness, etc.; Hannan & Freeman, 1977). Random or planned variations 
in organizational traits occur, which are selected and retained on the basis of their 
contribution to organizational fitness and survival(Baum, 1996; Nelson & Winter, 1982). 
Coevolutionary theory articulates how communities of organizational populations linked 
by intra-and-interpopulation networks compete and cooperate with each other for scare 
resources (Astley, 1985; Kauffman, 1993). In order to survive, organizational networks 
must adapt to the constantly changing environmental niches in which they find 
themselves while also attempting to influence the ways in which their environments 
change (McKelvey, 1997). 

In most social contexts, more than one of the theoretical mechanisms reviewed 
above simultaneously influence people. In some cases different theories, some using 
similar theoretical mechanisms, offer similar explanations but at different levels of 
analysis. For instance, contagion mechanisms help explain the emergence of networks 
among individuals as well as among adversarial organizations. In other cases, different 
theories offer contradictory explanations for the emergence of networks. For instance, 
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 theories of self-interest would suggest that adversarial networks create links with 
others who are indirectly connected to their adversaries, thereby increasing the 

amount of nonredundant information that can be gleaned. On the other hand, cognitive 
theories of balance suggest that people seek to be friends with enemies of their enemies 
thereby increasing their cognitive need for balance. 
 
 
 
 
EXTENSIONS TO MTML MODEL FOR THE STUDY OF ADVERSARIAL 
NETWORKS: A COMMUNITY ECOLOGY PERSPECTIVE 
 

The MTML model proposed by Monge and Contractor (2003) focused largely on 
the social mechanisms that explain the creation, maintenance, and dissolution of network 
linkages within single networks. It does so by examining the structural tendencies of 
various relations (such as communication linkages, knowledge linkages, trust relations) 
among the actors within that network and the attributes (such as gender, level in the 
hierarchy, and level of expertise) of the actors within that same network. Also included in 
that model, though not extensive explored, was the influence of other networks on the 
focal network as well as the influence of the focal network at previous points in time.  
These relations are summarized in Figure 1. In the case of adversarial networks it is 

 
Figure 1. The MTML network structuring process 
 

The MTML Network
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Structure of 
the focal
network

Endogenous mechanisms

Exogenous 
attributes
of actors
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important to further explore the ways in which competitors influence each other and 
coevolve within the community.  
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 There are several examples of how adversarial networks influence the 
structuring of ties within a focal network. For instance, Baker and Faulkner (1993) 

note that the activation of ties within a covert network are often constrained by the 
structure and scope of ties within the adversaries’ networks. The desire to communicate, 
share information, and coordinate within a covert network have to be reconciled with the 
desire to shield the identity, structure and content of the focal network --- that is, the very 
survival of the covert network. Indeed as Weiser (2001) says a recently uncovered 
terrorist manual notes explicitly the premium put on secrecy over communication. 
Further, as Rothenberg (2001, p. 41) states, the viability of terrorist networks is 
specifically enhanced by other networks in the community – “the American democratic 
system that they seek to destroy, a system that permits open movement, freedom of 
choice, and respects privacy.”  As described earlier, many of the MTML mechanisms 
(such as self-interest, social exchange, and proximity) can account for how competing 
networks configure themselves to advance their position in the community while 
decreasing the viability of their competitors. 

Community ecology theory (Aldrich, 1999; Baum & Singh, 1994; Hawley, 1950) 
provides a  framework to explain the coevolution of populations of adversarial networks 
within a community.  Community ecology examines multiple populations of differing 
organizations as well as the various niches in which they occur.  Organizations must 
typically compete with others in their own populations to acquire the resources they need 
to survive in their selected environments.    For example, Barnett (1990) studied the 
competition among the members of the population of the telephone companies in 
Pennsylvania from 1879-1934, until one company AT&T dominated the market. And 
Staber (1989) studied the emergence or worker and consumer coops showing how they 
competed for customer loyalty. Likewise members of the population of US intelligence 
organizations (such as the FBI, CIA, NSA) compete with each other for resources, 
jurisdiction, and legitimacy.  But internal competition is not the only challenge that 
populations face.  They must deal with the members of other populations of friendly and 
adversarial intelligence organizations outside the US as well as of non-governmental 
organizations that coexist in their niche.  For example, Haveman (1992) studied the 
competition between banks and savings and loan associations for customers and their 
funds under changing regulatory conditions.  And Carroll and Swaminathan (1992) 
examined the emergence of microbreweries and brewpubs who competed  with the mass 
producers.  Often organizations must compete, but under some conditions organizations 
from different populations can also cooperate, seeking mutually beneficial outcomes, a 
fact that Kauffman (1995, p. 215) says is much more commonly recognized now than in 
earlier theorizing.  Aldrich (1999, citing Hawley, 1950) argues that two types of 
interdependence drive community dynamics:  commensalism and symbiosis.  
“Commensalism refers to competition and cooperation between similar units, whereas 
symbiosis refers to mutual interdependence between dissimilar units”  (p. 298, italics in 
the original).  Thus, in large part, relations both within and among populations govern 
communities.  The first relation is the degree to which similar populations in the same 
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 niches compete or cooperate and the second is the degree to which different 
populations in the same or different niches support each other. 

An important issue that has arisen with regard to community ecology is how to 
define a community (Aldrich, 1999; DiMaggio, 1994).  Hawley’s (1950) original 
sociological work on community ecology focuses relationships within geographically and 
temporally bound communities.  As community ecology has been refitted for 
organizational scholarship, the definitions of community have taken a more functional 
approach (Ruef, 2000).  That is not to say, however, that organizational scholars 
completely agree on how community should be defined, operationalized, or analyzed.  
Astley’s (1985) organizational model of community focuses on the technology-based 
interrelationships between populations.  Barnett and his colleagues (Barnett, 1994; 
Barnett & Carroll, 1987; Barnett, Mischke, & Ocasio, 2000) define community on the 
basis of commensalist and symbiotic relationships between organizations.  Hannan and 
Carroll (1995) broaden the scope of this definition, asserting that community “refers to 
the broader set of organizational populations whose interactions have a systemic 
character, often caused by functional differentiation" (p. 30).  Rosenkopf and Tushman 
(1994) add that context is important, in their case the technological context.  Aldrich 
(1999) and Ruef (2000) add that the populations in a community should be organized 
around a “core,” whether it be technological, normative, functional, or legal-regulatory.  
Ruef (2000) goes about organizing his community of health care populations by focuses 
on four main functions of the health care field.  Aldrich (1999, p. 301) proffers this 
succinct definition:  “An organizational community is a set of coevolving organizational 
populations joined by ties of commensalism and symbiosis through their orientation to a 
common technology, normative order, or legal-regulatory regime.” (p. 301). 

Aldrich (1999, p. 302) proposes a taxonomy of eight possible relations between 
organizational populations based on the effects these relations have on each of the 
population. Aldrich proposes 6 types of commensalist relations (those that occur among 
similar units): full competition (where each population negatively impacts the other); 
partial competition (where only one of the populations has a negative effect on the other); 
predatory competition (where one population has a positive effect on the other while the 
latter has a negative impact on the former); neutrality (where neither population has a 
positive or negative impact on the other); partial mutualism (where one has a positive 
effect on the other, but the latter has no impact on the former), full mutualism (where 
both have positive impacts on each other). While full mutualism is defined as a 
commensalist relation (between similar populations), symbiosis is defined as a mutually 
beneficial relation between dissimilar populations. Finally, Aldrich (1999; p. 302) defines 
a dominance relation where a “dominant population controls the flow of resources to 
other populations (Hawley, 1950). The structure of the community and the coevolution of 
the populations of networks that comprise it depend on the outcome of commensalistic 
and symbiotic relations.”  

Aldrich’s (1999) review illustrates several research examples for each of these 
intra- and inter-population relationships. However, most of the extant research in this area 
has examined only two populations at a time. Clearly, the community ecology theory 
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 posits an examination of multiple (not just two) populations within the community 
and their co-evolving influences on one another. Social network analysis in general, 

and the MTML framework proposed here, is particularly well-suited to this task. For 
instance, we can begin to hypothesize and empirically test how the populations within the 
community co-evolve when relations among the competing populations are considered at 
the triadic, sub-groups, and global levels. To what extent is the creation of  ties within 
adversarial networks influenced by their common technology, normative order, or legal-
regulatory regime? And, to what extent are the creation, maintenance, and dissolution of 
network relations within focal adversarial networks influenced by the various 
commensalist relations (within other organizations in the same population) and symbiotic 
relations with other populations within the community? Thus community ecology theory 
provides an important addition to the previously described MTML mechanisms in 
explaining the emergence of adversarial networks.  

 
ANALYTIC FRAMEWORK FOR STUDYING MTML MODELS  
 

The previous section has described theoretical mechanisms that offer explanations 
for the co-evolution of communication and knowledge networks. The schematic in the 
following figure describes a comprehensive analytic methodology developed by 
Contractor et al (1999) as part of our ongoing NSF-funded research to computationally 
model, empirically assess, and statistically validate the multiple theories that explain co-
evolution of knowledge networks. These include changes resulting from the interventions 
of technologies. The schematic shows the relationship among the key elements of the 
analytic framework approach: (1) theory building/hypothesis formulation about 
mechanisms of network co-evolution; (2) computational modeling/simulation of those 
mechanisms and how they produce emergent behavior; (3) collection and analysis of 
empirical data, and (4) development and deployment of novel “community-ware” 
knowledge network enabling tools. The new kinds of data analysis and theory validation 
are enabled by (5) advances in p* statistical techniques for modeling and analyzing 
network data.  

Table 2 provides an illustration of how p* network analytic techniques can be 
used to simultaneously test multiple theories at multiple levels (Contractor, Wasserman, 
& Faust, 2002). Table 2 summarizes various genres of network hypotheses in terms of the 
probabilities of graph realizations exhibiting the hypothesized relational property.  In 
each case, the hypothesis is that graph realizations with the hypothesized property have 
larger probabilities of being observed.  In other words, the probability of ties being 
present or absent in the graph reflects the hypothesized relational property. The table 
begins by distinguishing endogenous and exogenous variables that influence the 
probability of ties being present or absent in the focal network. It should be noted that the 
exogenous-endogenous distinction being made here is not equivalent to similar 
terminology used in the development of causal models in general and structural equation 
models in particular. Unlike its use in causal modeling, endogenous variables here are not 
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 predicted by exogenous variables. Here, both explain structural tendencies of the 
network.  

Endogenous variables (Rows 1 through 4 in Table 2) refer to various relational 
properties of the focal network itself that influence the probability of ties being present or 
absent in the same network. From a meta-theoretical perspective, these endogenous 
variables capture the extent to which relational properties of the network influence its 
self-organization.  Exogenous variables (Rows 5 through 11 in Table 2) refer to various 
properties outside the specific relation within the focal network that influence the 
probability of ties being present or absent in the focal network. Hence exogenous 
variables include the attributes of the actors in the network, additional network relations 
among the actors, the same network relation at previous points in time, as well as other 
networks within the same population or other populations. Within each of these two 
categories (i.e., endogenous and exogenous variables), the table offers a further sub-
classification based on the extent to which the probability of ties being present or absent 
in the network are influenced by properties at the actor, dyad, triad, and global levels. In 
addition to including genres of network hypotheses, the third column in Table 2 also  
 
Figure 2. Analytic framework to study the coevolution of adversarial networks  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Endogenous variables (Rows 1 through 4 in Table 2) refer to various relational properties 
of the focal network itself that influence the probability of ties being present or absent in 
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 capture the extent to which relational properties of the network influence its self-
organization.  Exogenous variables (Rows 5 through 11 in Table 2) refer to various 

properties outside the specific relation within the focal network that influence the 
probability of ties being present or absent in the focal network. Hence exogenous 
variables include the attributes of the actors in the network, additional network relations 
among the actors, the same network relation at previous points in time, as well as other 
networks within the same population or other populations. Within each of these two 
categories (i.e., endogenous and exogenous variables), the table offers a further sub-
classification based on the extent to which the probability of ties being present or absent 
in the network are influenced by properties at the actor, dyad, triad, and global levels. In 
addition to including genres of network hypotheses, the third column in Table 2 also 
includes specific theories, previously discussed in the MTML models that might provide 
support for hypotheses.  As such it demonstrates a close coupling between the MTML 
model and p* as a confirmatory analytic technique for empirically testing the model. 
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 Table 2. Summary of a multilevel multi-theoretical framework to test hypotheses about adversarial 
networks (Variable of interest:  Probability of the realizations of a graph) 
 

Independent 
variable  

Examples of 
specific measures 

Hypotheses: Graph realizations where there is 
greater likelihood of … 

1. Endogenous 
(same network): 
Actor level 

Actor centrality, 
structural autonomy. 

… high actor centrality have higher 
probabilities of occurring (e.g., Theory of 
structural holes) 

2. Endogenous 
(same network): 
Dyad level 

Mutuality, 
Reciprocation 

… high mutuality have higher probabilities of 
occurring (e.g., Exchange Theory) 

3. Endogenous 
(same network): 
Triad level 

Transitivity, 
cyclicality 

… high  cyclicality have higher probabilities of 
occurring (e.g., Balance Theory) 

4. Endogenous 
(same network): 
Global level 

Network density, 
centralization  

… high centralization have higher probabilities 
of occurring. (e.g., Collective action theory) 

5. Exogenous: Actor 
attributes (Actor 
level) 

Age, gender, 
organization type, 
education 

… ties between actors with similar attributes 
have higher probabilities of occurring (e.g., 
Theories of homophily) 

6. Exogenous: Actor 
attributes (Dyad 
level) 

Differential 
mutuality and 
reciprocation  

… mutual ties between actors with similar 
attributes have higher probabilities of 
occurring (e.g., Exchange Theory) 

7. Exogenous: Actor 
attributes (Triad 
level) 

Differential 
transitivity and 
cyclicality 

… transitive (or cyclical) ties between actors 
with similar attributes have higher probabilities 
of occurring. (e.g., Balance Theory) 

8. Exogenous: Actor 
attributes (Global 
level) 

Differential network 
density, 
centralization 

… network centralization among actors with 
similar attributes have higher probabilities of 
occurring. (e.g., Collective action theory) 

9. Exogenous: 
Network (Other 
relations) 

Advice, friendship 
network  

… communication ties co-occurring with ties 
on a second relation have higher probabilities 
of occurring. (e.g., Cognitive  theories) 

10. Exogenous: 
Network (Same 
relation at previous 
point in time) 

Communication 
network 

… ties between actors co-occurring with ties at 
preceding points in time have higher 
probability of occurring. (e.g., Evolutionary 
theories) 

11. Exogenous: 
Other networks 
(Within the same 
population and in 
other populations) 

Actor, dyad, triad, 
and global metrics 
in other networks 

… ties between actors co-occurring due to 
structural properties of other networks within 
the same population and other populations 
within the community (e.g., Community 
Ecology theory) 
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Introduction

Most analyses of world politics and studies of national security policies recognize the inter-
dependence among the salient actors across the salient issues. Traditionally, international
politics has been defined as the scope and extent of the relations among independent coun-
tries, thought to be the most important elements in world politics. This means that actors
as well as their actions are strategically interdependent (Signorino 1999). Ignoring the in-
terdependence among these phenomena would appear to be a serious oversight that plague
attempts to understand, let alone predict, the course of national security policy and world
politics more generally. With very few exceptions, quantitative, systematic studies of in-
ternational relations and national security have assumed that the major actors and actions
that comprise world politics consist of unconnected actions and actors. Game theoretic
models are legion, but rarely deal with more than two actors at a time. Some beginning
attempts to model the interdependency in international relations have appeared in the lit-
erature (Ward and Kirby 1987; Gleditsch and Ward 2001; Gleditsch and Ward 2001; Ward
and Gleditsch 2002; Gleditsch 2002; Lofdahl 2002), but as yet network models have yet
be widely applied in scholarly or policy work on international politics. This is somewhat
surprising, since it is evident at first blush that international politics is about the interde-
pendence that appears around the world.

Social network analysis is one technique that has been developed to map and measure
the relationships and flows among agents. The nodes in the network are the individuals
and groups and the links among them illustrate their interdependencies, both in terms
of structure and in terms of the flows of information from one node to others. Since
the development of the sociogram (Moreno 1934), sociologists among others have been
interested in analyzing the linkages among individuals and groups. An interesting early
example is found in the early work of Coleman, Katz and Menzel (1957). Most early
theoretical advances were based on graph theory as developed and advanced by Frank
Harary and his students and collaborators (Harary 1959; Harary 1969; Harary, Norman
and Cartwright 1965). The so-called “Columbia school” worked throughout the 1960s and
beyond to further advance the substantive findings in this arena of sociology (White 1963;
White, Boorman and Breiger 1976). Broader dissemination of these ideas came much more
recently with didactic writings (Knoke and Kuklinski 1982; Scott 1991) as well as early

1Peter Hoff’s research is supported by Office of Naval Research grant N00014-02-1-1011.
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applications that are by now canonical (Padgett and Ansell 1993; Hansell 1983). Indeed,
social network analysis has become even more fashionable as outside of sociology in technical
fields, and has spread to the wider press as an important method for understanding an
increasingly perplexing and complicated social environment (Garreau 2001). However, it
is somewhat ironic that to date there are no published applications of network analysis to
the study of international relations.2

Hoff, Raftery and Handcock (2002 in press) developed probabilistic models of links
among actors based on latent positions of actors in an unobserved “social space.” We apply
such a model a large database on international relations that is typical for the national secu-
rity and international politics literatures, and discuss making predictive inference on links
that are missing at random. In particular, we analyze the interactions among important
social actors in Central Asia, using data taken from the Kansas Event Data Survey an auto-
mated textually oriented data generating process (Schrodt, Davis and Weddle 1994; Gerner,
Schrodt, Francisco and Weddle 1994), specifically the CASIA database, available from the
KEDS Web site at http://www.ku.edu/ keds/data.html. This database captures the daily
ebb and flow of cooperative and conflictual events among important political and economic
agents (typically called “actors” in the international relations literature) in the Central
Asian region.

Our main purpose is to illustrate the value in using a latent space approach to under-
standing network structure in an applied, international relations context.

Event Data on International Relations among Central

Asian Countries

Event data are nominal or ordinal codings of the recorded interactions of international
actors.3 Berelson (1952) introduced the concept of content analysis to the social sciences,
but it was North, Holsti, Zaninovich and Zinnes (1963) that pioneered its use in studies of
world politics . Event data have been widely used in quantitative international relations
research and in policy research for four decades, following their introduction, event data
in international relations were widely used (North 1967; McClelland and Hoggard 1969;
Azar 1980). Until the development of machine coding the World Event Interaction Survey
(WEIS) and Conflict on Peace Databank (COPDAB) were the two dominant schema. The
contemporary, state-of-the-art is found in the Kansas Event Data System (KEDS) which
uses automated coding of English-language news reports to generate political event data
(Schrodt 2000; Schrodt, Davis and Weddle 1994).

According to Schrodt, there are three major steps involved in creating event data.

2Steven J. Brams (1966; 1968) and later Schofield (1972) tried to estimate linkages among countries, but
this line of research was not pursued. Some work with elementary graph theory in the field of international
relations has appeared more recently (Lai 1995), but like most of the early work, this applies to a small
number of actors, typically three.

3This section is taken and adapted with permission from the KEDS Web site at
http://www.ku.edu/ keds/intro.html.
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1. First, a source of news is identified. Typically a news summary is used, ideally one
that is already available in a machine readable format. The two current de facto
publically available standards are the Reuters news service lead paragraphs or the
Foreign Broadcast Information Service (FBIS)4

2. Second, a coding system is developed, or one of the extant coding systems such as
the World Events Interaction Survey (aka WEIS), the Conflict and Peace Data Bank
(COPDAB), or CAMEO (a KEDS coding schema (Gerner, Schrodt, Ömür Yilmaz
and Abu-Jabr 2002)) is chosen. This coding system must specify what types of
interactions constitute an “event.” This requires the specification of which actors
will be coded, for example, whether nonstate actors such as NATO and the United
Nations or guerilla movements or salient individuals will be included. At the same
time the coding rules must specify what basic issue areas will be included. The
COPDAB data set includes a general “issue area” which describes whether an action
is primarily military, economic, diplomatic or one of five other types of relationship.
In contrast, WEIS also had a few specific “issue arenas” such as the Vietnam War,
Arab- Israeli conflict, and SALT negotiations.

3. The coding rules themselves may be developed in terms of a manual that is given
to human coders or more frequently is encapsulated in a computer program such as
KEDS, which uses extensive dictionaries to identify actors and events and associate
these with specific numerical codes. These dictionaries are developed theoretically by
specification and tuned practically by coding a large number of test sentences from
the actual data and adding the appropriate vocabulary when the machines makes an
observed error.

Table 1 shows a sample of the lead sentences of reports on the Reuters newswire that
preceded Iraq’s invasion of Kuwait in August 1990. Generally each lead corresponds to
a single event, though some sentences generate multiple events. For example, the lead
sentence for July 23, 1990 is “Iraqi newspapers denounced Kuwait’s foreign minister as
a U.S. agent Monday.” This corresponds to WEIS category 122, defined as “Denounce;
denigrate; abuse”. In this event, Iraq is the source (actor) of the action and Kuwait is the
target. Together, these generate the event record that corresponds to an event in which
Iraq denounces Kuwait.5

The WEIS codes and associated Goldstein (1992) weights are given in 2 for some of
the WEIS categories. Goldstein scores are psychometrically determined weights, where a
positive weight means that the event has positive affect; conversely, a negative Goldstein
score indicates negative affect.

Table 3 shows the Reuters stories converted to WEIS events. Event data analysis relies
on a large number of events to produce meaningful patterns of interaction. The information

4FBIS is available at http://199.221.15.211/, while Reuters can be contacted via www.reuters.com.
5This gives “900723 IRQ KUW 122” where “900723” is the date of the event, IRQ is a standard code

for Iraq, KUW is the code for Kuwait, and 122 is the WEIS category.
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Table 1: Reuters Chronology of 1990 Iraq-Kuwait Crisis, adapted from Schrodt
(http://www.ku.edu/ keds/intro.html), with permission. The Iraqi denunciation of Kuwati
on July 23, 1990 is a typical conflict event.
Date Headline Lead Sentence
July 17, 1990 RESURGENT IRAQ SENDS SHOCK

WAVES THROUGH GULF ARAB
STATES

Iraq President Saddam Hussein
launched an attack on Kuwait and the
United Arab Emirates (UAE) Tues-
day, charging they had conspired with
the United States to depress world oil
prices through overproduction.

July 23, 1990 IRAQ STEPS UP GULF CRISIS
WITH ATTACK ON KUWAITI MIN-
ISTER

Iraqi newspapers denounced Kuwait’s
foreign minister as a U.S. agent Mon-
day, pouring oil on the flames of a Per-
sian Gulf crisis Arab leaders are strug-
gling to stifle with a flurry of diplo-
macy. (I.e., Iraq Denounces Kuwait.)

July 24, 1990 IRAQ WANTS GULF ARAB AID
DONORS TO WRITE OFF WAR
CREDITS

Debt-burdened Iraq’s conflict with
Kuwait is partly aimed at persuading
Gulf Arab creditors to write off bil-
lions of dollars lent during the war with
Iran, Gulf-based bankers and diplo-
mats said.

July 24, 1990 IRAQ, TROOPS MASSED IN GULF,
DEMANDS $25 OPEC OIL PRICE

Iraq’s oil minister hit the OPEC cartel
Tuesday with a demand that it must
choke supplies until petroleum prices
soar to $25 a barrel.

July 25, 1990 IRAQ TELLS EGYPT IT WILL NOT
ATTACK KUWAIT

Iraq has given Egypt assurances that
it would not attack Kuwait in their
current dispute over oil and territory,
Arab diplomats said Wednesday.

July 27, 1990 IRAQ WARNS IT WON’T BACK
DOWN IN TALKS WITH KUWAIT

Iraq made clear Friday it would take
an uncompromising stand at concilia-
tion talks with Kuwait, saying its Per-
sian Gulf neighbor must respond to
Baghdad’s “legitimate rights” and re-
pair the economic damage it caused.

July 31, 1990 IRAQ INCREASES TROOP LEVELS
ON KUWAIT BORDER

Iraq has concentrated nearly 100,000
troops close to the Kuwaiti border,
more than triple the number reported
a week ago, the Washington Post said
in its Tuesday editions.

August 1, 1990 CRISIS TALKS IN JEDDAH BE-
TWEEN IRAQ AND KUWAIT COL-
LAPSE

Talks on defusing an explosive cri-
sis in the Gulf collapsed Wednesday
when Kuwait refused to give in to Iraqi
demands for money and territory, a
Kuwaiti official said.

August 2, 1990 IRAQ INVADES KUWAIT, OIL
PRICES SOAR AS WAR HITS
PERSIAN GULF

Iraq invaded Kuwait, ousted its lead-
ers and set up a pro-Baghdad govern-
ment Thursday in a lightning pre-dawn
strike that sent oil prices soaring and
world leaders scrambling to douse the
flames of war in the strategic Persian
Gulf.
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Table 2: Selected WEIS action categories and Goldstein Scores.

Yield (1.0) Surrender (0.6) Retreat (0.6)
Retract (2.0) Accommodate, Cease Fire (3.0) Cede Power (5.0)

Comment (0.0) Decline Comment (-0.1) Pessimist Comment (-0.4)
Neutral Comment (-0.2) Optimist Comment (0.4) Explain Position (0.0)

Consult (1.0) Meet (1.0) Visit (1.9)
Receive (2.8) Vote, Elect (1.0) Approve (3.5)
Praise (3.4) Endorse (3.6) Rally (3.8)

...
...

...
Kidnap, Jail (-2.5) Spy (-5.0) Force (-9.0)

Non-Injury Destruction (-8.3)
Non-Military
Destruction (-8.7) Military Engagement (-10.0)

Riot, Violent Clash (-7.0)

Assassinate
Torture
Execute (-9.0) Coup Attempted (-8.0)

provided by any single event is very limited; single events are also affected by erroneous
reports and coding errors. However, important events trigger other interactions throughout
the system. For example while Iraq’s invasion of Kuwait by itself generates only a single
event with WEIS code 223–military force–the invasion triggers an avalanche of additional
activity throughout the international system as states and international organizations de-
nounce, approve or comment, so the crisis is very prominent in the event record. This kind
of implicit triggering is analyzed and described in Schrodt and Mintz (1988) and Ward and
House (1988).

Table 3: Coding of the 1990 Iraq-Kuwait Crisis, using WEIS coding scheme. These events
appear in textual format in Table 1, above.

Date Actor Target WEIS Action Code Type of Action
900717 IRQ KUW 121 CHARGE
900717 IRQ UAE 121 CHARGE
900723 IRQ KUW 122 DENOUNCE
900724 IRQ ARB 150 DEMAND
900724 IRQ OPC 150 DEMAND
900725 IRQ EGY 054 ASSURE
900727 IRQ KUW 160 WARN
900731 IRQ KUW 182 MOBILIZATION
900801 KUW IRQ 112 REFUSE
900802 IRQ KUW 223 MILITARY FORCE

Data generated in this fashion are exactly the same kind of data that are used to repre-
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sent social networks. Yet, to date, despite the widespread use of such data in international
relations, there are no published studies which analyze these kind of data from a social
network perspective. We turn to the application of latent space analysis of social networks
using these data in the following sections.

Latent Space Models of Network Structures

Let yi,j denote the value of a relationship between agent i and agent j; these relationships
may be measured discretely or continuously. The matrix Y is variously called a transaction
matrix, a sociomatrix, or a spatial weights matrix. Let X comprise observed characteristics
(co-variates) that can be specific to the agents i or j, or specific to their interaction i, j.6

The observed network is assumed to be a function of all relevant co-variates, observed
or not observed. The presence of important non-observed co-variates often leads to de-
pendencies in the network Y . The models of (Hoff, Raftery and Handcock 2002 in press)
assume the dependencies in the data can be represented via a latent, unrealized position
or characteristic zi for each node i, and that the network responses are conditionally in-
dependent given the set of latent positions. Given this assumption, we can express the
probability of the given network conditional on the latent positions of the agents and their
characteristics as

P (Y |Z, X, θ) =
∏

i6=j

P (yi,j|zi, zj, xi,j, θ, σ
2). (1)

Unconditional on the zi’s, the data are dependent.
If the data are binary, Equation (1) can be parameterized as a logistic regression model

in which the probability of linkage depends on some projected closeness between the agents
(zi and zj) and covariates such that:

ηi,j = log odds(yi,j = 1|zi, zj, xi,j, α, β, σ2) = α + β
′
xi,j + zi

′
zj, (2)

where zi and zj represent the projected positions of actors i and j in the latent space.
Suppose that each actor i has an associated vector zi of characteristics. Each vector can be
thought of as comprising a position on a k-dimensional sphere of unit radius (the direction
of the zi), as well as an “activity level” (the length of zi). In the model above, agents i and
j are more likely to have linkages if they have simliar locations on the sphere, and they are
“active,” that is, if z′izj is large and positive.

This leads to a (log) probability of the sociomatrix specified as:

logP (Y |η) =
∑

i6=j

(yi,j(α + β
′
xi,j + zi

′
zj)− log(1 + e(α+β

′
xi,j+zi

′
zj))). (3)

6Most of the notation (but not necessarily the terminology) herein follows (Hoff, Raftery and Handcock
2002 in press).
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Maximum likelihood and Bayesian estimates for the parameters in this model can be ob-
tained in a straightforward way. First, the maximum likelihood estimates of the parameters
are formed by direct maximization of Equation (3). Then, with this estimate as a starting
value and with diffuse prior distributions over the model parameters, a Markov chain is
constructed to generate samples of the parameters from the posterior distribution. Such
a sample is generated by drawing proposal values from a symmetric proposal distribution,
and accepting the proposal with an appropriate probability. For example, in sampling a
new Z value at the kth stage of the chain, we sample a proposal value Z̆ from a proposal
distribution J(Z|Zk), where Zk is the most recently sampled value. The proposal is ac-

cepted as the new value Zk+1 with probability
p(Y |Z̆,αk,βk,σ2

k,X)

p(Y |Z,αk,βk,σ2
k,X)

π(Z̆)
π(Zk)

, where π(Z) is the prior

distribution for Z. If the proposal is not accepted, then Zk+1 is set equal to Zk. This
approach has been used by Hoff, Raftery and Handcock (2002 in press) to estimate several
of the classic social network analysis data sets.7 The basic setup is quite general and can
be even more widely employed.

Estimation of Network Links in CASIA database

We use this framework to estimate the network structure of the political interactions of
the primary actors in Central Asian politics over the period from 1989 through 1999. This
region has a great deal of conflict and spotty coverage in English language media, despite
its contemporary salience. Based on the CASIA database, there are 113 such actors which
have been deemed by substantive experts to be significant. Of these, there are 51 country
level actors that have interactions with one another during this eleven year period. We
sum the paired interactions among these 51 countries across the eleven year period. A link
is deemed to occur for any interaction between two countries during this period. Thus, our
data is a 51 × 51 sociomatrix in which an entry is 1 if and only if there is an interaction
between i and j in the CASIA database between 1989 and 1999; otherwise it is 0. We use
a single covariate for this analysis: xi,j is the distance in thousands of kilometers between
the capital city of each of the countries. Distance is widely employed as an indicator of
interaction in international relations: countries closer together have higher probabilities of
having linkages.

We have glossed over the important content of the interactions. Some will have been
cooperative and others highly conflictual. There are many debates in the national security
literature about reciprocity. It turns out that countries that have high levels of cooperative
interactions also tend to have high levels of conflictual interactions. So this seems a rea-
sonable approximation, though it is certainly possible to disaggregate these data by event
type, issues, and time.

Treating all years in one aggregation is not optimal perhaps, but it does reduce consid-
erably the sparseness of the data. We also recognize that some pairs of countries will have

7These are the drosophila melanogaster of social network analysis, the so-called Monk data (Sampson
1968), as well as data on Florentine marriage patterns among Medici families (Padgett and Ansell 1993),
and data on classroom friendship networks (Hansell 1983).
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many more interactions. Examination of the histograms of the actual data suggested to us
that most of the information about the linkages was captured in the dichotomy; most of
the responses were zero and the second most likely value was 1.

Equation 3 was estimated using direct optimization of the maximum likelihood to gen-
erate starting values for the MCMC. One million iterations of the chain were run to obtain
estimates of the parameters α and β as well as the latent positions Z and their underlying
variance σ2. The negative coefficient for the distance covariate indicates a lower probability
of interaction at greater distances, consistent with many published results from different
contexts. These estimates are presented in Table 4.

Table 4: Maximum Likelihood and MCMC estimates of parameters for the sociogram of the
51 countries involved in Central Asian politics over the period from 1989-1999. Quantile
based confidence intervals are provided for the MCMC estimates.

95% Confidence
Interval

Parameter MLE MCMC 2.5% 97.5%
α -4.32 -4.20 -4.69 -3.06
β -0.26 -0.25 -0.40 -0.21
σ2 5.82 4.48 10.53

Figure 1 illustrates the trajectories of the log likelihood and the parameters α̂, β̂, and σ̂2

over the 106 scans of the Markov chain. These plots suggest that the chain mixes reasonably
well for all the estimated parameters. The density of these estimated distributions are

Figure 1: MCMC Diagnostic plots of parameter estimation via 106 scans of Markov Chain.
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presented in Figure 2. These represent the marginal posterior densities, with vertical lines
representing the maximum likelihood estimate. Each of these densities presents a fairly
narrow bandwidth.
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Figure 2: Marginal Posterior Densities of the Estimated Parameters. Vertical lines present
the MLE.
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As interesting as these estimates and diagnostics are, the most interesting output of a
latent space analysis is the position of the actors in the latent space. Figure 3 illustrates
these positions for the 51 countries analyzed. Figure 4 displays the relative, latent positions
of countries projected onto a circle. Countries that are close together on this circle have
higher probability of sharing a link. Since this set of countries shares many ties, many
countries are close to one another in latent space.

Imputation of Missing Network Linkages in CASIA

Gauging whether a network is completely sampled is perhaps the holy grail of network
analysis. As yet there is no simple solution to this perplexing problem. We offer no
complete solution here. However, practically, it may be useful to use imputation methods
along with the latent space estimates to gauge whether or not a link that does not turn up
actually may be missing at random.

We conduct an experiment using the CASIA database through the following procedure:

1. Randomly assign NA to 100 yi,j’s , keeping track of the 100 actual values of these
“missing” data;

2. Fit the model using the non missing data;

3. For each missing yi,j, use the parameter estimates to the calculate predicted proba-
bility p̂i,j that each missing value yi,j equals one, i.e. is a hidden links;

4. Compute the number of correct and incorrect predictions, using as a first cut a 0.5
threshold;

9

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


-3 -2 -1 0 1 2 3

-2


0
2

4
6

8

Latent Dimension 1

L
a

te
n

t 
D

im
e

n
si

o
n

 2


Afg
ha

ni
st

an


Ang
ol

aAus
tra

lia


Aus
tri

a

Bel
gi

um


Cam
bo

di
a

Can
ad

a

Cub
a

Cyp
ru

s

Cze
ch

 R
ep

ub
lic

 Egy
pt



Fra
nc

e
Ger

m
an

y

Gha
na



In
di

a

In
do

ne
si

a

Ira
n

Ira
qIs
ra

el


Ita
ly

 Ja
pa

n

Ken
ya

Kor
ea



Kuw
ai

t
Leb

an
on



Lib
ya



M
al

i

Net
he

rla
nd

s

Nor
th

 K
or

ea


Nor
w

ay


PR C
hi

na


Pak
is

ta
n

Per
u

Por
tu

ga
l

Qat
ar



Rom
an

ia


Sau
di

 A
ra

bi
a

Sin
ga

po
re



Sou
th

 A
fr

ic
a

Sri 
Lan

ka


Sud
an



Swit
ze

rla
nd



Tan
za

ni
a

Rus
si

a

Uni
te

d 
A

ra
b 

Em
ira

te
s

Uni
te

d 
K

in
gd

om


Uni
te

d 
Sta

te
s

Yem
en



Yug
os

la
vi

a

Figure 3: The Latent Positions of 51 Countries as a function of their interactions in
Central Asia. The United States has links to many of the other countries, as do Pakistan,
Afghanistan, China, Russia, and India.

5. Compute the Brier score (Brier 1950): (n(n− 1))−1
∑

i6=j(p̂i,j − yi,j)
2.

6. Repeat the above steps 200 times; and finally,

7. Compare these results to a standard, logistic framework with the same covariates.

The results of this experiment are quite supportive of using latent space to predict
non-sampled or hidden network linkages. For the 200 runs, the average Brier score was
0.087, which is quite low. The proportion of correctly predicted observations was 0.88.
The original sociomatrix has about four non-links for every link. This means that a modal
guess of 0 would result in correctly predicting about 0.80 of the observations. Thus, the
latent space approach improves significantly upon that result, garnering an additional 8 of
the remaining 20 percent. Specifically, conditional on the true value being no linkage, the
predicted value is 0 with probability of 0.95. Given that the true value is 1 (i.e., linkage),
the predicted value is 1 with probability of 0.67.
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Figure 4: The latent positions of countries is projected on a unit circle. Because many of
the positions are very close to one another, the positions have been loosely jittered so that
the overlap of country labels is reduced.

In comparison, a logistic model using the same geographic covariate, the average Brier
score is almost twice as high (0.17); higher Brier scores indicate poorer predictive perfor-
mance. A logistic model, as is typical of this approach, will correctly predict all the zeros
and none of the links, because it, like the modal guess, always predicts 0.

The upshot of this experiment is the important implication that if we sample network
ties at random, then estimate the latent positions, this approach can be used to predict the
yi,j that were not sampled.

Although quantitative models in international relations that make actual predictions
are themselves rare (Schrodt 2000; King and Zeng 2001; Ward and Gleditsch 2002) for a
variety of reasons (Schrodt 2002), these results are strong in comparison. More broadly
this approach identifies an effective way to sample networks.
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Conclusion

The latent space approach to social network analysis seems promising. It performs quite
well in identifying observed, complete networks in the national security realm. It does so in
a way that embraces the interdependence of the network data, rather than assuming that
it is generated randomly. Moreover, the approach facilitates the presentation of network
positions in an intuitively satisfying way, mapped into a small number of dimensions. These
locations incorporate measures of uncertainty. Perhaps most importantly this approach is
quite general, since it encapsulates a broader class of models. Specifically, a variety of
discrete and continuous specifications can easily be adapted, depending upon the data
generating process. Finally, our experiments on using the latent space positions to impute
missing at random network links proved to be remarkably productive, especially given the
absence of any substantive covariates. This leads to the exciting result that it may be
possible to use this approach to sample network ties at random, then estimate the latent
positions in order to predict network ties that were not initially sampled.
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Gerner, Deborah J., Philip A. Schrodt, Ömür Yilmaz and Rajaa Abu-Jabr. 2002. Conflict
and Mediation Event Observations (CAMEO): A New Event Data Framework for a
Post Cold War World. Annual Meetings of the American Political Science Association
Boston, MA: .

12

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Gerner, Deborah J., Philip A. Schrodt, Ronald Francisco and Judith L. Weddle. 1994.
“The Analysis of Political Events using Machine Coded Data.” International Studies
Quarterly 38:91–119.

Gleditsch, Kristian S. and Michael D. Ward. 2001. “Measuring Space: A Minimum Dis-
tance Database and Applications to International Studies.” Journal of Peace Research
38(6):749–768.

Gleditsch, Kristian Skrede. 2002. All International Politics is Local: The Diffusion of
Conflict, Integration, and Democratization. Ann Arbor, MI: University of Michigan
Press.

Goldstein, Joshua. 1992. “A Conflict-Cooperation Scale for WEIS International Events
Data.” Journal of Conflict Resolution 36(2):369–385.

Hansell, Stephen. 1983. “Cooperative Groups, Weak Ties, and the Integration of Peer
Friendships.” Social Psychology Quarterly 47(4):316–328.

Harary, Frank. 1959. “Graph theoretic methods in the management sciences.” Management
Science 5:387–403.

Harary, Frank. 1969. Graph Theory. Reading, MA: Addison-Wesley.

Harary, Frank, Robert Norman and Dorwin Cartwright. 1965. Structural Models. New
York: Wiley.

Hoff, Peter D., Adrian E. Raftery and Mark S. Handcock. 2002 in press. “Latent Space Ap-
proaches to Social Network Analysis.” Journal of the American Statistical Association
tba(tba):tba.

King, Gary and Langche Zeng. 2001. “Improving Forecasts of State Failure.” World Politics
53(4):623–658.

Knoke, David and James H. Kuklinski. 1982. Network Analysis. Beverly Hills, CA: Sage.

Lai, David. 1995. “A Structural Approach to Alignment: A Case Study of the China-
Soviet-U.S. Strategic Triangle, 1971-1988.” International Interactions 20(4):349–374.

Lofdahl, Corey L. 2002. Environmental Impacts of Globalization and Trade: A Systems
Study. Cambridge, MA: The MIT Press.

McClelland, Charles A. and Gary Hoggard. 1969. Conflict patterns in the interactions
among nations. In International Politics and Foreign Policy, ed. James N. Rosenau.
New York: The Free Press pp. 711–724.

Moreno, Jakob L. 1934. Who Shall Survive? Washington, D.C.: Nervous and Mental
Disease Publishing Company.

13

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


North, Robert C. 1967. “Perception and Action in the 1914 Crisis.” Journal of International
Affairs 21:103–122.

North, Robert C., Ole R. Holsti, M. George Zaninovich and Dina A. Zinnes. 1963. Content
Analysis: A Handbook with Applications for the Study of International Crisis. Chicago:
Northwestern University Press.

Padgett, John F. and Christopher K. Ansell. 1993. “Robust Action and the Rise of the
Medici, 1400-1434.” American Journal of Sociology 98:1259–1319.

Sampson, S.F. 1968. A Novitiate in a Period of Change: An Experimental and Case Study
of Relationships, unpublished Ph. D. Dissertation, Department of Sociology, Cornell
University, Itaca, NY.

Schofield, Norman J. 1972. “A Topological Model of International Relations.” Peace Re-
search Society, Papers 18:93–112.

Schrodt, Philip A. 2000. “Forecasting conflict in the Balkans using Hidden Markov Mod-
els.” Presented at the Annual Meetings of the American Political Science Association,
Washington, D.C.

Schrodt, Philip A. 2002. Forecasts and Contingencies: From Methodology to Policy. Annual
Meetings of the American Political Science Association Boston, MA: .

Schrodt, Philip A. and Alex Mintz. 1988. “A Conditional Probability Analysis of Regional
Interactions in the Middle East.” American Journal of Political Science 32(1):217–230.

Schrodt, Philip A., Shannon G. Davis and Judith L. Weddle. 1994. “Political Science:
KEDS-A Program for the Machine Coding of Event Data.” Social Science Computer
Review 12(3):561–588.

Scott, John. 1991. Social Network Analysis: a Handbook. Newbury Park, CA: Sage.

Signorino, Curtis. 1999. “Strategic Interaction and the Statistical Analysis of International
Conflict.” American Political Science Review 92(2):279–298.

Ward, Michael D. and Andrew M. Kirby. 1987. “Re-examining Spatial Models of Interna-
tional Conflict.” Annals of the American Association of Geographers 77:86–105.

Ward, Michael D. and Kristian Skrede Gleditsch. 2002. “Location, Location, Location:
An MCMC Approach to Modeling the Spatial Context of War and Peace.” Political
Analysis 10(3):244–260.

Ward, Michael D. and Lewis L. House. 1988. “A Theory of Behavioral Power of Nations.”
32(1):3–36.

White, Harrison. 1963. An Anatomy of Kinship: Mathematical Models for the Structure of
Cumulated Roles. Englewoods Cliffs, NJ: Prentice Hall.

14

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


White, Harrison, Scott Boorman and Ronald Breiger. 1976. “Social Structure From Mul-
tiple Networks; Blockmodels of Roles and Positions.” American Journal of Sociology
81:730–799.

15

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


SUMMARY

Themes, Issues, and Applications

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


Linking Capabilities to Needs 
 

Kathleen M. Carley  
Institute for Software Research International 

Carnegie Mellon University 
 
 

Abstract 
 
Social network analysis is an established field with a wealth of theory, method, and tools for 
handling network or relational data.  Recent advances have expanded this repertoire to include 
larger scale more dynamic networks under conditions of uncertainty.  This moves the field closer 
to the needs of the defense department and intelligence agencies.  However, the needs are not 
completely met.  This paper briefly outlines where the field is, what it has to offer, and where the 
needs are not being met. 
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Linking Capabilities to Needs 
 

The increase in concerns with terrorism world wide have led the researchers, policy makers, 
the defense community and the intelligence community to ask – what techniques, tools, methods, 
findings can help defeat terrorism.  Social network analysis is one area that shows promise.  The 
recent press on “linking the dots” and the “new” science of networks has brought this area into 
the limelight.  In attempt to determine whether is a match between capabilities and needs an 
NRC workshop on Social Network Modeling and Analysis was run.   

The purpose of this paper is to juxtapose the work discussed and not discussed at this 
meeting with the needs of the defense and intelligence community to the extent that is possible at 
the unclassified level.  This will be done first by describing what the social networks area, 
broadly defined, has to offer particularly with respect to data collection, analysis, special 
training, intelligence and policy needs, and effects based operations. This is followed by a short 
description of what was missed.  Finally, a few concluding comments are provided on what can 
be done to reduce the mismatch between capabilities and needs. 

What Social Networks Has to Offer 
Most work in social network analysis (SNA) has focused on small, bounded networks, with 

2-3 types of links (such as friendship and advice) among one type of node (such as people), at 
one point in time, with close to perfect information.  The research presented here is striving to 
overcome these limitations.  As such it is increasingly useful to members of the defense and 
intelligence community.  For in those communities, data is rarely complete, often there are 
massive quantities of data, relevant relational information is both multi-modal and multi-link, 
and the networks range in size from smaller command and control teams, to international 
terrorist networks.  Recent work is helping to reduce this gap between capabilities and needs.  In 
particular there are four areas where network analysis, such as that described in this workshop, is 
particularly relevant.  These are data collection, analysis, special training, intelligence and policy 
needs, and effects based operations.  Cross cutting these areas the work on networks has been 
done on the micro, meso and macro levels.  At each level, issues of diffusion and so information 
warfare arise.  At each level, issues of power, influence, control, and the role of technology arise.  
And, at each level issues of governance arise.  The upshot is that network tools, techniques and 
theories can be used at each of these levels and across these levels to inform policy makers. 

Data Collection 
Much of the recent work provides some guidance for data collection.  One of the key 

concerns with SNA is that it is data greedy and requires intensive effort.  The image is of 
questionnaires to small groups asking each person who interacts with whom generating full 
information.  However, the work presented herein suggests that full information is not needed, 
that the data can be collected in a more automated fashion, that it is possible to estimate the 
whole network from parts of it, and that it is key to collect new types of relational data.   

We see here new techniques for collecting data.  For example, by focusing on the paths 
among the key actors, data can be collected on the core of the network rapidly (Klovdahl, 
Borgatti).  We can think of this as “socially informed” search.  Another difference here is the 
emphasis on new types of data such as the meta-matrix (Carley), role data (Johnson), internet ties 
(Faloutsos), and multiple types of relations such as finance plus communication (Jensen, Morris, 
Contractor).  A third difference is the growing emphasis on collecting indicators of the shape and 
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nature of networks rather than on collecting the exact networks.  Examples here are the work on 
spatial and proximity effects (Butts) and temporal issues (Morris).  Another implication of the 
work on large scale and functional networks is that general demographic data and the nature of 
the tasks being done place constraints on the resulting networks limiting the forms that they can 
take on (Jensen, Carley).  These factors pave the way for expanding the area to collect the type of 
data useful in defense and intelligence contexts.  

Nevertheless, there is much to be done.  It is still the case that most data collection 
techniques are too personnel intensive.  What is needed are additional tools for doing rapid 
assessment and for collecting vast quantities of data.  In terms of rapid assessment the issue is 
what high level indicators can be quickly gathered that indicate the overall shape of the network 
and the key actors within it. Tools for estimating the size, shape and other key dimensions of 
networks from leading indicators are needed.  The key scientific question is from the space of 
possible networks, what key indicators suggest which portion of this space the network of 
interest is in.  A related question is what constraints due institutions, social conventions, 
cognitive limitations and capabilities, geography, etc. place on the shape and structure of the 
social networks. 

As to more automated data collection several things are needed.  New non-invasive tools for 
data capture need to be developed and deployed so that they can be easily used in organizational 
and social analysis.  These range from automatic data capturing tools, to automated text analysis 
(such as KEDDS, automap, etc.), to tools for turning standard data such as web pages, etc. into 
network data.  Further, an inventory needs to be conducted of standard currently collected data to 
determine which data can be used and converted into network data.  Examples of such data are 
web pages, HR reports, personnel records, phone logs.  Then shareable tools need to be 
developed so that researchers can take the extant data and generate a network from it.  For 
example, since KEDDS extracts events, techniques for inferring interactions and so networks 
from these events are needed (Ward, Hoff and Lofdahl). 

In many cases, there is a need to reason about networks and how they will change where 
there is little actual data.  To address this problem, two possible approaches were described.  On 
the one hand, computational techniques can be used to enumerate and analyze classes of 
networks with specific properties (Bienenstock and Bonacich, Wasserman). Here, statistical 
models can be used to characterize distributions (Hockman). Then computational techniques can 
be used to generate sample networks with these characteristics. 

On the other hand, computational techniques can be used to grow networks from limited data 
and basic principles about the way networks evolve.  A variety of principles for how networks 
evolve were discussed including changes in interaction due to changes what is known or owned, 
relative similarity (homophilly), relative expertise, co-work on same tasks, contributions to the 
public good, who else is around, changes in status or role (Carley, Contractor and Monge, 
Freeman, Borgatti, Friedkin).  Given these principles, computational techniques can be used to 
both generate networks consistent with these principles and then evolve them over time.  Using 
such techniques it then possible to address questions such as how and to whom information will 
diffuse (Carley), how contagious diseases will spread (Morris), how cultures will evolve (Macy), 
how to destroy and preserve networks (Carley, Stanley and Havlin).  From a data collection 
standpoint, such tools can be used in many ways, including to provide guidance on new data 
collection efforts, to generate hypothetical data that can be used for planning when actual data is 
not available (as in the case of biological and chemical attacks), and to supplement real data by 
filling gaps or suggesting trends. 
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Analysis 
Advances in analysis have been moving on a number of dimensions.  Advances in statistical 

approaches for analyzing networks are expanding our ability to formally handle relational data 
and to utilize more realistic network distributions (Hoff, Hockman, Snijders, Wasserman).  
Advances in visualization techniques are enabling greater understanding of the shape of 
networks and the impact of various change strategies (Borgatti, Richards).  Meanwhile work on 
large-scale networks suggests that there is little information content or variability in existing 
measures, or that existing tools are computationally slow when faced with large networks.  Thus, 
leading to a quest for alternative measures, metrics that scale well, increased concern with 
optimized or parallelizable code, fast algorithms, and estimation techniques (Stanley, Faloutsos).  
Work on scale free networks is one possible avenue (Faloutsos) although questions abound on 
the relevance of such work to traditional social networks such as friendship.  That is, are such 
networks good enough approximations to be useful? 

All this being said there are quite a few questions left unanswered that are critical in the 
current context.  For example, for each of the existing measures, what is its robustness, resistance 
and sensitivity (Bienenstock and Bonacich, Borgatti, Butts, Carley, Pattison, Snijders, 
Wasserman).  How do different measures behave for networks drawn from different 
distributions?  How does the distribution of nodal characteristics relate to the overall structure 
(Snijders)?  How do the various measures correlate, and how does this change as a function of 
the error in information, the size and density of the network.  It would benefit the area to identify 
a few distinct core measures that are consistent and robust indicators of the shape of the 
underlying network. 

With the movement to new types of data there is a corresponding movement to apply old 
metrics in new contexts to see how they behave and to develop new metrics specifically tuned to 
the underlying type of data.  Measures that link multiple networks together such as cognitive 
load (Carley) or that indicate specific temporal patterns of ties such as sequences of financial 
transactions (Jensen) are particularly promising.  A great deal of fundamental work needs to be 
done in the area of metrics, algorithms and the assessment of metrics. 

In many cases, computational approaches, particularly simulation is playing a key role in 
analysis.  Such work is enabling a greater understanding of the way in which networks evolve 
under standard and attack conditions (Macy, Carley), the way in which influence, ideas, and 
diseases propagates (Friedkin, Morris). In this sense simulations can be used to put 
“probabilities” on possible futures – suggesting not only that the network might change but how 
and the likelihood of such change. Further, simulations can be used to suggest areas where data 
might be missing.  An example of this would be to turn KeyPlayer around (Borgatti) and ask 
where might there be a key player that we are not observing.  Simulations can also be used to 
suggest when is it worth gathering more information as in the DyNet model (Carley).  A key 
avenue that will increase the value of these uses of simulation would be to place the simulation 
in a decision context and ask what are the cost and benefits of such additional data collection and 
the chance of being wrong. 

Special Training, Intelligence and Policy Needs 
A key need in the defense and intelligence communities is for tools to help with training, 

intelligence, and policy analysis.  In particular tools that enable the analyst to utilize the bits and 
pieces of disparate information in a systematic, and if possible, quantitative fashion that moves 
the analysis beyond informed guess work.  Here, to the extent that network tools are combined 
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with computational modeling techniques, simulation tools can be created for doing “what if” 
scenario analysis and suggesting possibilities.  Such tools are “thinking tools” for reasoning 
about events.  The use of such tools would not be to predict specific events but to reduce the 
likelihood of being “surprised.”  Such tools may be particularly useful in reasoning about and 
planning operations related to the destabilization of networks, the impact of changes in trade or 
cooperative agreements on inter-national, inter-state, and inter-agency behavior, understanding 
inter-player coordination in situations other than war, knowledge management within and among 
agencies, and so on.  Work on governance (Lazer), influence (Friedkin), and network stability 
(Carley, Stanley, Borgatti, Bienenstock and Bonacich) are key in this context. 

Combining network techniques with computational techniques can thus promote Effects 
Based Planning (EBP). Effects based planning is, according to the Joint Forces Command 
Glossary “an operational planning process to conduct effects based operations within rapid 
decisive operations. … EBP closely mirrors the current joint planning process, yet focuses upon 
the linkage of actions to effects to objectives. … It employs virtual, near-simultaneous planning 
at all echelons of command.”   

Using dynamic network models in effects based planning will require researchers to seriously 
address the issue of realism.  How real is real enough in these models?  Are simplistic models 
based on central social science principles sufficient or are social network flight simulators 
necessary?  If the latter, a core area to address is how the simulation models can meaningfully 
make use of abstract data, easily available data, and data at varying levels of fidelity. 

Core concerns in developing such models include the following.  It is imperative for 
validation, development of metrics, and usefulness of results that the data collected from the 
computational model and the data collected from the real world are the same kind of data and at 
the same level of granularity.  Second, the models should be easy to use.  In part this means 
greater attention to user-interfaces that are rarely developed by academicians.  To facilitate this, 
funding agencies need to provide funds not just for the basic model but also for the development 
of the interface, the development of ontologies and the development of links to other programs.  
Finally, the computational tools need to include “meaningful” variables.  To aid in this, subject 
matter experts should be consulted to develop a vocabulary for the tool that maps from the 
academicians ideas to the terms of the user.  

Effects Based Operations 
Network techniques can also enable certain types of effects based operations.  Effects based 

operations, according to the Joint Forces Command Glossary, is “a process for obtaining a 
desired strategic outcome or ‘effect’ on the enemy, through the synergistic, multiplicative, and 
cumulative application of the full range of military and nonmilitary capabilities at the tactical, 
operational, and strategic levels.”  Many types of effects are particularly amenable to being 
planned for using network techniques and models – destabilization of the adversaries networks, 
reducing the ability of the adversary to acquire intelligence or coordinate, decreasing/increasing 
trust in the adversaries leaders or key operators (information warfare effects), and reduction in 
the adversaries “reach.” 

In order to use network analysis for effects based operations a number of advances are 
needed.  First, network analysis need to move beyond characterizing the structure to 
understanding its dynamics and how to influence it.  Further, in this area particularly, it is 
important to link the social, anthropological and communication approach so common in social 
networks with the understanding of events and actions coming out of political science.  This will 
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enable the analyst to ask, what types of networks can be handled through diplomacy, war, 
operations other than war and with what effects.  This may be particularly important when the 
adversary is not a nation-state. 

Is There Anything Else? 
While the work covered at this meeting addressed many of the core areas in social networks, 

there are still areas left uncovered.  It is not my intent to comprehensively review these.  Rather, 
I will mention only a few where the tools may have direct relevance in the defense and 
intelligence communities. 

Network analysis can be used to characterize difference across cultures and to suggest 
strategies for changing the underlying culture.  One way in which culture can be viewed is as the 
distribution of knowledge, beliefs, and norms across people – i.e., the knowledge network.  Work 
melding social networks and knowledge networks demonstrates that the underlying culture can 
be changed through the flow of targeted information.  The basic idea is that as individuals 
interact through the social network, they learn, thus changing the knowledge network, and so the 
overall culture.  Basically, the co-evolution of social structure (the social network) and culture 
(the knowledge network) can be managed.  In this area, individuals interested in communication, 
organizational knowledge management, and social networks are coming together to ask 
questions such as – how can we identify the culture-change agent in the social network?, what is 
the core piece of knowledge that needs to be changed?, and how can we rapidly assess the 
culture?  Such work provides new tools of use in the area of information warfare. 

Network techniques are also being used to analyze coded texts.  Work is being conducted to 
create automated tools for analyzing texts as networks of concepts (often called mental models) 
and for extracting social, knowledge and event networks from texts.  Postprocessors are then 
storing the coded data in formats that can be analyzed using standard network analysis tools like 
Mage, Pajek, Ucinet.  One of the key possible uses of these tools is to facilitate rapid first past 
coding of intelligence reports.  Another use here is to contrast differences in the structural 
properties of the mental models of experts with novices, or to contrast the reports of different 
intelligence officers. 

Another area of advancement is in the area of visualizing networks.  Here research is on-
going on how to simultaneously represent nodes and “meta-nodes” and automatically create 
meta-nodes.  A meta-node is a node containing a set of other nodes that have some structural 
property in common.  Simultaneous representation of multiple networks, zooming in and out in 
extremely large networks, and graphic representation of critical nodes are all key aspects of the 
new visualization techniques. 

The final area I want to mention is health.  New epidemiological models now take not only 
geographic factors but the networks in to account.  This has profound implications for estimating 
the size of potentially exposed populations and evaluating prevention, containment and treatment 
policies.  Such models are useful in combating bio-terrorism.  

Finally, and it is important to stress this point, tools and techniques for dealing with relational 
data are currently being developed in a number of fields.  In this workshop there was a small 
representation of the work in computer science and physics on graphs, networks, and relational 
data.  In addition to this, there is on going work in other areas of computer science, information 
science, electrical engineering, biology and chemistry that is of value here.  Major advances may 
well require linking network analysis to other techniques such as data-mining, data-fusion, and 
machine learning. The key here, is that there are an increasing number of applications as the field 
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moves from standard network analysis to dynamic network analysis, from looking at small to 
large networks, from looking at static to dynamic networks, from looking at single mode (e.g. 
people) to multi-mode (e.g., people and knowledge) networks.   Dynamic network analysis and 
the associated tools and techniques will be useful in addressing both tactical and strategic issues.  
Further, it will be useful in looking at both short and long term issues; e.g., in how to destabilize 
a covert network and in how to alter the underlying culture to reduce the possibility of new 
recruits. 

Outreach – Connecting the Dots 
As we have seen, many of the ideas, measures, and tools being developed hold promise 

relative to the needs of the defense and intelligence community.  However, there is still large 
gap.  Filling this gap is not simply a straightforward excursion moving the theoretical to the 
applied.  Rather, it requires fundamental new science on dynamic networks under varying levels 
of uncertainty.  Further, it requires channel through which the needs of the intelligence and 
defense community can be better expressed to the scientific community. 

On the academic side, it would benefit the field, the government and the economy if a larger 
number of masters and Ph.D. students were trained in formal (statistical, mathematical and 
computational) network techniques.  In fields where the link between science and government is 
tighter, roughly 50% of the students graduating go into industry or government positions rather 
than academics.  In contrast, not only are fewer graduate students produced in the social network 
area (almost an order of magnitude fewer) but many fewer go into non-academic positions 
(almost two orders of magnitude). 

Further the two key factors academics need to consider are scale and communication.  That 
is, the network community needs to take seriously whether the data collection techniques, 
measures, methods, algorithms scale with the size of the network.  It is imperative that the issue 
of scale be addressed so that the academic researcher and government analyst can utilize the 
ideas, theories, tools etc. regardless of the size of the network.  One thing the community needs 
to be concerned with is collecting and sharing databases of networks of varying sizes – from the 
tiny, 4 nodes, to the mega, millions of nodes – that can be used to test all theories, measures, 
algorithms, etc. 

The second key factor is communication.  The way in which academics in this field ask 
questions are often tied to the body of theory rather than the needs of the time.  It is important 
when doing research to ask both – how do I ask my questions among academic peers – and – 
how do I ask my question from an applied angle.  Or in other words – “why should defense or 
intelligence agencies care?”.   

On the part of the defense and intelligence community there is also work to be done.  Here, 
personnel should go to training courses or bring in faculty to run short courses.  In network 
analysis there are a number of training courses – such as that at the ISPCR in Michigan, the 
CASOS summer institute, the training sessions at the Sunbelt Social Networks Meetings and the 
Academy of Management.  Having even a rudimentary training would help with communication 
as more terms of art would be shared.  Another key point is that this applied community needs to 
provide more detailed guidance as to the level and types of measures needed and to questions of 
concern.  It is not sufficient to tell the academician – well what you have is not quite right.  
Rather, ways of discussing needs, without compromising national security, must be found.  This 
is very possible and is done quite well in other areas, such as technology design, data mining, 
and engineered systems.  Techniques that might help in this regard include getting academicians 
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in the area to help write the broad area announcements, sending personnel to spend one term on a 
campus as a visitor, creating cleaned or hypothetical datasets that can be shared with the 
academic community, and of course, workshops like this where the two communities can 
exchange views. 
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Workshop Agenda

WORKSHOP ON DYNAMIC SOCIAL NETWORK ANALYSIS
AGENDA

November 7-9, 2002

Thursday, November 7

Welcome
Anne Mavor, National Research Council
Rebecca Goolsby, Office of Naval Research

Opening Address
“Emergent Themes in Social Network Analysis:  Results, Challenges, Opportunities”
Ronald L. Breiger, Workshop Chair, University of Arizona

Session I:  Social Network Theory Perspectives
Ronald L. Breiger, Moderator and Discussant

• Linton C. Freeman, University of California, Irvine—Finding Social Groups:  A Meta-Analysis of the
Southern Women Data

• Harrison C. White, Columbia University—Modeling Entrepreneurial Agency within Networks of Mar-
kets

• Noah E. Friedkin, University of California, Santa Barbara—Social Influence Network Theory:  To-
ward a Science of Strategic Modification of Interpersonal Influence Systems

• David Lazer, Harvard University—Information and Innovation in a Networked World

Discussion and Roundtable Themes, Issues, and Applications
Ronald L. Breiger, Moderator and Discussant
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Session II:  Dynamic Social Networks
Stanley Wasserman, Moderator and Discussant

• Jeffrey C. Johnson, East Carolina University—Informal Social Roles and the Evolution and Stability of
Social Networks (coauthors Lawrence A. Palinkas, University of California, San Diego, and James
Boster, University of Connecticut)

• Kathleen M. Carley, Carnegie Mellon University—Dynamic Network Analysis

• Tom A.B. Snijders, ICS University of Groningen, The Netherlands—Accounting for Degree Distribu-
tions in Empirical Analysis of Network Dynamics

• Michael W. Macy, Cornell University—Culture Wars and Dynamic Networks:  A Hopfield Model of
Emergent Structure (coauthors James A. Kitts, University of Washington, and Andreas Flache, Univer-
sity of Groningen)

• Martina Morris, University of Washington—Local Rules and Global Properties:  Modeling the Emer-
gence of Network Structure

Friday, November 8

Session II:  Dynamic Social Networks (continued)

• H. Eugene Stanley, Boston University—Threat Networks and Threatened Networks:  Interdisciplinary
Approaches to Stabilization and Immunization (coauthor Shlomo Havlin, Bar-Ilan University)

Discussion and Roundtable Themes, Issues, and Applications
Stanley Wasserman, Moderator and Discussant

Session III:  Metrics and Models
Pip Pattison, Moderator and Discussant

• Stanley Wasserman, University of Illinois—Sensitivity Analysis of Social Network Data and Methods:
Some Preliminary Results (coauthor Douglas Steinley, University of Illinois)

• Andrew J. Seary and William D. Richards, Simon Fraser University—Spectral Methods for Analyzing
and Visualizing Networks:  An Introduction

• Mark S. Handcock, University of Washington—Assessing Degeneracy in Statistical Models for Social
Networks

• Stephen P. Borgatti, Boston College—The Key Player Problem

• Elisa Jayne Bienenstock, University of California, Irvine, and Phillip Bonacich, University of Califor-
nia, Los Angeles—Balancing Efficiency and Vulnerability in Social Networks

• Christos Faloutsos, Carnegie Mellon University—Finding Patterns in Large, Real Networks

Copyright © National Academy of Sciences. All rights reserved.

Dynamic Social Network Modeling and Analysis:  Workshop Summary and Papers
http://www.nap.edu/catalog/10735.html

http://www.nap.edu/catalog/10735.html


APPENDIX A:  WORKSHOP AGENDA 375

Discussion and Roundtable Themes, Issues, and Applications
Pip Pattison, Moderator and Discussant

Session IV:  Networked Worlds
David Lazer, Moderator and Discussant

• Alden S. Klovdahl, Australian National University—Large Social Networks in Contemporary Societies

• David Jensen, University of Massachusetts, Amherst—Data Mining in Social Networks (coauthor Jen-
nifer Neville, University of Massachusetts, Amherst)

• Peter D. Hoff, University of Washington—Random Effects Models for Network Data

Saturday, November 9

Session IV:  Networked Worlds (continued)

• Carter T. Butts, University of California at Irvine—Predictability of Large-Scale Spatially Embedded
Networks

• Noshir S. Contractor, University of Illinois—Using Multi-Theoretical Multi-Level (MTML) Models to
Study Adversarial Networks (coauthor Peter R. Monge, University of Southern California)

• Michael D. Ward, University of Washington—Identifying International Networks:  Latent Spaces and
Imputation (coauthor Peter D. Hoff and Corey Lowell Lofdahl, SAIC)

Discussion and Roundtable Themes, Issues, and Applications
David Lazer, Moderator and Discussant

Summary of Workshop Themes, Issues, and Applications
Kathleen M. Carley, Carnegie Mellon University
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.

Martina Morris is the Blumstein-Jordan Professor of Sociology and Statistics at the University of Washington.
Her research focuses on social network epidemiology and methods, with a focus on HIV and STI transmission
dynamics.  She has an M.A. in statistics and a Ph.D. in sociology from the University of Chicago.  A current vita
is available at http://faculty.washington.edu/morrism.

Philippa (Pip) Pattison is a professor in the School of Behavioural Science at the University of Melbourne.  Her
current research focuses on mathematical models for social networks and network-based processes.   She holds a
Ph.D. in mathematical psychology from the University of Melbourne.

William D. Richards is professor of communication at the Simon Fraser University in Burnaby, British Colum-
bia.  With Andrew Seary, Richards has been investigating spectral analysis and its application to large complex
networks since 1988.  They have developed the MultiNet program to make these analytic tools available for
network researchers.  He received his Ph.D. in communication research in 1976 from Stanford University.  Infor-
mation about his software and his research is available at http://www.sfu.ca/~richards and http://www.scu.ca/
insna.

Andrew J. Seary is a research associate and Ph.D. graduate student at Simon Fraser University.  His research
topic is application of methods of mathematical physics to large networks, with emphasis on analysis and visual-
ization.  He has a B.Sc. in mathematical physics from McGill University, Montreal.  He has over 25 years
experience in applied mathematics and interactive graphical programming and has developed software for large
networks that is freely available at http://www.sfu.ca/~richards.

Tom A.B. Snijders is professor of methodology and statistics at the Department of Sociology of the University of
Groningen, The Netherlands, and scientific director of the research and graduate school ICS (Interuniversity
Center for Social Science Theory and Methodology).  His main research interests are social network analysis and
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multilevel analysis.  He holds a Ph.D. in mathematical statistics from the University of Groningen.  More informa-
tion about his activities is available at http://stat.gamma.rug.nl/snijders/.

H. Eugene Stanley is university professor and professor of physics at Boston University.  His research focuses on
complex systems in physics, biology, and social science, including a focus on  complex networks.  He has a Ph.D.
in theoretical physics from Harvard University.  A current vita for him is available at http://polymer.bu.edu/hes,
which also includes pdf files of all his papers.

Michael D. Ward is professor of political science at the University of Washington, Seattle, and holds a Chaire
Municipale in the faculty of economics at the University of Pierre Mendes France in Grenoble, France.  His
research focuses on democratization and international conflict, with emphasis on political geography and econom-
ics.  He has a Ph.D. from Northwestern University. He may be reached at mdw@u.washington.edu.

Stanley Wasserman is professor of psychology, statistics, and sociology at the University of Illinois, as well as
professor in the Beckman Institute for Advanced Science and Technology at the university.  His research focuses
on social networks and applied statistics.  He has a Ph.D. in statistics from Harvard University.  A current vita is
available at http://kentucky.psych.uiuc.edu, and a brief overview of his recent research can be found at http://
kentucky.psych.uiuc.edu/pstar.

Harrison C. White is acting chair, Department of Sociology, and Giddings Professor of Sociology, Columbia
University.  One line of his current research melds economic sociology with mathematical modeling (Markets
from Networks, Princeton University Press, 2002); another meshes social network with discourse analyses.  He has
a Ph.D. in theoretical physics from the Massachusetts Institute of Technology and a Ph.D. in sociology from
Princeton University.

Planning Subcommittee

Daniel R. Ilgen (Chair) is the John Hannah Professor of Psychology and Management at Michigan State Univer-
sity.  His background is in industrial/organizational psychology.  His work focuses on work motivation, individual,
and social perspectives and models of small group/team behavior, particularly team decision making.

John M. Carroll is the director of the Center for Human-Computer Interaction, and a professor of computer
science, education, and psychology at Virginia Polytechnic Institute in Blacksburg.  He has researched human
learning and problem-solving in human-computer interaction contexts for two decades.  His long-term interests are
in methods of remote collaboration and in team and organizational communications.

Martha Grabowski, professor of management information systems at LeMoyne College and research professor at
Rensselaer Polytechnic Institute, has expertise in management information systems, expert systems, decision
support systems, telecommunications and networking, organizational impact of information technology, technol-
ogy and organizational strategy, use of information systems for competitive advantage, and interface of technol-
ogy with marketing and manufacturing.
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